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PREFACE. 

This Book is published at the request of many Teachers. 
It is intended to assist, jirsty Masters who cannot devote 
much time to the examination of the work of their pupils, 
and secondly y Students who are unable to obtain the help 
of competent instructors. In working the Exercises, the 
simplest and most obvious methods of solution have in all 
cases been adopted. 

J. HAMBLIN SMITH. 

Cambrtuoe, May 1874. 
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KEY TO ELEMENTARY ALGEBRA. 



10. 6-[6-a-6-{6-(6-a + 6)}]=6-[6-a-6-{6-6 + a-6}] 
=6-[6-a-6-6 + 6-a + 6]=6-6 + a + 6 + 6-6 + a-6=2a. 

11. 2c-6a + 6-{c-6a-26-a + 36}=2c-6a + 6-c + 5a + 26 + a-36=«c. 

12. 2a;-{a-(2a-[3a-(4a-[5a-6a + a])])} 
=2a;-{a-(2a-[3a-(4a-5a + 6a-x)])} 
»2a;-{a-(2a-[3a-4a + 5a-6a + x])} 
■■2x - {a - (2a - 3a + 4a - 5a + 6a - x) J} 
«2a;- {a- 2a + 3a-4a + 5a- 6a + 0;} 

■s2a; - a + 2a - 3a + 4a - 5a + 6a- a=a; + 3a. 

13. 25a-196-[36-{4a-56 + 6c}]=25a-196-[36-4a + 56-6cj 
-25a-19d-35 + 4a-56 + 6c=29a-276 + 6c 

VIIL 

I. a; + 3 2. x + 15 3. a;-12 

«+9 a;-7 ac + lO 



a8 + 3a; a;2 + l5x aj^-12x 

+ 9a; + 27 -7»-105 +10x-120 



jc2 + 12x + 27 


jc2 + 8x- 


-106 


a;2-2x-120 


4. x-8 


5. a- 3 


6. 


y-6 


a;-7 


a-5 




y+13 


08-80; 


a2-3a 


t^-6y 


-7X + 56 


-5a + 15 


+ 13y-78 


a8-15x + 66 


a2-8a+15 


yH7j/-78 


7. x2-4 


8. 


x2-6a; + 9 




x* + 5 




a;2-6x + 5 




ac*-4x8 


«*-6x3 + 9x« 




+ 5x*-20 




- 6x3 + 36J.2 
+ 5x2- 


-54x 


x* + x*-20 


- 30x + 45 



x*-12x3 + 50x2-84x + 45 



KE V TO ELEMENTAR V ALGEBRA. 3 



9- 


a;2 + 5x-3 


10. a3-3a + 2 




a;2-5x-3 


a3-3a2 + 2 




{B* + 5a;3-3x2 


a^-3a* + 2a3 




-5iB3-25x2+15x 


-3a« + 9a3_6a2 




-3a;2-15x + 9 


+ 2a3-6a + 4 




a^ -31x2 +9 


a8-3a5-3a* + 13a3-6a^-6a + 4 


II. 


x^-x + l 


12. x2 + xt/ + y2 




x^ + x-l 


x2-Xt/ + y2 




ac*-x3 + x2 


X* + x3y + x22/2 




+x3-x2+a; 


— x32/-x2y2_jpyj 




-x^ + x-l 


+ xV + a^ + 2/* 




X* -xa + 2x-l 


X* +XV +y4 


13. 


x2+xy+y8 


14. a^-x* 




x-y 


a* + a2x2+x* 




x^ + x^+xy* 


a'^-a'^ 




-x2y-xy2-^ 


•»ra^^-a^3?^ 




x» -2/3 


+ a2x*-x8 




a^ -x« 


15. 


x'-Bx^+Sx-l 


16. x3 + 3x21/ + 9xy2 + 272/3 




x2 + 3x+l 


x-3t/ 




xs-3x* + 3x3-xa 


x* + 3x32/ + 9x2i/2 + 27xt/3 




+ 3x*-9x3 + 9x2-3x 
+ x3-3x2 + 3x- 


- 3rV - yxy - 27xy3 _ 8I2/* 




^ x* - 81y^ 




x^ -5x3 + 5x2 - 


1 


•7. 


a3+2a26 + 4a62 + 863 


18. 8a3 + 4a26 + 2a62 + &s 




a-26 

a* + 2a36 + 4^262 + 8053 


2a- 6 




16a* + 8a36 + 4a262 + 2a63 




-2a36-4a262-8a63- 


-166* - 8a36 - 4a2/>2 _ 2a63 _ ^4 




a* 


- 166* 16a* ->»* 



KEY TO ELEMENTARY ALGEBRA, 

19. a5i-2a26 + 3a62 + 463 
a2_ 206-352 

a^ - 2a*6 + Sa^fc^ + 4a26« 
- 2a*6 + 4a362 - 6a263 - 8a6» 

- 3a362 + 6a263 - 9a6* - 12&* 
a5 - 4a46 + 40^62 + 4a263 - iToft^ _ 126* 

20. a3 + 3a26-2a62 + 363 
a2 + 2a6-362 



0^^ + 30*6-20362 4 

+ 20*6 + 60362- 

-3o362- 


•3o26« 

-4o263 + 6o64 
•9o263 + 6o6*-96« 


a^ + 5o*6 + o362 - 10o263 + 12a6* - 96* 

21. o2-2oa; + 4a;2 22. 9o2 + 3oa; + a52 
a^+2ax + 4x^ 9a2-3ox + a;2 


o*-2o3a; + 4o2a2 
+ 2o3a;-4oV + 8aa:3 

+ 4o2x2-8oa:3+i6a4 


81o* + 27o3a; + 9o2x« 

-27o3a;-9o2x2-3oa:3 

+ 9o2x2 + 300^3 4. a^ 


0* +4o2a;2 +i6a^ 

23. sc*-2ox2 + 4o2 

{B* + 2ox2 + 4o2 


8I0* +9o2x2 +x* 



+ 2oa«-4o2x* + 8o3x2 

+ 4o2a;*-8o3x2 + 16o* 

358 + 4o2a* + 160* 

24. o2 + 62 + c2-o6-oc-6c 
a +6 +c 



a3 + o62 


+ 0C2- 


a%- 


■ot^c 


-06c 






+ o26 


+ 63 + 


hc^- 


•ah^ 


-o6c- 


-68c 






+ a^c-\- 


62c + 


c3- 


a6c- 


oc2- 


6c2 



a3 + 63 +c3 _3^5c 



KEY TO ELEMENTARY ALGEBRA, 



25. a5^ + 4acy +5y* 

OB* + 4ic*y + 6xV 
-3x*y-12a^-16xy 

-2xV-8a:V-10xy* 

+ 3xV+12xy* + 15y* 

26. a6 + cd + ac + 6i 



+ dbcd-{-f^d^ +ac^d + hcd^ 

- a^hc - cu^d-a^t^'-dbcd 

"aJt^d-hcd^-abcd-l^d^ 

a^h^ +c«(i« -aV -6?^ 

27. (jB-a) (x+a) (iBa+a«)(«* + a*)=(xa-a2) (xa + a«) (jB* + a*) 

28. («-a) («+6) (x-c) = (a5^-ax + 6a;-a6) (x-c) 

s=si^''aoi?+b3^-c^'-abx + oLcx-bcx + (ibc, 

29. (1 - x) (l + x) (1 +0;^ (1 +a;*) = (1 - a;2) (l + x*) (1 +«*) 

= (1-a^) (1 +«*)=! -x^. 

3a First multiply m^ + xy-^y^hj x-y; the result is x* - ^. 
Then multiply x^-xy + y^byx + y; the result ia ofi + y^. 
Then multiply x* - y^ by x* + y^ ; the result is x^ - f/®. 

31. (a-x)(a + x) (a*+x«) (a*+x*)(a« + x^ 

= (a« - x») (a« + x«) (a* + .;*) (a8 + x8) 
= (a*-x*)(a*+x<)(a8+x8) 
= (a8-x8) (a8 + x8)=aW-xio. 

32, (x-6)(x-6)(x + 7) = (x«-llx + 30)(x + 7) = x8-4x«-47x+213; 
thejefoie the coefficient of x is - 47. 



6 KEY TO ELEMENTAR Y ALGEBRA. 

33. (a; + 8)(a + 3)(x-2) = (ic2 + llx + 24)(a;-2)=x3 + 9x2 + 2x-48; 
therefore the coefficient of x is 2. 

34. (a;-2)(a;-3)(a; + 4) = (a«-5a; + 6)(a; + 4)^xS-x«-14x + 24; 
therefore the coefficient of a; is — 14. 

35- (3;-a)(x-6) (x-c) = (x*-aa;-6x + a6) (x-c) 
«=a^ — ox^ — 6x* — <xc* + a6x + acx + 6cx — a5c ; 
therefore the coefficient of x is 06 + oc + &c. 

36. (x2+3x-2)(x«-3x + 2)(x*-5)=:(x*-9x2+12x-4)(x*-6) 

=x8-9x«+12x*-9x* + 46x2-60x + 20; 
therefore the coefficient of x is — 60. 

37. (x2-x + l)(x2 + x-l)(a:*-x2+l)^(x*-x2 + 2x-l)(x*-x2+l) 

=x8-2x« + 2aj* + x*-2x' + 2x-l ; 
therefore the coefficient of x is 2. 

38. (x2-7nx+l)(x2-Twx-l)(x*-m^-l) 

= (x*-2wia:8 4.^'ia;.2_i)(jp4_^2a._i)«j58_2wu:^ + mh^-riM 
+ 2m^* — 2x*— mV + 2mx' -m^* + m^ + 1 ; 
therefore the coefficient of x is m'. 



IX. 

8. -a^-a}-a 9. 3u:*y-5x2/^ + 4y' 

— a—l — 2u; — By 



a^-f a^ + a* -Cx^i/ !- 10x^-8x2/3 

a* + 2a3+2a2 + a - Gx^t/ + 0^2/^ + 7x^ - 122/* 

10. - 5m2 - 6mn+ 7n2 II. 13r2-17r-45 
— m+n — r— 3 



6m3 + 6m2ri - Irnrv^ - 13r3 + 17r2 + 45r 

- bmH-^mn^ + Tw^ - 39r2 + 51r + 135 



5w' + m^n - 13mn2 + Tyi^ - 13r3 - 22r2 + 96r + 135 



KEY TO ELEMENTARY ALGEBRA. 

12. 7x3-8x'3-9a* 13. -2* + a5*y-a;y 

— X— a — 35— y 

14 — x'— x^— acy'— y* 
-x-y 



x*+x^+x^ + xy' 

+ x'y + xV + ^''2/' + y* 
x*f 2x^ + 2x^^2 + 2x^3 + y* 



X. 

12. (x^ + 2x - 3)* « X* + 4x3 + 9 + 4x3 - 6x^ - 12x =. x* + 4x' - 2x« - 

12x + 9. 

13. (xa-6x + 7)«=x* + 36x8 + 49-12x8 + 14x«-84x 

=x* - 12x8 + 50x« - 84x + 49. 

14. (2x» -7x + 9)«=4x* + 49x8 + 81- 28x3 + 36x»-126x 

=4x* - 28x3 + 86x« - 126x + 81. 

16. (x*-4xV + y*)«=x3 + 16xV + y^-8a^y* + 2xV-8xV 

«x3 - 8x8y« + 18xV - 8xY + 1/3. 

27. (a + 6 + c)3=(a + 6)3 + 3(a + 6)2c + 3(a + 6)c«+c3 

=a3 + 3a26 + 3a&« + &3 + 3a2c + 6a6c + 36*c + 3ac2 + 36c« + c3. 

28. (a-6-c)3=(a-6)3-3(a-6)2c + 3(a-6)c*-c3 

=a3-3a26 + 3a6«-63-3a2c + 6a5c-36*c + 3ac2-36c2-c3^ 

29. (m + n) (wi - 7i) (m + w) (m - w) = (m* - n*) (m^ - w*) 

■= m* — 2m2w2 + n*. 

jot (m* + 2mn+«2) (r»i2-n*)=m* + 2m3n + m*n'-m*n'-2mn3-n* 

=m* + 2m3n - 2mu* - u^. 
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XIV. 


I. 


x + 10)a:»+15a;+60(x+C 
x» + 10x 


2. x-7)x«-17x + 70(x-10 
x2-7x 




6X + 60 


-lOx + 70 




6X + 50 


-lOx + 70 


3. 


x-3)x»+x-12(x+4 
a;^-3x 


4. x + l)x» + 13x + 12(x + 12 

x*+x 




4X-12 


12X + 12 




4X-12 


12X + 12 


5. 


x+6)x5 + 13x8 + 64x + 72(x» + 7x+12 6.x+l)x5+x2-x-l(x«-l 
x? + 6x* x'+x' 




Tx'+S^B 


-x-1 




7x»+42x 


-x-1 




12X + 72 






12X + 72 






7. x + l)x»+2x»+2x + l(x*+x+l 
x'+x' 






x' + 2x 






x'+x 






x+1 






x+1 




8. x« + 3x + l)x5- 


6x? + 7x»+6x + l(x»-3x»+3x + l 
•3aJ*+x3 




- 


•3x*-6x8+7x* 






■3x*-9x8-3x« 

3x' + 10x2+6x 
3x' + 9x2 + 3x 

x2+3x+l 

«' + 3x+l 
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9. x2-2x-l)x*-4xs + 2x2 + 4x + l(x2-2a;-l 
x*-2x8-x» 



-2xS + 3x« + 4x 
-2x3 + 4x»+2x 

-x2 + 2x + l 
-x2 + 2x + l 



la x'-2x + l)x*-4x3 + 6x*-4x+l(x*-2x+l 
x*-2x8 + x« 



-2x3 + 5x*-4x 
-2x8 + 4x*-2x 

x2-2x-l 
x'-2x + l 

II. .x'+x-l)x*-x» + 2x-l(x'-x+l 
x*+x?-x2 





x + 2)x*-4x* 
x* + 2x' 


x3 + 2x-l 

X3-X2 + X 




x^+x-l 
x* + x-l 


12. 


+ 8x + 16(x3-2x' + 8 




- 


-2x3 
-2x3 


-4x2 






8x4-16 
8X + 16 
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1 


13. x + 4y)jc8 + 4fl:»y + 3xy' + 12y5{x» + 3y* 




^ + 4xhf 




3xy* + 12t/» 




3xi/' + 12y« 


14. 


a + 6)a* + 4a'6 + 6a«6* + 4a68 + 6*(a» + 3a'6 + 3a6>+6» 




a* + a»6 




3a36 + 6a26* 




3a36 + 3a«6« 




3a'6« + 4a&» 




3a262 + 3a63 




a^+6* 




a55 + M 



15. a 5)a»-6a*6 + 10a»6»-10o263 + 5a64-6»(a*-4a»& + 6a«6«-4a6» + &* 



4a*6 + 10a«6« 



6a362-10aV 

-4a263 + 5a64 
/ -4a263 + 4a64 

16. x2-6a; + 9)a;4_i2a:8 + 50a;2-84a; + 45(a:2. 635 + 5 



-ftr' + 41a:»-84flj 
-6jc8 + 36ar^-54a; 

6x2-30a; + 45 
5x2-30x4-45 
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J7. a2 - 2a6 - 362) a^ _ 4^45 + /^^p, + 4^2^ _ 17^4 _ 126* (a^ - Sa^ft + 3a62 + /^ 



-2a*6 + 7a362+4a263 
-2a*6 + 4a362 + 6rt2j3 

3a362 - 2a^¥ - I7ab* 
Za^b^-ea^¥-9ah* 

4a263-8a6*-126* 

4a268_8a6*-126» 

18. 2aa?-3a*x + a3)4a%:*-12aV + 13aV-6o*a; + o«(2aa2-3a^+a» 

4aV-6aV + 2aV 

-6aV + llaV-6a«aj 
-6aV + 9aV-3a5a; 






19. x2 + x-l)iB*-cc» + 2fl5-l(a:2_a. + l 
a5* + sc3-a52 



-a' + 2a;-l 20. x2 4.2a2)ic* + aV-2a*(a2_^2 

{B2 + aj-l -aV-2a< 

g'+x-l -aV-2a* 

22. X + y)x5 + y6(/g4_a;3y4.j52y2_3^^^ 

x^+x*y 

21. a -16y)x2-i3a^- 301^(2. + 2y -x^y+y* 

g^-15xy -x*y-xSy2 

2xy-30y« xy + y» 



~xV + y» 
-xV-xi/* 



X2/* + t/* 
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23- 


X - y) a^ - y" (x* + sc*y + x3y2 + xy + xt/* + y* 




«5y-y* 24. a-6 + c)a'-6' + 26c-c*(a + 6-c 
as^y-xV a'-a6 + ac 




xV-y* a6-6'-ac + 26c-c2 
xy-x3y3 a6-62 + 6c 




x3y3-y« -ac + 6c-c* 
x3y3-xV -ac+6c-c» 




xV-y* 

xV-xy* 








25. -l + 6)6-36» + 363-6*(-6+26*-63 
6-62 




-262 + 363 
-262 + 263 




63-6* 
63-6* 



26. a + 6-c-d)a--2ad+26c-62-c2 + d2(a-6 + c-d 

a2 + 06 -oc—od 



a6-62 + ac-ad + 26c-c2 4.^ 
a6-62 + 6c + 6<i 



ac + 6c-6d 


-ad-c^ + cP 


ac + 6c-c2 


-cd 


-od- 


bd + cd+d^ 


ad- 


bd+cd+d^ 
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— x^ - xy * - a^ 

- x% + ajy* - 2x2/» + ^ + 8? 

xy 2 - xya + xi?!^ + y^ + 2? 

-x^-y^jj 4. 25552 + 258 
-xya-y^-ya^ 

xij^ + ya^+a? 
x»^ + va^ + 2? 



28. x? + y«)x«+yW(aa2.a^y2+ajy-xY+y8 
x^+x^V 

-x^v+y^® 

- x^* - x^^ 

x^y*+x<'y* 

x^+y^® 

|?*-2?g + 3pr 

2pg-2g'2 + 6gT 

-2?r + gT-3r2 
-j3r+gT-3r* 
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0^ - jc^ + a^V "■ ^V + a;' 









-6a!*- 


-5a;' + 4a; 


-6x*- 


-9x3- 


6x8 




4x3 + 


6x2 + 4aj 




4x^4 


6x^+4x 



KE V TO ELEMENTAR V AL GEBRA, 1 5 



33. a-3)a5-243(a* + 3a3 + 9a2 + 27a + 81 
a^ - 3a* 



3a* - 243 
3a* - 9a3 



9o3-243 
9a3 - 27a8 



27a2-243 
27a2 - 81a 

81a -243 
81a -243 

35. x+4)x3-5ac*-46«-40(x*-9a;-10 

03 + 4x2 

-9x«-46» 
-9^-36^ 

-lOx-40 
- lOx -40 



34. 


l?- 


-l)Jfcw. 




^ + Jfc* + J5: 








-k 
-Jfc* 






Jfc*-it 
ik*-it 



36. 2x - 3a)48x8 _ 760^52 _ 64^23. + i06a^{24x^ - 2ax - 35a2 

48x8 - 72aa;2 

- 4aa;* - 64a^ 

- 4aa;2 + 6ahi 

- 70a2a; + 105a» 
-70a2x+105a3 

37. 3x*-4a; + 5)18a;*-45x3 + 82a;2- 67x4-40(6x2- 7a; + 8 

18x*- 24x3 + 30x2 

- 21x3 + 52^2 _ 67x 
-21x3 + 28x2 -35x 

24x2-32x4-40 
24x2-32x4-40 
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38. 2a;-3a)16x*-72a%c« + 81a*(8x»+12ax»-18a2x-27a» 
16x*-24aa5' 






-36aV + 81a* 
-36a*r8 + 64a^ 

-54a^ + 81a* 
-54a^ + 81a;* 

39. 3aj + 4a)81a*-256a*(272:?-36a{B« + 48a*i;-64a» 
81a!*+l08aa» 



- 10800^ - 266a* 
-108aa?-144aV 



144aV-266a* 
144aV + 192a?a5 

-192a*x-266a* 
-192a3a;-256a* 

40. a^-6*)2a? + 3a«6-2a62-363(2a+36 
2a3-2a62 



3a26-36» 

41. aj»-a2)jc8 + 2aa2-a»i;-2a3(a + 2a 

2aa^-2a' 
2aa^-2a3 



42. a2+362)a*-a252_i26V-46' 

-4a262-l25* 
- 4a%^ - 126* 
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43. ac*+3a;+y)jB*-9x'-6a5y-y*(a52_3a._y 



44. ai'-3a^ + 2y^«*-6flc^+9a2y2.4^(jB2_33py_2y* 

{B*-3a^+a»2y2 

-3x8y + 7«V-4y* 
-3a^ + 9xV-6a^ 

-2a2y2 + 6a5^_4y4 

-2xV + 6a^-4y* 

45. a; -3y)a!*-81y*(a3+3a4y+ 935^4. 27^3 
aB*-3a^ 

3a3y-81y* 
3a:8y-9aV 

9a^-81y* 
8x2y2_27an/8 

27a^ - 81y4 
27a^-81y* 

46. a - 26)a* - 166V +2a26 + 4052+8*3 
(i* - 2a?h 



2a^b - 166* 
2aS6 - 4a^b^ 



4^262 -166* 
4a262-8a6» 

8a63-166* 
8068 - 166* 
B 
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47. 3a + 26)81a*-166*(27a8-18a«& + 12a6*-8ft» 
81a* + 54a36 



64a36 - 166* 
64a36-36a«6« 



36a«62 _ iej4 
36a«62 + 24a6» 

-24a6»-166* 
-24a^-166* 

48. 2a;+3y)16«*-81y*(8a»-12xV + 18a^'-27y8 

16iB* + 24x8y 

-24x^-81y* 
-24a»y-36xy 

36a;V-81y* 

-54xy5-81y* 
-64xy5-81y* 

49. a + 26 + 3c)3a2+8a6+46' + 10ac + 8^ + 3c*(3a + 26 + c 

3a2 + 6a6 + 9ac 



2a6 + 46'+ac + 86c 
2a6 + 4i!r» + 66c 

ac+26c+3c" 
ac + 26c + 3c' 

50. a«f2aa;+4x*)a*+4a*x>+16ac*(a*-2aa; + 4c2 

a* + 2a^ +4aV 

-2a% --4aV~8aa» 

4aV + 8aa3 + lft«* 
4a2a5a + 8aa84.ig;j4 
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51. x'-Xy+y2)a4+a.2y24.^(jp2+g5y^2/8 

ix?y — a^^ + jcy' 

xh/^-x^ + y* 

52. 16x* + 4ry+y2) 256a;* + 16a^2+y4 (16x2 -4a:y+ya 

256a^ + 64KSy +16xV 

-64flc^ -16a;2y2_4a5j^ 

53. sc?+x-y)a:*+JB*y-ic%/2 4.aj3_2x2/2 4.^(a^+xy-y2 

- a:%2 _ jpy 2 ^. y3 
54. x-a)aa?+3a*B2-2a3x-2a*(aa?+4a^ + 2a3 

4aV-2a^ 55. a-¥x)a^-x^(a-x 

2a^ - 2a* -ax-x^ 

2a8a;-2a* -oa-x^ 



56. 2ac+32f+2)2x2+ajy-3y2_4i^_a3j_j5^(a._y_g 



- 2x1/ - 32/2 - 4yz - 2x« - z^ 
--Qxy-Zy^-yz 



- 2x2 - 3yz - a^ 
-2x»-3i/»-^ 
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57. l + 6a + a;*)2 + 9a; + 14x5 + 3x*(2-a; + 3x' 
2 + 10x + 2x* 



-X- 


-2a;'4 


14x8 




-X- 


-5x2- 


X3 






3x2 + 


15x3 + 


3x* 




3x2 + 


15x8 + 


3x* 



58. 3-5x + 7x2)12-38x + 82x2-112x5 + 106x*-70xfi(4-6x + 8x2-10a' 

12-20x + 28x2 



-18x + 54x2-112x» 
- 18x + 30x2 - 42x» 

24x2- 70x8 + 106aJ» 
24x2- 40x8 + 56X* 

-30x8 + 50x*-70x» 
-30x8 + 60x*-70x* 

59. X*-a^ + x2y2-{cy8 + y4)a* + y8(a5 + y 

x^ - x*y + x8y2 _ jcy + jpy* 

x*y - x8y2 + 352^8 - a^ + ^ 
a5*y - aj8y8 + {B2y8 - xy* + y* 

60. ax + x2/ + a5 + 6y)aV-a2&2_a:ai^«+52y2(ax-xy-a6 + 6y 

a V + ax2y + a26x + aJxy 

- ax2y - a26x - a6xy - a262 _ a^« + jy 

- ax2y - x2y2 _ afta^ - 5xy2 

-a26x + 6xy2„a252+5y 
- a26x - oftxy - a262 - a52y 

oftxy + 6xy2 + a62y + Jjy 
o&Dy + 6x^ + a62y + 62y2 
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61. aa\hj)ab3^-\'ahf^-^hhf\i-\-abf(^-\-ay 

ahy + ahy^ 









XV. 



1. 0^ - 005 + c) as* - (a^ - 6 - c)x* - (6 - c)ax + bc{x^ + ax + h 
7^ - aa? -V CO? 



aa?-{a^- b)ix? -{db- (ic)x + be 
aa? - aV + acx 

bv? - ahx + bo 
by? - abx + bo 



2, y-n)y^-(f+m + n)y^ + (Im + ln + mn)y - lmn{y^ -{1 + m)y + hn 

y^-ni^ 

- (i + m)y^ + {hn + ln + mn)y - Imn 

- (^ + m)y^ + {In + mn)y 

Imy - Imn 
Jmy - Imn 
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3. ac^ - ma? + na; + r)x*-(m-c)jB* + (n-ciii + d)x3 + (r + cn- drn) 7? + 

(cr + (Jn)x + (Jr(x* + ex + d 



ca^ + (d- om)7? + (en - dm)x^ 
CSC* - crwx' + enx* + eras 

da? — dms? '\- dnx + dr 
da? - dww:^ 4. ^^j^. ^ ^^ 

4. x* + 5x-4)x* + (5+a)x3-(4-6a + 6)x2-(4a + 56)a; + 46(x* + aa;-6 
a!* + 5x'-4x* 



aa:3 + (5a-5)aJ_(4a + 5J)a; 
aa^ + 5aa:2-4ax 

-6x2-56x + 4* 
-6a;2-56x + 46 

5. x^-(a Fc)x + ae)x*-(a + 6 + e + d)x8 + (a5+ae + a(2+6e + 6i + cd)x2 

- (a6e + a5d + acd + 6c(f)x + a5e<i(x2 - (6 + d) X + 6(f 
X* - (a + c)a? + OCX* 

- (6 + d)x3 + (06 + flwi + 6c + M + cd)x* 

- (6 + d)3i? + (a6 + ad + 6c + cd)x2 - (aJbc + acd)x 

tdx^ - {ahd + bcd)x + abed 
hda? - (abd + bcd)x + a5cd 



XVIII. 

1. (x*-ax)-(Jx-a6)=x(x-a)-6(x-a) = (x-&)(x-a). 

2. (a5+ax)-(&x + x2)=a(6+x)-x(6 + x)=(a-x)(6 + x). 

3. (6c + 6y)-(ey + y2)=6(c+y)-y(c+y) = (6-t^)(c+y). 

4. (6m+mw) + (a5+a7i)=m(6 + n)+a(6+n)=(a+m)(6 + 7i). 
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6. (a5x-a5y) + (a&-cdy)=a6(a;-y) + ai(a;-y)=(a5 + c(i)(a;-y). 

7. («tc^ + dmof^ - (cnojy + m%'^ = <lx(c£c + my) - ny (ca; + my) 

= (cK + m^) (daj - ny). 

8. (a6aB-6*(fa)-(a(kiy-&cPy)=6x(ac-6cO-dy(ac-6(i) 

■= (dc - 6d) (6jc - (iy). 

XXVI. 

15. (fl5*-2a^+y^-a?=(a;-y)'-22=(a;-y + «)(a;-y-»). 

17. (a2-2ac + c2)-(62+26d + (?2)=(a-c)2-(6 + (f)2, etc. 

18. a^ _ (52 _ 26c + c2)=a2- (6 -c)2, etc' 

19. (a52 + 2ajy + y2)-2? = (a;+y)2-«?, etc. 

20. (a^ - 2a6 + 6^) - (m^ - 2mw + n^) = (a - 6)^ - (m - n)^, etc. 

23. l-(a2-2a6 + 62)=i_(a-6)2,etc. 

24. l-(a^-2a!y + y2)=l-(a5-y)2, etc. 

25. a:2_(y2 + 2ya; + 2;2)^a.2_(|^ + jg)2^etc^ 

26. a2 - (452 - 126c + 9c2) =a2 - (26 - 3c)2, etc. 

29. (a2-2a6 + 62)-(c2 + 2cd + (i2)=:(a-6)2-(c + (?)2, etc. 

30. (a2-2ac + c2)-(62-26(i + (i2) = (a-c)2-(6-d)2, etc. 

31. 3aa;(aV-9)=3aa;(aa;+3)(aa;-3). 

XXVIL 

11. aJ'-y®=(a:^ + y^(flB'-y') = (a; + y)(«2-.a:y + y2)(a;-y)(x?+a:!y + y2). 

12. a:^-l=(a? + l)(a:3-l)=(a + l)Ca;2.a.+i)(a._i)(jB2+a. + i)^ 
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13. a«-64-a«-2«-(a» + 2»)(a»-2») 

=(a + 2)(a>-2a+4)(a-2)(a«+2a+4). 

-(3+y)(9-3y+y»)(3-y)(9 + 3y+y^ 

XXX. 

1. 6 + 4-6-3 = 2. 

2. 6 + 3-6-4—0. 



3. 18 + 12-6-8-17. 

4. 3x11-2x1-33-2-31. 

5. 10x2-20. 

6. 12 + 3x7-12 + 21-33. 

7. (12 + 3)(4 + 3)- 15x7- 106. 

8. 12 + 12 + 3-27. 

9. (25 + 3)-T-(6-4)-28-^2-14. 
a 6x6x4-120. 

1. 6x5x7 — 210. 

2. 6x3x9x9 = 1458. 

3. 6x6x1x1 — 3a 

4. V5 X 5 — 5. 

5. V^=y=»3. 

6. (V«)«-(2)«-4 

7. (V« + &)'-(3 + 5)>-4a 

8. V6x5x4«Vi00-10. 
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19. V2x6x4x3=>Vi44=12. 

20. (36 + 25 + 3)-4-(4 + 9 + 3) = 64-T-16=4. 

21. 18 + (8-3)2 = 18 + 25 = 43. 

22. {6-(5-3)}{6-(4-3)} = 4x5 = 20. 

23. (6-6-3)2+(6-4 + 3)« = 4 + 25-29. 

24. 3 X 83 + 4x10* = 1636 + 40000, etc. 

25. 3x12 + 72 = 3 + 49 = 52. 

XXXI. 

1. 3x3x2xl-3' + 28 + l8 = 18-27 + 8 + l-0. 

2. 3' + 28-55 + 3x3x2x6 = 27 + 8-126 + 90 = 0. 

3. (a2+2ac+c2)-(a2 + c2) = 2a(S. 

4. aB^+y'-(»2-2a5y+y2)=:22CT^. 

5. (a2+2a6 + 62)a;-(a2+2a&B + 6V) = (aa + 62)a.-a8-6V.\ 

6. Multiply 2a5 - m by jc + 2m ; the result is 2x2 + 3wa; - 2m*. 
Multiply 2a5+n by jc- 2ii ; the result is 2a52-3wa; - ^v?. 
Then multiply the two results together. 

7. or+6)acf3 + (6c+ad)r2+(6(i+a«)r+6e(cr2+ir+6 

ocr' + fecr^ 



a(ir2+(6(i+(i«)r 

aer + be 
cter + be 

The divisor — 10 + 1, or 11 ; the diyidend = 1000 + 200 +20 + 1, or 
1221 ; the quotient =100 + 10 + 1, or 111 ; and 1221-M1=UU 
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8. Multiply a + 6 + c by a + 6-c; the result is (a + 6)* - c*, or 
Multiply c + 6-a by c + a-6; the result is <?-{a- 6)', or 
Then (2a6 + a^ + fe^ _ c^) (2a6 - a^ _ js + c^) = (2a6)«- (a«+6«-c2)« 

= -a*-6*-<j* + 2a262+2aV+,262c2. 

9. (a + (i)(d + c)-(c + d)((i+a)-(a + c)(d-(l) 

= ad + oc + cP + cd - cd - oc - d^ - a<i - =» 0. 

10. + (4-16) + {16 - (0 + 6)} + {12 - (0 + 6)}> 

= -12 + 10 + 62= -2 + 36 = 34. 

11. {4-3 + 2-l}{4 + 3-2-l} = 2x4 = 8; 

and 16-9-4 + 1 + 2x2 = 8. 

18. (ac-ad-6c + 6d)-(6c-6d-ac + ad) = 2a<;-2a(i-26c + 2M. 

19. a6 + % + 6x+scy + a;-y + aa;-6y + ax + ay = etc. 

20. (a:? + 3a; + 2)-(a^-3a;+2) = 6a;, eta 

21. aa;-&y+x-y+a:'-ajy+a6-ay-6x + xy, etc. 

22. (6iB2 + 20a; + 16) - {^7^ - 28x + 16) = 48x, etc. 

23. 2wM5-3»y+a;+y + 4wia; + 4wa;-4my-47iy + mx+»y = etc. 

24. a52 + y2 + z2 + 2ajy + 2a» + 2ya + »2 + y2 + 22 

= («2 + 2iCy + y2) + (y2 4. 2^85 + 852) + (a;2 + 2xai + «2) 
= (a; + y)2+(y + »)2+(x + «)2. 

25. 4a2 + 6ac-4a6 + 6a6 + 96c-662 = 4a2 + 6ac + 2<3t6 + 96c-6i'. 

. a6-cd _ 63-15 _48_o 
^^' cd+e " 16 + 1 ""le""*** 

(2>c-ad)(&d[-(je) = (36-27)(21-5) = 8xl6 = 128. 

62-cg ^ 49-25 ^24^^ 
c+d 6+3 8 

i«-<-«=.3*-63 = 243- 126-118. 
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27. 0-0 + 23 + 13 = 8 + 1 = 9. 

28. 48 + 4-8 = 44 

29. (l-2-3)2 + (2-l-3)« + (3-l-2)8=(-4)2 + (-2)2 + = 16 + 4 

=20. 

30. (l + 2-4)2 + (l-.2 + 4)a + (2 + 4-l)2 = (- 1)2 + (3)3-1- (5)8 

= 1+9 + 25=36. 

31. (-l + 2)2 + (2-3)2+(-l-3)2=(l)2 + (-l)8 + (- 4)8 = 1 + 1 + 16 

= 18. 

32. Let X and y be the numbers ; then (x2-^-j-(a; + y)=a;-y, 

33. Let % and y be the numbers ; then (x + y)(a5 - y)=a;8 - ^. 

34. Let X and as + l be the integers; then (a; +a; + l)8= 4058 + 435 + 1 

=4x(a5 + l) + l. 

35. Let X and « + 2 be the two even numbers ; then x + 1 is the odd 

number between them ; and (x + x + 2)^=4x8 + 8x + 4=4(x + 1)^. 

36. Let X and y be the parts ; then x + y=2 ; 

and x* - ^=(x + y)(x - y) ; therefore x^ - ^=2(x - y), 

37. Let X and y be the parts ; then x + y=50 ; 

and x8 - y8 — (ju 4. y) (a; - y) ; therefore x^ - y^ = 50(3; - 1^). 

38. Let X and y be the parts ; then x + y—n ; 

and x8 - y8=(a5 -|. y)(x - y) ; therefore x^ - i^='n{x - y). 

39. Let X and x + 1 be the numbers; then x(x + l)+x8 + (x + l)2 

=X8 + X + X2 + X8 + 2X+1=3X2 + 3X + 1=(X+1)3-X3. 

40. Let X - 1, X, X + 1 be the three numbers ; then (x - 1)^ + x* + (x + Vf 

=x?-3x8 + 3x-l + x3 + x3 + 3x8 + 3x + l=3x5 + 6x=3ac(9c?Jr*2V 
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XXXTI. 

1. 7x-6a5— 11-6; 2x— 6; a;=3. 

2. 12x-'8x=16-7; 4x=8; a;=2. 

3. 236a; -97X- 664 -425; 139a;=139 ; »-L 

4. 6x-3x— 7 + 7; 2x=-14; a;=»7. 

5. 12a5-8a;— 9-1 ; 4x«=8 ; a;— 2. 

6. 124a;-112x=»43-19; 12x=24; x-2. 

7. 6x-2a5— 27-18; 3x— 9 ; x=3. 

8. 12a;- 7a;- 146- 126; 6x = 20; a;-4. 

9. 14a;-8» — 80-26; 6x=»64; a; = 9. 

10. -3a;-a;— -83-133; -4a;=» -216; 4x=-216; a;«64 

11. -3x-6a;— -3-13; -8a;=»-16; 8a; — 16 ; a; = 2. 

12. 9x- 12a; -100 -127; -3a;— -27; 3a;-27; a; — 9. 

13. -6x + 4x — 6-16; -«— -9;a; — 9. 

14. 3x-7x — 6 + 22; -4a; — 28; 4a;— -28; a; — -7. 

15. 4a;-12x--16-8; -8a; = -24; 8x = 24; x-3. 

16. 6x-3x + 7— 4x-6x + 36; 4x — 28; x — 7. 

17. 6x-18 + 8x + 15x-21 — 10x-4-16x + 36; 35x = 70; x — 2. 

18. 9x-16x + 18 + 30 = 0; -6x— -48;x-8. 

19. 12x-46x-16 + 42-48x + 783 = 0; -81x- -810 ; x-10. 

20. X-28X+77 — 14x-70-162 + 19x-61; -60x— -360; x — 6. 

21. x^+4x-21 — x^-20x+76; 24x-96; x — 4 
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22. »2 + 4a;-96 = a^-6a;-6; 9x = 90; a; = 10. 

23. 9x-a?-14 + a^-2a;-15-2a5 + 2 + 12 = 0; 5a; = 15; 05 = 3. 

24. 2x*+3a;-35 = 36-17x+2{B*+229; 20x = 300; a; = 15. 

25. 21-32a; + 12a;2=,i2«2-17x+*6; -15a;=-15 ; x = l. 

26. 14-x-5{B2+5a.+3o + 20-29a; + 5a2 = 45a;-76; -70a=-140; 

35=2. 

27. a:2 + iOa.+26-16+8a5-a? = 21a5; -3a;=-9; aj = a 

28. 5a52_20x+20 + 7a;^-42a;+63 = 12x*-85a + 133 + 42; 23a; = 92; 

05 = 4 

29. 9a^ - 102aj + 289 + 16x^ - 200a5 + 626 - 25a* + 290a5 - 841 = 1 ; 

-12a;=-72; a; = 6. 

30. a:?-4a;-46+a52+2x-80=2a2_iia._21-113;9»=-9;x=-l. 

XXXIIL 

1. Let % be the number ; then 2a; + 14 = 154 ; 05 = 70. 

2. Let as be the number ; then 4x4- 16 = 188 ; a; = 43. 

3. Let 05 be the number ; then z+46 = 3a; ; a; = 23. 

4. Let % be the smaller number ; then 3a; is the greater number ; and 

16-a; = 30-3a;j 2a; = 14; a; = 7; 3x = 21. 

5. Let 05 be the first part; then a; -10 is the second; z-18 the 

third; a; - 24 the fourth ; andx+a;-10+a;-18+a;-24 = 92; 
x = 36, etc. 

6. Let a; be the greater number ; then 20 - a; is the smaller number ; 

and3(20-a;) + 5a; = 84; a; = 12, etc. 

7. Let X be the &ther's age in years ; then 80 - as is the son*s age ; 

and 2(80-x) = a;+10; a; = 50, etc 



30 KEY TO ELEMENTARY ALGEBRA, 

8. Let X be the age of the eldest; then a;-20 is the age of the 

youngest ; and x = 3(x - 20) ; z = 30, etc. 

9. Let % be the sum in pounds ; then x+24-80«80-x; ac«68. 

10. Let X be the price of a yard of cloth in shillings ; then 2x is the 

price of a yard of silk ; and 30x + 80x <= 66 x 20 ; x «= 12, eta 

11. Let X be the number; then 2x + 24-80»100-x; xb52. 

12. Let X be A's share in pounds; then B's share is 280-x; Cs, 

260-x;D's, 220-x;andx + 280-x + 260-x + 220-x=60O ; 
x = 130, eta 

13. Let X be the number of children ; then there are 2x women and 

4x men ; and x + 2x + 4x =s 266 ; X » 38, eta 

14. Let X be B's share in pounds ; then A's share is x - 100, and 0*8 

isx + 270; and x + x- 100 + x + 270 = 1520; x = 450, etc. 

15. Let X be the greater ; then x- 8 is the less ; and 4(x - d)=2x+ 10 ; 

« = 21; x-8 = 13. 

16. Let X be what each had at first in pounds ; then 3(x + 5) =ll(x - 5) ; 

x = je8, 15s. 

17. Let X be A*sage; thenx-58isB*sage; and x - 60=50 -(x- 58); 

X = 84, eta 

18. Let X be A's age ; thenx-34iBB'sage; and x- 50=40 -(x- 34); 

X = 62, eta 

19. Let X be the share of a daughter ; then 2x is the share of a son ; 

and 3x + 4x+500 is the share of the wife ; 
then3x+4x + 3x+4x+500 = 7500; x = 500, eta 

20. Let X be the number of gallons in the vessel at first; then 

x+42 = 7x.; x = 7; and 42 + 7 = 49, the number of gallons 
that the vessel held. 
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21. Let X be the number of pounds A has ; then B has x + 10 ; C has 

x+x+lO; and a;+cB + 10 + 05+05+10 = 76; 05 = 14, eta 

22. Let 05 be the greater ; then x - 14 is the less ; and x+x- 14 = 48; 

x=31, etc. 

23. Let % be the number of pounds won by A ; then 72 + x = 3(52 - x) ; 

x = 21. 

24. Let X be one of the parts ; then 84 - x is the other ; and 

3x = 4(84-x); x = 48. 

25. Let X be one of the parts ; then 90 - x is the other ; and 

4x = 6(90-x); x = 50. 

26. Let X be the greater part ; then 60 - x is the less ; and 

x==60-x + 24; x = 42. 

27. Let X be the greater part ; then 84 - x is the less ; and 

x-36 = 84-x; x = 60. 

28. Let X be one of the parts ; then 20 - x is the other ; and 

3x + 6(20-x)=84; x = 8. 

29. Let X be £'s age ; then 2x is A's age ; and 2x - 22 = 3 (x - 22) ; 

x = 44; 2x = 88. 

30. Let X be the number of years ; then 30 + x = 2 (6 + x) ; x = 18. 

31. Let X be B's age ; then 2x is A's age ; and 2x- 20 = 3(x- 20) ; 

x = 40. 

32. Let X be B's age ; then 3x is A's age ; and 3x+ 19 = 2(x + 19) ; 

x»19. 

33. Let X be the number of years ; then 50 + x = 42 + 3x; x = 4 

34. Let X be the number of guineas ; then x+48 is the number of 

half-crowns; and, expressing all the quantities as sixpences, 
42x+5(x+48) = 100x40; 47x = 3760; x = 80. 
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35. Let X be the number of shiUings ; then 41 -a; is the number (tf 

half-crowna; and, expreBsing all the quantities as sixpences, 
2a+6(41-a;)-74x2; -3a;--67; a; = 19. 

36. Let X be the number of shillings ; then 300 ~x is the number of 

fourpenny pieces ; and, expressing all the quantities as four- 
penny pieces, 3a; + 300 - as — 700 ; 05 — 200. 

37. Let X be the number of moidores ; then a; + 3 is the number of 

sovereigns; and 27a;+20(a; + 3) = 60x20 ; 47a; = 940; 05 = 20. 

38. Let 05 be the number of shillings ; then 6x is the number of half- 

crowns ; and, expressing all the quantities as sixpences, 
2a5 + 30x»1696; x — 5a 

39. Let X be the number of sovereigns ; then 2a5 is the number of 

shillings, and 3x the number of pence ; and, expressing all the 
quantities as pence, 24005 +24x+3x"> 1335; 05 — 5. 



XXXV. 

1. a«-6« = (a-6)(a+6); a»-63-(a-6)(a>+aJ + &«). 

2. a*-6* = (a>-6»)(a«+6«). 

3. a*-a^ = (a+ac)(a-a;); (a -a;)* —(a -a;) (a -05). 

4. a'+a? = (a+a;)(a*-(MJ+«'); (a+a;)'=(a+x)(a+a;)(a + a;). 

5. 9a;a-l=(3a;+l)(3a;-l); (3a;+l)« = (3a; + l)(3a;+l). 

6. l-25a«=(l + 5a)(l-6a); (1 - 6a)« = (1 - 6a) (1 - 6a). 

7. a;2_^=,(a;4.y)(a..y). (a;+y)*=»(a;+y)(x+y); 

a2+3iBy + 2y* = (x+y)(a;+2y). 

8. a:*-y'==(a;+y)(x-y); a?-y' = (x-y)(a;^+ajy+^ ; 

ac*- 7fl5y + 6y* = (a: - y) (ar - fiv^. 
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9. a;^-l = (a;-l)(x + l); x?-l = (a;-l)(x2+a; + l) ; 
aB'+a;-2 = (a;-l)(»+2). 

la l-a> = (l-a)(l+a); l+a8 = (l+a)(l-a+a2); 
a*+6(H-4 = (l+a)(4 + a). 



XXXVI. 



I. 6906)1036: )(1 
6906 


2. 1908)2736(1 
1908 


3463)6906(2 
6906 


828)1908^2 
1656 


.-. H. C. F. is 345a 


252)828(3 
766 




72)252(3 
216 

• 




36)71 
/. H. C. F. is 36. 71 


3. 49608)169416(3 
148824 




20592)49608(2 
41184 




8424)20692(2 
16848 




3744)8424(2 
7488 


A H. 0: P. IS 936. 


936)3744(4 
3744 
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4. 40111 


5)126025(3 
120345 




5680)40115(7 
39760 






355)5680(16 
355 




.-. H. 0. F. Lb 356. 


2130 
2130 


5. 


1581227)16758766(10 
15812270 


• 



946496)1581227(1 
946496 



634731)946496(1 
634731 



311765)634731(2 
623530 



11201)311766(27 
22402 



87745 
78407 



9338)11201(1 
9338 



1863)9338(5 
9315 



,\ H. a F. if ^. 



23)1863(81 
184 

23 
23 
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6. 35175)236845(6 
211050 



25795)35175(1 
25795 



9380)25795(8 
18760 



7035)9380(1 
7035 



2345)7035(3 
/. H. C. F. is 2345. 7035 



XXXVII. 

I. a?+7a; + 12)»2+9x+20(l 
aB'+7a;+12 



Divide by 2 ; 


2x + 8 

x + 4)a:?+7a; + 12(a;+8 
aB'+4x 




3a;+12 
3a; + 12 


2, a;^+12x + 20)a;^ 


' + 14a; + 40(l 
' + 12a; + 20 


Divide by 2 ; 


2a + 20 
a;+10)a:'+12a;+20(a;+2 
a^+lOx 




2a; + 20 
2X + 20 
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3. x^-13aj+42)x»-17x + 70(l 

x^-13a; + 42 



-4X + 28 
Divide by 4 and change signs ; z-7)ac^-13x+42(sB-6 

aB^-7« 



-6X+42 
-6x4-42 



4. 05*+ 6x-84)x^+21a;+ 108(1 
»2+ 5x- 84 



16X + 192 
Divide by 16; »+12)x»+6x-84(x-7 

x^+12x 



-7x- 
-7x- 


-84 
-84 


3)x^4-x- 
x*-3x 


12 (X 

-12 
-12 




5. a;?+«-12)x^-2a5-3(l 
a?+x-12 


•6y2(3 

•6y» 
•6y» 




-3x4-9 
Change signs and divide by 3 \ 


4-4 




c4-22f 


4x- 
4x- 




6. x*4-5xy4-6y«)x* + 6xy4-9y«a 

x2 4-6xy4-6y* 

xy4-3y2 
Divide by y ; x4-3y)x2+6xy4 

x*+3xy 

2xy4 
2xy4 
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7. x2-6a:y + 8y*)a?-8xy+16y*(l 




»2-6ajy + 8y" 




-2ajy + 8y» 




Divide by 2y and chaDge signs ; x-4y)x^-6a^+8|/'(a;-2y 




a^-4xy 




-2ajy+8y» 




-2a5y+8y" 



8. {B2-i3a^-30y2)aa_i8a5y4.45ya(i 

ac* - ISojy - 30y» 



-6iry+75y* 
Divide by 5y and change signs ; as- 15y)a;^- Idost^- 30^(x + 2y 

a^-15a5y 



2xy-3(y 
2jBy-30y» 






28^-4x^^ + 2^* 

3a:y«-3y» 
Divide by 3y*; « - y)a^ - 2a:y + y*(a; - y. 

10. ac3 + |^a5' + 3ac^+3a:y*+y'(l 
as* +y5 



3x*y+3a5y* 
Divide by aacy ; a5+y)aB?+y'(ac^-iBy+l/'. 
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11. aB'-2xy + y*)ac*-y*(x« + 2xy + 3y* 

3jBy-6xy'+3y* 

Divide by 4^* ; «-y)a:^-2xy+y'(x-y. 

12. ac'+y')a5* + y*(x' 

Divide by -y"; aB'-y*)ac^+y'(« 

Divide by y*; x+y)x'-y"(x-y. 

13. aF'+2ajy + y«)x*-y*(a:?-2xy+3y* 

- 2a;^y - 4a5*y' - 205^* 

-4052^-4^* 
Divide by -4^^; x+y)»2 + 2a5y+y'(x+y. 

14. a«-62 + 26c-cV + 2a6 + 6*-2ac-26c+c«(l 



2a& + 262-2ac-46c + 2c2 
Divide by2; a6 + &*-a<;-26c+c' = (a6-ac) + (6*-26c + c^ 

= a(6-c) + (6-c)«. 
Divide by 6-c; a + 6-c)a*-6' + 26c-c2(a-6 + a 



KEY TO ELEMENTARY ALGEBRA, 39 

15. Multiply the second expression by 3 ; 

12a? + 7xy + y2) 84»2 + Qicy - 3i/2(7 
84x* + 493^ + 72/* 

-40«y-10y* 
Divide by - lOy ; 4b + y)12a;2 + 7a5y + y*(3ic + y. 

16. Multiply the second expression by 2 ; 

ex* + icy - y^) 78a? - 44xy + 6y2 (13 
78a? + 13iBy-13y« 

-57«y + 19y« 
Divide by -19y; 3aj-y)6a? + i»y-y'(2a;+y. 

17. Multiply the second expression by 3 ; 

15x2 - 8ay + y^ 120x2 - 9a?y - 3y«(8 
120x*-64xy + 8y2 

55xy-ll3^ 
Divide by lly ; 5x - y) ISx* - 8xy + y2(3x - y. 

18. x*+x8-4x«+x + l)x*-5x5 + 5x2-l(x-l 

x* + x*-4x' + x'+x 



-x*-x?+4x2-x-l 
- X* - X? + 4x2 - x - 1 



19. a5»+4a2 + 16)x5+x*-2x8 + 17x?-10x+20(x+l 

x^ + 4x' + 16x 



x*-6x3 + 17x2-26x + 20 
x* + 4x2+16 

-6xS + 13x2-26x + 4 
Change the signs of the remainder, and multiply the divisor by 6 ; 
«x»-13x2 + 26x-4)6x* + 24x2 + 96(x 

6x*-13x3 + 26x2-4x 



13x5-2x2 + 4x + 96 
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Multiply the remainder by 6, and oontinue the diyision ; 

78iB» - 1 2x» + 24x + 576(13 
78a»-169x«+338a;-52 



157x'-314fl5 + 628 

Divide by 167; x'-2x+4)6x»-13x»+26x-4(6a;- 1 

6x»-12x« + 24b 



-a5« + 2a;-4 
-a:?+2a;-4 



20. aJ* + aV + y*)**+2x«y+3JBV+2scy»+y*(l 

2x8y + 2a%' + 2xy' 
Divide by 2ajy ; «"+xy + y')a*+acy+^(x*-ay + y*. 

21. a^-6aJ* + 9a:^-4)jB«+a;*-2aJ*+3a:^-«-2(l 

aJ<» -6{C* + 9x^ -4 



a5^ + 4aJ*-6x"-« + 2 
x»+4a!*-6a:'-«+2)x^-6iB*+9a!^-4(«-4 

x* + 4a^-6x'-{B» + 2« 



-4fl5*-6{C* + 6x'+10a^-2x-4 
-4fl5*-16a^ + 24fl5* + 4a;-8 

10ie* + 6xS-14x«-6x + 4 

Divide by 2, and multiply the divisor by 5 ; 

6a* + 3a;? - 7a!* - 3a; + 2)5x» + 20aJ* - 30x* - 5a; + 10(a; 

6a;« + 3a^-7a;'-3a:« + 2a; 



17a;*+7a;»-27a;'-7a;+10 
Multiply by 6^ and oontinue the division ; 

85a;* + 35aj» - 135a;^ - 35x + 60(17 
85a;* + 51a;8 - 119a;* - 61a; + 34 

-16a;»-16a;*+16a; + 16 
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Divide by -16; x'+x'-«-l)5a^ + 3x8-7a:*-3a; + 2(5a;-2 

5a5* + 5a'-5x*-6» 






22. Multiply the first expression by 2 ; 

6a8 + 19a«6 + 8a6« - Sft^) 30a* + SOa^ft + 8a«6« + 12ear» - 66*(5a 

30a* + 95a36 + 40a«68 - 25a&8 



- 75a86 - 32a262 + 370^3 _ §54 
Change the signs, multiply by 2, divide by 6, and continue the 

division ; 
6a3 + 19a86 + 8a6« - 56«) ISOa' + 64a«6 - 74a6« + 1268(25 

150a3 + 475a26 + 200a62 - 1256S 



-411a26-274a6« + 13763 
Divide by - 1376 ; 3aH 2a6 - 6*^) Ca^ + 19a26 + 8a62 - 563(2a + 56. 

23. Multiply the second expression by 5 ; 

15aS - 14x2y + 24a^ - ^If) \Zh^ + 165a^ - lOOa^ + 101/3(9 

135a? - 126x2y + 216a:y2 - 63y3 

' 291a^-316an/2 + 73y3 

Divide by y ; and multiply the divisor by 97 ; 
291a:* - 316a^ + 73^*) I455a;3 - 1358a^ + 2328xy« - 679yS (5» 

1455a:3 - 1580«2y + 365xy2 

222a;2y+1963an/2- 6792/3 
Divide by y ; multiply by 97, and continue the division ; 

21534a;2 + 190411an/ - 65863^2(74 
21534a;2_ 2^384an/ + 5402^* 

213795a?y-71265y2 
Divide by 71265y ; 3a; - y) 291a:* - 316a:y + 73i/^ (97x - TS-vj. 
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24. Multiply the second expressioD by 7 ; 

21jc* - 83xy - 27x + 22y« + 99y) 84x« - 246a5y - 42x - 231y» + 164y (4 

84x> - 332xy - 108x + 8V + 396y 
87xy + 66x-319y*-242y 
The remainder-»87xy - 319y* + 66x - 242y 
«29y(3aj - lly) + 22(3a; - lly) 
= (29y + 22)(3a;-lly) 
Bejecting 2Qy + 22, which is clearly not a factor of the diyisor ; 
3a;-lly)21«"-83xy-27«+22y*+99y(7«-2y-9. 

25. 3a5-12a8-a«& + 10a6-262=(3a8-a«6)-(12a«-10a6 + 262) 

=a«(3a - 6) - 2(6a8 - 606 + 6«) 
-a8(3a - 6) - 2(3a - 6)(2a - 6) 
= (3a-6)(a«-4a + 26) 
Rejecting a*-4a+2&, which is clearly not a factor of the 
second expression, we find the H. C. F. to be 3a - 6. 

26. 60a2-76aa;+15a;^=15(4a*-6aa;+x^=3x5(a-a;)(4a-«) 

Of these four factors, 6 and 4a - x are clearly not factors of the 
first expression : but 3 is a feu^tor of it : divide it by 3, and 
divide the result by a - jc 

a-a;)6a8- 6a2x+2aa«- 2a^(6a8+ 2x« 
/. H. C. F. is 3(a - a;). 

27. Divide the first expression by x, and multiply the result by 2 ; 

Ca? - a; - 2) 42x2 _ 52a; + 16(7 
42»2-7a;-14 

-46X + 30 
Divide by -16; 3aj-2)6x2-a;-2(2»+l. 

28. 3x8-16aaj2 + a2x-5a8)6a^ + 29aV + 9a*(2a; + 10a 

6x* - 3000^ + 2aV - lOa^aj 

30aa;8+27aV+10a3x + 9a* 
ZOaa^ - 150aV + lOa^x - 50a* 



177a*»2 + 59^ 

Divide by 69a8 ; 3a;2 + a2)3a'-15aa?+a^-5aS(«-5a. 
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29. ac*-y*=(x* + y^(a5*-y^ 

.•.x«+2^istheH. 0. F. 

30. Dmde the first expression by 2 ; 

jB8+{B«+7a;+39)x8+5««+7a;+3(l 



4x2-36 
Now 4fl?-36=4(a^-9)=4(x+3) (x-3) ; and rejecting 4 and 
X - 3, we have 

x+3)a?+x«+7x + 39(x*-2x+13. 

31. 45a8x + 3aV-9ax5 + 6x*=x(45a3 + 3a%;-9ax2 + 6x3) 
ISa^x - 8x8= 2x(9a2 _ /^ 

Beserving the common factor x ; 

9a2-4x^45a3 + 3a2x-9(ix* + 6xS(6a 
45a5- 200x2 



3a2x + 110x2 + 6x8 
Divide by x, multiply by 3, and proceed with the division ; 

9a2 + 33ax + 18x2(1 
9a2-4x2 



33ax + 22x2 
Divide by llx; 3a+2x)9a2-4x2(3a-2x 
.*. the H. C. F. is (3a + 2x)x. 



xxxvin. 



1. x2+6x + 6=(x + 2)(x + 3); x2 + 7x + 10=(x + 2) (x + 5) ; 

x2+12x + 20=(x + 2)(x + 10). 

2. x3 + 4x2-5)x?^-3x + 2(l 

x?^+4x2-5 

-4x2-3x+7 
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Change signs and multiply the divisor by 4 ; 

4a^ + 3a;-7)4a:S + 16«»-20(x 
4a:5 + 3a:«-7x 



13x» + 7»-20 
Multiply by 4^ and continue the division ; 

62x« + 28x-80(13 
62x> + 39x-91 



-lla;+ll 
Change signs and divide by 11 ; 

«-l)4fl?+3»-7(4fl5 + 7 
Hence sc - 1 is the H. C. F. of the first two expressions ; and 
since sc-1 divides se? + 4x^'-8x + 3 exactly, it is the H. C. F. 
required. 

3. 2x' + «-l=(2a;-l)(x+l); a:" + 6aB + 4-»(« + 4) (x+ 1) ; 
a? + l = (x + l)(a:«-a:+l). 

4.y'-y«-y+i-(y«-!^-(y-i)=y»(y-i)-(y-i)=(2^-i)(y-i) 

3y8-2y-l=(3y + l)(y-l) 

5. 3B?-4fl?+9a;-10)a' + 2a:2_3a.+20(l 

a!?-4a:' + 9a;-10 



6a:*-12a; + 30 
Divide by 6; {B«-2»+5)x»-4x2+9a;-10(x-2 

a!?-2a:*+6x 



-2a^+4B-10 
-2x'+4a;-10 

Hence a^-2x+'5 is the EL C. F. of the first two expressions, and 
as it also divides ac^ + 6x'-9x+36 exactly, it is the H. C. F. 
required. 
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6. a?-7x«+16a;-12)3a5»-14a;2 + 16a;(3 

3x»-21a:« + 48x-36 



7x«-32»+36 
Multiply the divisor by 7 ; 

7»«-32a;+36)7x8-49a!«+112x-84(« 
7a:^-32x^+36x 



-17{B«+76x-84 
Multiply by - 7, and continue the division ; 

119a^-532a;+588(17 
llQx'- 544a; + 612 



12a; -24 
Divide by 12; « - 2) 7a;* - 32« + 36 (7x - 18 
Hence x - 2, which also divides Sx' - lOx* + 7x - 14, is the H. C. F. 

7. y3-5y2^11y-15)y3-y« + 3y + 5(l 

y3-6y»+lly-16 

4y8-8y + 20 
Divide by 4; y*-2y + 6)2^-6y* + lly-16(y-8 

-3y2 + 6y-16 
-3y'+6y-15 

Hence as j^-2y+6 divides 2y5-7y*+16y- 15 exactly, it is the 

aaF. 



II. 



12. 



a' + 06 a(a + &) a + 6* 

14m^ 14m^ 2mx 

21m^ - 7twx 7m(3t»^ - x) 3m^ - x' 



13. jcy ^ , » ^ 

^ 3xy*-5a;*y» xy(3y-6a») 3v-5aar 
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4ag-H2g' 2g(2a + g) 2o-fg 

i6 ^a^^+ea'y 2o*(2x + 3y) a^ 

8x»-18y«"2(2a; + 3y)(2a;-3y)'"2x-3f 

12oy-6afe 6a&(26-l) 3a6 

^^' 862c-2c "ilc(26 + 1) (26 - l)"26c + c 

« c'-4fl^ ^ (c4-2o)(c-2o )^ c-2o 
' c' + 4ac + 4fl*"(c + 2a)(c + 2a) c + 2a' 

3a^ + 3ay 3a;V+yg) _ 3 



2^* 



2o iQ g-ioy ^ , io(g--y) 5 

' 4ac*-8ajy + 4y* 4(x-y)(«-y) 2x- 

ag + 6y oag4-6y 1 

^'' 7aV-76V"'7(ax+6y)(ax-6y)"7a«-76y" 

6a6 + 8cd 2(3a6-H4c(i) 8 

^^' 27^PS^^48?^"3«(3a6+4aO(3a6-4fld)"9a6x-12eda;' 

jBy-jc^ _ agy(l ~ g) _ a?y 
^^' 2a«-2aa2""2a«(l-«)""2a«' 

*laiH^ -laJtP^^ 7a6»(g8-.y«) 6« 
^"^^ 14a36ca;8-14fl86c2^'°lS3^^Z^)'=2^" 

5ig» + 45dg» 5x«(a;7 + 9(Q 1 

. 10a^ + 20a6 + 106^ 10(a+6) (a+6) 2a+26 
^^- 5a8 + 5a26 "^ 5a^(a + 6) " ~^« ' 

4g^ - 8agy + 4y^ _ 4(ag ~ y)' 1_ 

^' 48(x-y)a ■"48(a;-y)2""12* 

Q 3ma; + 57ia^ ac(3m + 5na;) O! 
^^- 3my+57ixy'"y(3m+5nx)"7" 
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XL. 

a^ + 7a + 10 (a + 5)(a + 2) _ a + 5 
'• a2 + 5a + 6™(a + 3)(a + 2)~a + 3' 

{C^-9g + 20 _ (g~4)(g-5) _g-5 
^' {B2-7a; + 12"(»-4)(x-3)~»-3* 

a^~2a;-3 _ (g--3) (g-H) _ a; + l 
^ cc2„10a. + 2l""(x-3)(»-7)~a=T 

a;^~18a?y + 45 y^_ (g-3y)(g~15y)a;~3y 
^ a^ -Sajy- 105^5 "~(x+7y)(x-15y)""»+7y' 

^- x«+a;+l a2+a;+i «•-«+!. 

ig8+2xV+y« ^( g»-Hy8)(a^4-y») ^ a^+y» 

7. aS-4a2 + 9a._x0)x' + 2a2-3a; + 20(l 

a3-4x2 + 9a;-10 



6x«-12x + 30 
Divide by 6; a^-2a; + 5)a:S-4ic2+9a;-10(x-2 
Hence {B»-2a;+6 is the H. C. F. 

8. x3-6iB«+ll»-15)xS-a;a + 3a; + 5(l 

{c5-5x2+iia;-16 



4a;*-8a; + 20 
Divide by 4; x'-2a; + 5)a58-5x*+lla!-15(x-3 
Hence a5*-2x+5 is the H. C. F. 

9. {B3_8iB2 + 21x-18)3a:8-16x2 + 21a;(3 

3x8 -24x2 + 63a; -54 



8xa-42a;+64 
Divide by 2 ; 4a* - 21x + 27 
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Multiply divisor by 4 ; 4B*-21» + 27)4x'-32x'+84flc-72(x 



-ll««+67»-7« 
Multiply by - 4, and continue the division ; 

4fl^ - 21x + 27) 44x« - 228a5 + 288 (11 
44x*-231x + 297 



3x-9 
Divide by 3; x-3)4x^-21x + 27(4x-9 
Hence x- 3 is the H. G. F. 

10. The H. G. F. is X - 2, see the work in xxxviiL 6. 

11. x*-x'y-xy5-y*)x*+x'y+xy'-y*(l 

x*-x'y-xy'-y* 

2x'y + 2xy' 
Divide by 2xy ; ^ + y^x* -x'y-xy'-y*(x*-xy-y*. 

12. a»-3a + 2)a8 + 4a«-6(l 

a'-3a + 2 



4a2 + 3a-7 
Multiply divisor by 4 ; 4fl*+3a-7)4fl'-12a+8(a 

4a8 + 3a«-7a 



-3a«-6a+8 
Multiply by ' 4 and continue the division ; 

12a8 + 20a-32(3 
12a«+ 9a -21 



11a- 11 
Divide by 11; a-l)4a«+3a-7(4a+7. 

13. 68_66 + 5)&3+462-56(l 
t8-66+6 

46»+6-5 
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Multiply divisor by 4 ; 462 + 6-5)463-246 + 20(6 

463 + 62-56 



-62-196 + 20 
Change signs; 62 + 196-20)462 + 6-5(4 

462 + 766-80 



- 756 + 75 
Hence the H. C. F. is found to be 6 - 1. 

14. m3-7m + 6)m3 + 3m2-4m(l 

m'-7m+ 6 



3m2 + 3m-6 
Divide by 3; TO2+m-2)m3-7m + 6(m-l 

m* + m2 - 2m 



-m2-5m + 6 
-m2- m +2 

-4m + 4 
Hence the H, C. F. is found to be m- 1. 

15. a8 + l)a3 + 2a2 + 2a+l(l 
a3 +1 



2a2 + 2a 
Divide by 2<i, and H. C. F. is found to be a + 1. 

3az2-i3aa;-H4a ^a(3a ^-13x + 14) 
• 7x3-17»2+6x a;(7x2-17a; + 6) 
3a;2 - 13» + 14) 2U-2 - 51a; + 18 (7 
21*2 - 91x f 98 



40X-80 
Whence H. C. F. of ^-Y^-'tX^ and 7«2-17x + 6 is 
found to be x~2. 

14g2-34 j+12 ^ 2(7a;2-17g + 6) ^ 
'7' 9ai2- 3900; + 42a 3a(3a;2 - 13a; + 14) ' 

and as in the preceding question, the H. C. F. is found to be x- 2. 

D 
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1 Oa - 24a« 4- 14a» 2a(5 - 12a -f 7a^ 
• 15-24a + 3a« + 6a»"'3(5-8a + o» + 2(;^ 

6-12a + 7a2)5-8a + a« + 2a»(l 

6-12a+7a« 



Divide by 2a; 2-3a + o«-(l-o)(l-2a) 
II<>nce tlie H. C. F. is found to be 1 -a. 

2^/P + ri62-8afe4-5a a(2/>» 4- &» - 86 4- 5) 
'y- ~763_ 1268+56 " 6(76»-126 + 6) 

76^- 126 + 5) 146» + 76«-566 + 36(26 

146»-246« + 106 



3l6«-666 + 35 

7 

2176«-4626 + 245(31 
21762-3726 + 155 

-906 + 90 
Hence the H. C. F. is found to be 6 - 1. 

20. a3-4a« + 6a-4)a8-3a2 + 3a-2(l 

o3-4a2 + 6a-4 



a2-3a+2)a5-4a*+6a-4(a-l 
aS-3a* + 2a 



- a' + 4a - 4 
-a*+3a-2 

a-2 
Hence we find a - 2 to be the H. C. F. 

3x2 + 2a;-l (3a;-l)(g + l)_3g^l 
21- a!» + x2-x-l''(x2-l)(a; + i) x«-i* 

o?' -a-20 (a-5)(a + 4) ^o^ 5 ^ 
^^' a2 + a-12"(a-3^(a*+'4)%-3' 
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23. a:3_3a4! + 4a;_2)x3-xa-2x + 2(l 



2x'-6x+4 

Divide by 2; x2_3x + 2)a:8_33;2 + 4p-2(x 

a:3-3x' + 2« 



2»-2 
Hence we find x - 1 to be the H. Q/^\ 

24. x^+t/* + 2* + 2icy + 2x!8 + 2yz + 2*-2yz + y* + x*-2aa+;?+y*-2xy + a:® 



^3x« + 3t/^3^^g^ 



cc^ + y'+a* 



25. Multiply the numerator by 7 ; 

7x3- 19x2 + l7x-6)14a^-7a5»-63a:2 + 91x-35(2» 

14x»- 38x8 + 34x2 -lOx 



31x3 - 97x2 + 101X- 35 

7 

217x3 - 679x2 + 707x - 245 (31 
217x5 - 589x2 + 527a; _ 155 

-90x2 + 180x-90 
Divide by -90; x«-2x+l)7x3-19x2+17x-5(7x-5 

7x8- 14x2 + 7x 



-5x2+10»-5 
-5x2 + 10x-5 



Hence x2- 2x + 1 is the H. 0. F. 



26. 8x*-30x3 + 31x2-12)16x*-53x2 + 45x + 6(2 

16a:* -60x3 + 62x^-24 



60x3-115x2 + 45x+30 
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Divide by 5, and multiply the divisor by 3 ; 

12x» - 23ar* + 9fl5 + 6) 24a!* - 90a:8 + 93x« - 36 (205 

> 12a:* -46x5+ 18x2 +x2a; 



-44x3 + 75x2- 12X-36 
Multiply by - 3, and continue the division ; 

132x8- 225x2 + 36X+ 108(11 
132x»- 253x2 + 99X+ 66 



\ 28x2 -63x+ 42 

DividebyT; •4»*-9x + 6)12x3-23x2 + 9x + 6(3x + l 
Hence 4x2-9x + 6 is the H. C.\F. 

4x2-12ax + 9a2 ^ (2x - 3a) (2x - 3a) 
'' 8x-3-27a3 (2x-3a)(4x2 + 6ax + 9a2)" 

28. 6x3-23x2 + 16a-3)6x3-17x2 + llfl5-2(l 

6x3- 23x2 + 16a- 3 



6x2- 5a. + i 
6x2- 5x + l)6x3- 23x2+ 16x-3(«-3 
Hence 6x2 - 6x + lis the H. C. F. 

29. x3-6a2 + llx-6)x3-2x2- x +2(1 

x3-6x2 + llx-6 



4x2-12x + 8 
Divideby4; x2_3a.4.2)x3-6x2 + llx-6(x-3 
Hence x2- 3x + 2 is the H. 0. F. 

30. m3 + m2 + m-3)m3 + 3m2 + 5m + 3(l 

m3+ w^+ w-3 



2m2 + 4m + 6 
Divide by 2; w2 + 2m + 3)w3 + w2 + m-3(m-l 
Hence m2 + 2m + 3 is the H. 0. F. 

x^ + 5x*-x2-5g ag*(x + 5)-x(x + 5) _ (x + 5)(x3-l)x ^ x» + 5x 
^'' i* + 3x8-x-3 ** x3(x + 3)-(x + 3) (x + 3)(x3-l) x + 3 ' 
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(a4-6 + c)(a-6-c) _ a-&-c 
(a + 6 + c)(a + 6-c)"~a + 6-c* 

33. Multiply the numerator by 3 ; 

9a2 + 3a6-2Z»2)45a2+ 3a6- 662(5 
45a2 + 15a6-1062 

-12a6+ 462 / 

Divide by -46; 3a - 6) Qa^ + 3a6 - 2W<^ + 26 
Hence 3a - 6 is the H. C. F. y 



.Z 



34. a2_7a; + io = (a;-5)(a;-2) 
X- 5 is clearly not a factor of/&e denominator ; 

»-2)2x2-a;-6g/+3 
Hence a;- 2 is the B.A>^. 

35. x3 + 3x2 + 4fl;tl(^+4a2 + 4a; + 3(l 

a;2-9 
Divide by a;-3; x + 7k)7? + ^-{-Ax + \2{7? + 4: 
Hence 05 + 3 is the H. C. F. 

36. 2a?-a;-l)2x*-2a;2-4a; + 4)x 

2a^- x2-» 



- a2_3a. + 4 
Change signs ; Qi?-\-Zx-^=^{x-\-4t){x-\) 
Divide by a; + 4; a; - 1) 2x3 _ 3. _ 1 (ga;^ + 2a; + 1 
Hence a; - 1 is the H. C. F. 

37. 3x2 _ 4a. -15) 3x3 -6x2- 45a; + 108 (« 

3a;3-4x2-i5aj 

-2a;2_30a;+io8 
Divide by -2; ^■\-lbx-bA^{x-\-\S){x-Z) 
Divide by a; + 18; a; - 3) 3x2 - 4a; - 15 (3a; + 5 
Hence » - 3 is the H. C. F. 
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Divide by 5, and multiply the diyisor by 3 ; 

12x»-23a;' + 9x + 6)24a^-90x» + 93fl5«-36(2x 

12a^-46x» + 18x»+12x 



-44a* + 76««-12x-36 

Multiply by - 3, and continue the division ; 

132x» - 226x* + 36x + 108(11 
132x»-263a;2^.99j5+ qq 



\ 28a:«-63x+ 42 

Divide by 7; •4x'-9a; + 6)12a?-23fl5«+9a; + 6(3«-M 
Heuce \'^-%%^^\a the H. C.^F. 

4x'~12ax + 9a» (2a; - 3a) (2a; - 3a) 

'' 8x-3 - 27a3 " (2a;-3a)(4x» + 6aa;+da^ ' 

28. 6a:»-23a«+16x-3)6a;>-17a;^ + lla5-2(l 

6a;'-23a;^ + 16aB-3 



6a;*- 5a;+l 
6x2-5x + l)6a;'-23a;» + 16x-3(a5-3 
Hence ^-hx-^W^ the H. C. F. 

29. x3_6ai*+llx-6)a:3-2x2- » +2(1 

ar»-6x2+llx-6 



4x2-12x + 8 
Divide by 4; ai»-3x + 2)x»-6x*+lla-6(«-3 
Hence a;»-3a; + 2 is the H. C. F. 

3d. m3 + m2 + m-3)m' + 3m* + 5m + 3(l 

m'+ W+ m-3 



2m* + 4m + 6 
Divide by 2; m' + 2m + 3)mS + m2 + m-3(m-l 
Hence w*^ + 2m + 3 is the H. 0. F. 

a;S + 5a;*-a;'-5g a;*(x+5)-x(g + 5) _ (g + 5)(ai»-l )as^ a:y+5a ; 
^^' x* + 3x*-a;-3 "* x8(x + 3)-(x + 3) (x+3)(x3-l) x+3 * 
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^^' a2 + 2a6 + 62-c2""(a2 + 2a6 + 6^-c2 (a + 6)2-c^' 

(a + 6 + c)(a-6-c) _ <i-6-c 
(a + 6 + c)(a + 6-c) a + 6-c* 

33. Multiply the numerator by 3 ; 

9a2 + 3a6- 262)45^2+ 3a6- 662(5 
45a2+15a6-1062 

-12a6+ 462 / 

Divide by -46; 3a - 6) 9^2 + 3a6 - 2^<^ + 26 
Hence 3a - 6 is the H. C. F. y 



J. 



34. a2_7a; + io = (a;-5)(a;-2) 
X - 5 is clearly not a factor of/^e denominator ; 

»-2)2x2-a;-6(3/+3 
Hence a; - 2 is the KfJ^. 

35. x3 + 3a;2 + 4xti^ + 4a2 + 4a; + 3(l 

a^ + 3a;2 + 4a;+12 

a;2-9 
Divide by a;-3; a; + 3)a:3 + 3«2 + 4x + 12(x2+4 
Hence » + 3 is the H. C. F. 

36. 2a?-a;-l)2x*-2x2-4a; + 4)a; 

2a^- x2-a: 
- a2_3a. + 4 
Change signs; a2 + 3a5_4__(a. + 4)(a;_i) 
Divide by 05 + 4; o! - 1) 2x3 - as - 1 (2a;2 + 2a; + 1 
Hence « - 1 is the H. C. F. 

37. 3x2 « 4a. _ 15) 3x3- 6x2 _ 45a. ^. 108 (« 

3x3 _4a;2_ 1535 

-2a;2-30a;+108 
Divide by -2; a2 + i5a;_54==(a; + i8)(x-3) 
Divide by a; +18; a; - 3) 3a;2 - 4a; - 15 (3a; + 5 
Hence a;- 3 is the H. 0. F. 
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38. 3a* + a^-6x + 21)6x' + 29x* + 26x-21(2 

6x8+ 2x*-10x + 42 



27x' + 36x-63 
Divide by9; 3ac« + 4fl;-7)3ac5+ a;»-6x + 21(x-l 

3x' + 4x"-7x 



-3x> + 2x + 21 
-3x'-4x+ 7 

6X + 14 
Divide by 2; 3x + 7)3x« + 4x-7(x-l 
Hence 3x + 7 is the H. C. F. 

39. 4x3-3x*-8x-l)4x*-4x8-16x»-4x + 4(x 

4x*-3x5- 8x>-x 



- x3- 8x«-3x + 4 
Change signs ; x8 + 8x* + 3x- 4)4x8- 33^. ^^ 1(4 

4x8 + 32x»+12x-16 

-35x«-20x+15 
Divide by -6; 7x2 + 4x-3 = (7x-3)(x+l) 
Divide by 7x - 3 ; x + l)x3 + 8x2 + 3x-4(x2 + 7»-4 
Hence x + 1 is the H. C. F. 

40. a3-7a2 + l6a-12)3a3-14aa+16a(3 

3a3-21a2 + 48a-36 



7a*-32a + 36 
7a2-32a + 36)7a'-49a2 + il2a-84(a 
7a8-32a«+ 36a 



-17a2+ 76a -84 

7 

-119a2 + 632a-588(-17 
-119a2 + 544a-61^ 

-12a + 24 . 
Hence we find a - 2 to be the H. G. F. 



I. 



2. 
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XLII. 

a^ + ab a^-ab a{a + b)a{a-b) 

a^ + 4x 4ag^-12ag x(x + 4)4x{x-3) ^ 
a;»-3a;^3»2 + i2a;%(x-3)3x(a; + 4)~ 

a^ + 3g + 2 a^-7g + 12 _ (g; + 2)(ag + l)(a;-3)(g-4) _ 
^' a^-bx + 6^ a? + x "" (a;-2)(a;-3)a;(x+l) ""®^ 

gg + a;-2 g2-13g + 42 _ (g + 2)(g-l)(a;-7)(a;-6) _ 
"^ a2_7a. ^ x2 + 2x a; (x- 7) a; (a; + 2) "" 

^' a?-ex + 9 ^x^-6x (x-3)(x-3)a;(a;-5)"" ®* 

^ xg-4 g^-25 _ (g + 2)(g-2)(ag + 5)(a;-5) 
?+5i^a:2 + 2a;"" a;(a; + 6)a;(aj + 2) "®*^- 

(a-3)(a-l) ^ (a-5)(a~4) a(a-7) _ 
'^* (a-4)(a-l) (a-7)(a-3) a(a-5)"^' 

Q (&-6)(6-l) (b + 4){b + 6) b^(b-8) _. 
(6 + 4)(6-l)''(6-8)(6-6)'' 6(6 + 6) ~^* 



9- 



(a; + y)(a;-y) ^^ y(g-2y) ^^ x(x-y) ^ y 
(a;~y)(a5-2i/) a;(a; + 2/) {x-y)(x-y)'" x- >/ 



{a + bA-c)(afb-c) (c + a- b)(c ~a + 6) __ c-a + 6 
(a + 6-c)(a-»6 + c) (c + a + 6)(c-a-6)""c-a-6 

(gg - m'+ n) {x - m- n) {x+n-m)(x- n+m) _x-m + n 
(x- n+m){x- n -m) {x + m— n){x-m+ n)~~ x + m-n 

(a + b + c + d){a + b-c-d) {a-b+d -c)( a-b-d + c) 
' (a + c + 6 + d)(a + c-6-d)^(a-c + d-6)(a-c^+"6)"" * 

13. ( a^^-2a:y + y^-g^ ^ g + y-g ^ (a;-y + g)(a;-y-g)(a; + y-g) ^^^ 
(a^ + Sajy+y^-a^ a;-y + « (x + 2/ + «)(a; + 2/-»)(a;-2/ + «) 



XLIII. 

2a 5c _ lOoo 15y 7i8 3 

a;^36"36x' - 142^5t/2=2y' 

^* 15a6s^ 2a? "■ 6 ■ "^ wa;^3a6''36na;' 
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3p ©-13 ^,5x5x 

2(;>-l) 2/> 4 4a 4a 

^ 5x 1 52 Q 1 X— 1 



7 2 14 (a;-l)(x-2) 1 x-2 

1 x-16 1 

^' (x-16)(x-2)^ 1 "x-2* 



XLV. 

1. x* — xxx; ax+x^ = x(a+x); /. L. C. M. is xxx(a+x). 

2. x2-l = (x+l)(x-l); x«-x = x(x-l); /. L.C. M. is (x+l)(x-l)a:. 

3. a*-6* = (a + &)(a-6); a'+a6 = a(a + 6); /. L.C. M. k (a + 6)(a-6)fl. 

4. 4x2-l = (2x-l)(2x + l); /. L. C. M. is 4x*-l. 

5. a8 + 68=(a + &)(a2-a6 + 6«); /. I^CM. is aS+fts. 

6. x8-l = (x+l)(x-l); .-. L.C.M. isx^-1. 

7. x3-l = (x-l)(x2+a;+i); /. L. C. M. is (x + 1) (x?- 1). 

8. x3 + l = (x+l)(x«-x + l); .•.L.C.M.is(x2+l)(x» + l). 

9^ x«-l = (x + l)(x-l); x8-l = (x-l)(x« + x+l); 
.-. L.C. M. is (x + l)(x-l)(x« + x + l). 

10. x*-l = (x« + l)(x>-l); .-. L.C.M.i8X*-l. 

11. x*-x = x(x-l); x'-l = (x-l)(x'+x + l); x? + l = (x + l)(x^-x+l); 

.-. L. C. M. is x(x- 1) (x2 + x + 1) (x+ l)(x3-x+ 1), eta 

12. x2-l = (x + l)(x-l); x*-x = x(x-l); x^-l = (x-l)(x' + x + l); 

/. L. C. M. is (x+l)(x-l)x(x2+x+l), etc. 

13. 4a2-l«(2a + l)(2a-l); 8a«+l = (2a+l)(4a«-2a+l) ; 

.-. L.O.M. is (2a+l)(2a-l)(4a«-2a + l), etc. 
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14. 2«* + 2a^ = 2a;(a; + y) ; /. L. C. M. iB2x2 + 2iBy. 

15. a2-&2=:(a + 6)(a-6); .-. L. CM. is (a + 6)(a+6)(a-6). 

16. a2-63=i(a + 6)(a-6); .-. L. C. M. is a^-ft^. 

17. 2(l-{B2) = 2(l + a;)(l-a;); .-. KG. M. is 4(1 + »)(1 -x). 

18. iB8-l=r(a;-l)(a2 + a;+i); .-. L. CM. is o^^l^ 

19. L.C. M. is (a-6)(a-c)(6-c). 

20. L.C.M. is (» + l)(»+2)(a; + 3). 

21. ^-'f^{x-\-y){x-y)\ 

,\ L. C. M. is (x + y) (x-y) (x-¥y) (sc-y). 

22. a«- l=(a + 1) (a- 1) ; /. L. C. M. is (a + 3) (a + 1) (a- 1). 

23. a(x'-y^=a;(a;+y) {x-y) ; /. L. C. M. is x\x-y) (x + y). 

24. L. C, M. is (a + l)(a; + 3)(a; + 2)(a; + 4). 

25. iB'-y*=»(« + y)(»--y).; 12(a:3 + y3) = 12(a; + y)(a;2-a;y + y«) ; 

.*. L. C. M. is 12(» +y){x- y) {x -y) (a^ - jcy + y^. 

26. 6(a^+£By)=6a;(a;+y); 8(«y"y2)=,8j^(a;_y) . 
10(a^-y8) = 10(a; + y)(a;-2/); 

.'. L. G. M. is 120a:y(» + y) (a; - y). 

XLVI. 

1. a^+6aB+6=(a; + 2)(x + 3) 
x2+6x+8=(a + 2) (05 + 4). 

2. a2-a-20=(a-6)(a + 4) 
a2 + a-12=(a-3)(a + 4). 

3. «' + 3x+2=(a; + l)(» + 2) 
iB*+4a; + 3=(a;+l)(a; + 3). 
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4. x» + llx + 30=»(x + 6)(x + 6) 
a^+12x + 35=(x + 6)(x + 7). 

5. x2- 9a;-22=(x-ll)(x + 2) 
x«-13x + 22=(x-ll)(x-2). 

6. 2x' + 3x + l=(2x+l)(x+l) 
x* - X - 2=(x-2)(x + l). 

7. x8 + x2y + xy + i/2=(x' + y)(x + y) 
a^-y*=(a^+y^(a;+y)(x-y). 

8. x«-8x + 15=(x-3)(x-5) 
x2 + 2x-15=(x-3)(x + 5). 

9. 21x«-26x + 8)21x8-12x»-63x + 36(x 

21x9- 26x2 + 8x 



14x8-71x + 36 
3 

42x2-213x+108(2 
42x2-52x+16 

-161x4-92 
Divide by - 23 ; 7x-4)21x2-26x + 8(3x- 2 
.-. L. C. M. is (3x-2) (7x3 - 4x2 - 21x + 12) 
or(3x-2)(7x-4)(x2-3). 

10. x3 + x'y + xy2 + i/3=s(a52 + y2j (a; + 2/) 
x^ - x'y + X2/2 - y3 = (x3 + y2j (a; __ y)^ 

11. a3-.2a?j-a62 + 263)a3 + 2a26-a62-263(i 

a8-2a26-a62+2&3 



4a26 -46» 

Divide by 46; a2-62)a8-2a26-.a62+26»(a-26 
.-. L. C. M. is (a-25)(a3 + 2a26-a62-2^ 
or(a-26)(a2-62)(a+26). 
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XLVIL 

1. a^-3x + 2=(a5-l) (a;-2) 
a^-4a; + 3 = (a;-l)(a;~3) 
{B2-5a; + 4 = (a;-l)(x-4). 

2. a^ + 5x + 4=(a; + l)(a; + 4) 
a^ + 4a; + 3 = (x+l)(a; + 3) 
a;2 + 7x+12 = (» + 3)(x + 4). 

3. x^- 9x + 20==(x--4)(x-5) 
x2-i2x + 35 = (x-7)(x-5) 
x2-llx + 28 = (x-4)(x-7) 



4. 6a2-x-2)42x2-34x+ 4(7 
42x2- 7X-14 



-27X+18 
Divide by -9; 3x-2)6x2-x-2(2x + l. 
Hence L. C. M. of first two expressions is 

(2x+l)(21x2-17x + 2), or 42x3 - 13x2 - 13x + 2. 
We have now to find the L. C. M. of this and 14x2 + 5x - 1. 
14x2 + 6x - 1) 42aiJ"- 13x2 - 13x + 2 (3x " 2 
42x3 + 15x2- 3x 



-28x2-10x + 2 
-28x2-10x + 2 

.-. L. C. M. is (3x-2)(14x2 + 5x-'l), eta 

5. x2-l = (x + l)(x-l) 
x2+2x-3=:(x + 3)(x-l) 
6x?-x-2 = (3x-2)(2x + l). 

6. x3-27 = (x-3)(x2. + 3x + 9) 
x2-15x + 36 = (x-3)(x-12) 

x»-3x2-2x + 6 = x2(x-3)-2(x-3) = (x^-2)(x-3). 



6o KE Y TO ELEMENTAR Y AL GEBRA, 

XLVIII. 

1. L. G. D. 20 ; new namerators 15x, I6x. 

2. L. C. D. 18 ; new namerators 9a;-21, 4x-9. 

3. L. C. D. lOx* ; new namerators 4a!- 8y, 3x* - 8xy. 

4. L. C. D. 10a' ; new numerators 20a + 256, 6a*-8a6. 

5. L. 0. D. 60a'c ; new numerators 48a'-60a«, 15a- lOc^ 

6. L. C. D. a'6* ; new numerators 06 - 6*, d* - <3?h, 

7. L. G. D. 1 - a* ; new numerators 3 - 3a;, 3 + Sac 

8. L. C. D. 1 - y* ; new numerators 2 + 2y*, 2 - 2y-. 

9. L. C. D. 1 - SB* ; new numerators 5 + 5x, 6. 

10. L. G. D. c(& + a;) ; new numerators o^+osc, &. 

11. L. G. D. (a - &) (6 - c) (a - c) ; new numerators a - c^ 6 - c 

12. L. C. D. a^(a-6)(a-c)(6-c) ; new numerators 6c-c*, 06-6*. 

XLIX. 

12a; + 21 3g-4 _ 15flg + 17 
15 "^15 15 * 

36a-48fe 56a-286 + 28<? 91a-28c 71a- 206 -66c 
^'84 84 ■*■ 84 "" 84 ' 

24a;- 18y 9a; + 21y 10a;-4y 9a; + 2y _ 32x-f 9y 
^' 42 42 " 42 "^ 42 "" 42 ' 

30a;- 20y 25a;- 35y 16a;' + 4a;y ^ l6a;'-f 55g-f 4a;y-5gy 
^ 50a; 50a; "*" 50a; ■" 50a; 

16a;'-28y' 6a;'-16a;y 5a;'-2a;^ ^ 27a;^-2a;gy-16a;y-28 y' 
^' 12? "*" 12a;* "*" 12a;2 12a;? 
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, 180a^ + 225y 54a& + 366\ 706»-20a6g 180a» + 54a6 + 3316^ - 2006^ 

80a^+100a^ 36g'-84a; 45 80gS+64ar» + 84a; + 45 
^* 60x2 eoaJ ■*'60iB«"' 60? 

^ 70a2 + 28a6 84<y»-636c 18(i6-21&c 70a» + 46a6 + 426c - 84c2 

42ac ' 42ac "*■ 42ac "° 42ac ' ® ' 

2awi + 6(^ 4a'c-3ac2 6ac-2c2 4a'c-3a<52-3ac + 7c2 .^ 



ca 



«y a%3 sc^l/* ^'h^ 



"• a^b'c^ '^ a«6*c^ "^ a^tV "* ' aW . 



I. 



2, 



L. 

a; + 5 + a;--6 2x-l 

(x-6)(x + 5) "'(»-6)(» + 5)' 

g~3~(x-7) ^ 4 

(x-7)(x-3) (x-7)(x-3) 



l"X+l + x ^ 2 

^* (l+x)(l-x) (l+x)(l-x)' 

x* + 2xy + y^-(a^- 2xy + y^ _ 4xy 
^ (« + y)(a;-2/) ~(x + 2/)(x-y)' 

l+x~2 x- l -(1-x) ^ -1 

^* (l+x)(l-x)"'(i + x)(l-x)''(l+x)(l-x) 1 + x 

^ a(c+dx)~(a(l-6c )x ac + hcx a+hx 
e{c + dx) ^c{c + dx)^ c + dx' 

g^-apy + x^+xy^ 2 x* 
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"(x-y)»"(x-y)V 
2(g + a) + 3a 2a;-fSa 



a-sc + a+x 2a 

lo. 



2a(a+»)(a-«) 2a(a+x)(a-x) (a+x)(a-a;) 



LL 



l-g + l+g 2g 2-f 2a 2(1 + a) 2 
'• T^^ ■^l-a«""r^" 1^^ "l-a* 

l+x-(l-x) 2x 2j; 2x 2g + 2x» -f 2z - 2x» _4r 
^* l-x» l + x'^l-x^'^lT?"" 1-a^ *°1-J 



l-aJ«' 



x-f x'-x' X _ X X x-f x^ + x~x' _ 2g 



a + &-(a-6 ) 26 _ 2ft 26 2a»6 + 2^ - (2a«6 - 2^) 

468 463 4a*6» + 46y-- (4 a*63-460 86^ 
a*-6*''a* + 6*'' a«-6« "aS-ft** 

x' + xy + y^ rf>( x' + xy + y' x ^ x' + a7/ + y*+xy 

y(x+y) Tip(x+y)'" y(aj+y) x+y*^ y(«+y) 

^(x+y)'^x + y 

^^y^^-^i) y 

6 ^-^ + x'--16 g + 5 _ 2x'--25 g + 6 
(x + 4)(x-3) x + 7~'(x + 4)(x-3) x + 7 

2x*-25x+14x^-175 + (x + 5)(x» + x-12 ) 
"^ (x + 4)(x-3)(x+7) 

2x»-25x + 14x»-176+x» + 6x?~7x-60 ^^ 
"" (x+4)(x-3)(x+7) ' 
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'' (a;-2)(aj-3) a;-4"'(a;-2)(aj-3)"^a;-4 

^ 2ac8~16fls^-f39a;-28 + (a;--3)(a^-5a; + 6) 

"° (aj-2)(a;~3)(a;-4) 

2fl58-16aj*+39«-28 + JB8--8x» + 21aj-18 .^ 

, eta 



(»-2)(a;-3)(aj-4) 

g 3a;--3a + 4a 6a' ^ (3a; + a) (a - a) - 5a' _^ 3a^ - 2qa; - a' - 6a' 
(as-a)' (a;-a)5"~ (x-a)^ (x-a)^ 

3x'-2ax-6a' 

" (x-a)s ' 

x + 2 7_(» ^1 ) __ 3 ^ 3 8 ' 

^ (x-i)(x;f2) (x+l)(x + 2) (x-l)(x + 2) (x + l)(x + 2) 

3x-f3~(3 x-3) ^ 6 

"(x-l)(x + l)(x + 2) (x-l)(x + l)(x + 2)* 

x + 3 3 X 

'°' (x + l)(x+2)(x + 3)~(x + l)(x + 2)(x + 3)'"(x + l)(x + 2)(x + 3)* 

x* x' + x x'-x 3x' 

II. -5 :; + --5 7 + 



12. 



X^-l X*-! X2-1 X2-1 

a+e a+(J «-<J 



(a + c)(a + d)(a+e) (a+c)(a+(;Q(a + «) (a + c)(a + d)(a+e) 



( a-6)(a+6) + (&-c)(& + c) + (c-a)(c + a) 
'^ ■ (6 + c)(c + a)(a + 6) 

^ g'-y + y-c' + c'-a' ^ 
" (6 + c)(c + a)(a+6) " ' 

(x-a)' + (x-&)'-(a-6)' _ x'-2ax-fa'+x«-2g>x + 6'-a' + 2a5-5' 
"*• (x-a)(x-6) (x-a)(x-6) 

2(x*-ax-&x + a5) - 
" «»«ax-6x+a6 "^ 
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^ " y(a^-y^ "" y(a«-i^ 

y(«^-y*) x+y' 

^ (a+6)(a-6) + (6 + c) (6-c) + (c+o)(c~a ) 
(6 - c) (c - a) (a - 6) 

" (6-c)(c-a)(ar6) ""* 

g(g-y) ^ 2xy ^ g^ + apy 
^* ac^-y* ac'-y' g'-y* 

26-2c + 2a-26 . 2 (2a-2c)(c-a) + 2(a~6)(6-c) 
'^' (a-6)(6-c) ■*'c-a" (a-6)(6-.c)(c-a) ' 

(2a-2c)(c-a) + 2(a~6)(&-c) (a-'6)« + (6-c)« + (c>-ay 
(a-6)(6-c)(c-a) "*■ (a-6)(6-c)(c-a) • 

■" ^ (a-6)(6-«)(o-«) ~ 

= 0. 

a8 + a6«-a*&-i'+fl^&-a' 6V--6) 



^< 



6(a^-6^) . 6(a>-^ a+6' 



(n + 3)-l-(n + 2) 
^^- (rH-l)(7H-2)(n + 3) """• 

(a8-6c)(6 + c) + ffl-ac)(a+c) + (c'-o6)(a-f6) 
^'' (a + 6)(a+c)(6 + c) 

-0. 
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LII. 

^ X ^ x-y ^ X ^ -x + y __ y 
x-y y-x x-y x-y x-y 

(3 + 2a;)(2 + g) (2 - 3ag) (2 - a) g^-lBx 
4-35^ 4-{b2 4-x2 

6 + 7g + 2a^-(4-8a; + 3a^ + a:^-16a; ^2-g ^ 1 
"^ ' 4-jb2 4-a;2 2 + «' 

X -X x^ _ 7?-x-{-'Si^-x) + v^_ 3ag^ 

• 

. 1 ^ . ^ _ y-l-3(y + l) -4 

^- 6(^TTy 2(y-l) "^3(1-^2) 6(1/2-1) "^^^^Tiy 

y-l~3y-3-8 ^ -2y-1 2^ 2y-fl2 _ y + 6 
"■' 6(y2-l) 60/ _i)- 6(l-y2)-"3(l-y2)* 

1 -2 __ 1_ 

^' (m-2)(m-3) "(m-l)(m-3) (m-l)(m-2) 

"" (m-l)(^2)(m-3) 

^- (a-b){x + by {a-b){x + a) {a-b){x + a){x + b) 
a-b 1 



(a-6)(a5 + a)(a; + 6) {x + a){x + b) 

a» +y 2a62 2a^ 

'" (a + &)'(a-6)~(a-6)(a2+a6 + 62) + (^:^5)-(^2_^2, + j^ 

(a« + ^ (a2 +06 + 6^-2a6V+6) 2^2^ 

" (a + &)(a-6)(a2 + a& + 62) (a + 6) (a^ - o^ + 62) 

*^ ' (a+6)(a-6)(a2 + a6 + 62) ■*'(a+S)(a2~a6 + o2) 

B 



66 KE Y TO ELEMENTAR Y ALGEBRA. 



" (a3-6S)(a' + ^ a'-^^ 

o 1 -11 l-g-Hl-^g) 1 

4(l+a;) 4(l-a;)'^2(l+x2) 4(1 -x^) 2(l+iBa) 

2 1 11 l+g^+l-gg 

"4(l-a:2) + 2(l+"x«) 2(l-x*)"*"2(l + a^'" 2(I-«*) 

2 ^ 1 

^* (a;-y)(y-«) (a;-y)(x-») (x-2)(y-«) 

_(g-z) + (-y + g)-f (g-y) 2(g-y) 2 



(«-y)(2/-«)(«-») («-y)(y-«)(a;-«) (a;-«};y-»)* 

^^ 1 ^ -1 _ ^ 1 

a(a-6)(a-c) 6(a-6)(6-c) c(a - c) (6 - c) 

6c(6 - c) + ac( - g -f c) -f a5(a - b) 
abe{a -h){a- e) {h - c) 



ahc(bh - 6c^ - a'^c + oc^ + a*6 - <i6^ abe 



LIIL 

1 1 ^ g+7 + g+4 

(x + 4)(a; + 6) (a;+7)(x + 5) (aj + 4)(a; + 5)(x + 7) 

^ 2a;+ll 

^(x + 4)(x + 5)(x + 7)' 

1 1 g-9+g~7 

^' (x-7)(x-6) (»-9)(x-6)"'(x-7)(xr-6)(x-9) 

2(x-8) 
""(x-6)(L-7)(x-9)* 
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a;-13 + a;-4 



^ (a;+ll)(x-4) (x+ll)(a;-13) (x-4)(a; + ll)(x- 13) 

2a;-17 
"(x-4)(x + ll)(a;-13)' 

1 2a; 1 

^ (x + l)(a; + 2) (x + l)(x + 3) (x + 2)(x + 3) 

a5 + 3 + 2a;(a5 + 2) + a5 + l ^ + ^ + 4^ 



(a; + l)(aj + 2)(x + 3) (x + l)(a; + 2)(x + 3) 

^ 2(a:g + 3x + 2) ^ 2 
"'(x2 + 3a; + 2)(x + 3) x + z' 

m^ + mn + 2mn _ 2mn> __ (m^ + 3mn) (m + n) - 2mn* 
m^ + 3mhi + mhb + Zmn^ - 2mn^ _ m^ + 4m^n + mn^ 

, (l+x)(l-x + x^ + {l-x)(l + x + 7^ 2 

o. „— — — - 9\-/i — :rT„9\ ^— :~ « 



(l+x + x2)(i-x + x2) l + a^ + a^ 

l +a^ + l^a^ 2 ^ 

' "i + x2 + aj* l+x2 + x* 



^ 5 + 5x-6 + 6x 7x -7x __ llx~l + 7x 7x 

^- 3(1 -x2) '^3(l+«-0 3(r^ 3(1 -x^) '*'3(l+x2) 

(18g-l)(l+x^ + 7x(l-x2 ) ^ 18x + 18x3-l-xg + 7x-7x S 
" 3(1 -x*) " 3(1 -X*) 

llg»-xg + 2 5 x-l 

" 3(1 -X*) 

8 (3 -x) + 2(x-l )^ 1 1 



8(x-l)(3-x) 8(x-5) (l-x)(x-3)(x-5) 
(x+l)(x~5) + (x-l)(3~x) 1 



8(x-l)(3-x)(x-5) ^(x-l)(3-xHx-^^ 
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zi-4a;-5-H 4a;-a:»-3 + 8 ^ 

" 8(x-l)(3-x)(x-5)"" 

( l-x-fae'-z^(l-fg)-fx* l-x*-Hx* ^ 1 
^* 1+x "" 1+x ""l+a' 



LIV. 

1. Multiply by 2 ; x — 16. 

2. Multiply by 4 ; 3x — 36, x = 12. 

3. Multiply by 15 ; 5x + 3x = 120; 8x = 120, x -» 15. 

4. Multiply by 28 ; 7x-4x = 84; 3x = 84,x — 2a 

5. -|=-28;f = 28, |--7,x-63. 

6. Multiply by 15 ; 10x = 528-12x; 22xs-528; x«24. 

7. Multiply by 12 ; 8x + 48«»7x + 108 ; x-60. 

8. ^+6 = ^; 10x + 90 = 12x; x-46. 

3 5 

9. ?5+3 = ^; 9x + 36 = 10x; x=36. 

4 6 

10. ^=??-3; 35x = 36x-120; x=120. 

11. ^ + Z|=82; 20x + 21x = 82x36; x=72. 

F2. -| + 4=*28; 4x + 3x = 28x24;x = 9a 
6 8 

13. ^-^--8; 5x-6ir=-64; x=64. 

14. 9x + 36U-10x=:348; -x=-12 ; x-12. 

15. 3x-44=2x-16; x-2a 
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16. 6a; + 4x + 3a;=13; 13x = 13; a; = l. 

17. Multiply by 70; 14x + 28 + 10x-10 = 35x-70 ; -llx = -88; 

35 = 8. 

18. Multiply by 12 ; 6x + 4a;=117-3a;; 13a: = 117; aj = 9. 

19. Multiply by 140 ; 35a; + 315 + 40a; = 84x - 168 + 420 ; - 9x = - 63 ; 

a:=»7. 

20. Multiply by 105 ; 357 - 63a; = 1015 - 385a + 140a; + 70 ; 

182a; = 728; a; = 4. 

2*1. Multiply by 7 ; 2x- 10= ; 2a; = 10 ; a; = 5. 

22. Multiply by 329 ; 141x + 188 + 28x - 357 = ; 169x = 169; 

a; = l. 

23. Multiply by a; ; 3 - 3a; = 1 -a; ; - 2a; = - 2 ; x = 1. 

24. Multiply by a;; 12 + a;- 5a; = 6; -4a;=-6;a; = |. 

25. Multiply by 20 ; 5» + 2x + a; = 800; 8a; = 800; a =100. 

26. Multiply by 8; 18a; + 12 - 4fl; = 29a; - 348 ; -15a;=-360; 

a; = 24 

27. Multiply by 100a; ; 275a; - 300 = 100 - 325a- ; 600x = 400 ; a; = J. 

2a Multiply by 90 ; 225 + 540 - 30a; = lOOo; + 30 + 27 - 18a; + 36 ; 
-112a; = -672; a; = 6. 

29. Multiply by 12 ;4fl; + 3x-10x- 144 = 20a;- 696 ; -23a;=-552; 
a; = 24. 

3a Multiply by 60 ; 42a; + 12 - 720 - 45a; = 36a; + 156 - 255a; ; 
216a = 864; a = 4. 
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LV. 

1 . Multiply by 2 ; lOr - x - 2 =» 142 ; 9x - 144 ; x = 1«. 

2. Multiply by 3 ; ai:-3 + x = 17 ; 4x»20; x = 6. 

3. Multiply by 4; 5-2x + 8 = 4j:-12x + 16 ; 6x = 3; x = J. 

4. Multiply by 4; 10x-5x=h9-6 + 2x ; 3x = 3; x=l. 

5. Multiply by 30; C0x-25x + 20-210-6 + 12x ; 23x = 184 

x«=8. 

6. Multiply by 36 ; 18a: + 36 = 56-27-45x ; 63x=.-7; x^^\, 

7. Multiply by 48 ; 30x + 18-48 + G4x + 24x=: 744- 72 + 40x; 

78x = 702; a; = 9. 

8. Multiply by 385 ; 65x + 275 - 77x + 154 = 35x + 316 ; 

-57x=.-114; x = 2. 

9. Multiplyby 105; 35x + 35-15x + 60 = 21x + 84; -a;«-ll; 

x = ll. 

10. Multiply by 24 ; 24x-72-3x-6 = 8x; 13x=78 ; «=a 

11. Multiply by 84 ; 12x + 60 = 21x + 42-28x + 56; 19x = 38 ; ««2. 

12. Multiply by 33 ; llx-3x + 3=33x-297; - 25x = - 300 ; ac = 12. 

13. Multiply by 70; 14x + 28 = 35x-70-10x + 10 ; -llx = -88; 

x = 8. 

14. Multiply by 140 ; 3r)X + 315 - 84x + 1G8 = 420 - 40x ; 

-9x=-63; x=7. 

15. Multiply by 78 ; 39x + 39-26x + 78 = 6x + 180 ; 7x = 63; a;«9. 

1 6. Multiply by 35 ; lOx - 7x - 21 = 105x - 735 ; - 102a; « - 714 ; 

a; = 7. 
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1 7. Multiply by 154 ; 44a; + 154 - 126a; + 112 = 77x - 847 ; 

-159x=-1113; x = 7. 

1 8. Multiply by 572 ; 1001a; - 4433 - 176 - 330a; = 182a; - 208 ; 

489x = 4401 ; a; = 9. 

19. Multiply by 273 ; 728a; - 1365 - 429a; + 39 = 147a; + 42 ; 

152a; = 1368 ; a; = 9. 

20. Multiply by 66 ; 49a; + 63 - 24a; - 8 = 126a; - 182 - 996 + 36x ; 

- 137a; =- 1233 ; a; = 9. 

21. Multiply by 280 ; 28x + 2800x = 140a; + 56x + 7a; - 400 + 40x + 

26250 ; 2585a; = 25850 ; x = 10. 



I. (a + 6)x = c;a; 



LVL 



a + 6 

2. 5&a;-cx = 3c-2a; (56 - c) x = 3c - 2a, etc. 

3. ax +/x = a^ft — 6c + d ; (a +/) x=a%-bc + d, etc. 

4. ax— 5x = 6c— c?m; (a-5)x = 6c — dm, etc. 

5. - a^ - ox = — a26 - a6c ; ax + x = a6 + 6c ; (a + 1) x=6 (a + c), etc. 

6. 3acx - 12c<ix = a6c + 66cd ; (3a - I2d) x = 06 + 6hd, etc. 

7. 3(idcx-kx + aciIcx=^—1c^ — Zh-k^ + 3ahk; 

3acx-x + acx= -h-^-h + Sah ; (4ac-l)x = 3a6-2/j-3 ; 

3a6-2ifc-3 
x = • 

4ac-l 

8. a6cx - cmac + ac^ = ac^ + abc - mc ; 

abx-mx + acx = ac + ah-m; x=sl. 
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9. (a + 6)«-x«=a6+(6-a)a;-a^-a6;x = ^^±^\ 

10. a^-ac*«"2a*+2ax-ac*; -2ax— a'; x—- — . 

2 

11. <«* + 2a%c + a:*=«x' + 4a' + a*; 2a*r«4a'; x — 2. 

12. a*-a^«"a* + 2ax-a^; -2ax«"0; sc=«0. 

a-l' 

3a+l 



13. ax-h'¥aA^x-\-aA\ ox-ac — ft; x 



14. 2ax-3a + 6x = l; 2ax + 6x«»3a + l ; x 



15. 18a-4ax + 26«=3x; 3x + 4ax — 18a + 26 ; x 



2a + 6 

18a + 2& 



16. ax*-6x- l^ox'-a; -6x""l-a;X' 



4a+3 
a-l 



17. mp^ + 7iix^ = mp3x' + mx' ; mj?'x ■= m^p^x* ; |?"-2X; 05—^. 

18. dx-flrfed — oc-flkix ; dx + ocix = oW + oc ; X"« — r — ?^. 

od + d 

19. x*-a-ax + x* = 2x*-a6 ; -ax=a-<i6 ; x«=fe-l 

20. 36x - a5c + cx^ = 46x - oftc : cx*»=6x; x«= — . 

c 

21. aS6 + a2x-&3 + 6x = 62a._j3. ^35 + ^23.. 6a; - fez^. ^ _ 2a36 ; 

2a3 

Xsts- . 

22. 6ax-46-3ax + 3a = 6ax-46 ; -3ax—-3a; x—1. 

23. oftm^ - 6^^ - amx + 6x = ; (6-am)x=5 6m(6-(wii) ; xoB&mi. 

24. 2a36* - 63x + 3a36c = Za^cx (a + &) - 06* + 2a263x ; 

- 63a; _ 3aScaj - 3a26cx - 2a263a; = - 3a36c - 2o»6* - 06* ; 

. 3a% + 2a36* + a6* 
^""^+3^0 + 30260 + 2^' 
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25. ocflc^ + o^c - ac^ + afeas - ocx^ 5= ; ac%;-a6ic = a6c; x = 



(/O 



c2-6 

26. <mP + ofic* =» occte + aa;^ : X «= — . 

c 

27. a6=»(6c + ^a;+l : x = 7^ — =. 

oc + a 

28. 3ac + cx=3a2 + oaj + om-«uc ; ex - cwc + wuc ■! (wn - 3ac + 3a* ; 
am-Boc + Sa^ 



x = 



c-a + m 



a^c . -« -„ . r„ -- . a*(j 



29. <i6 + ax + 5x + x2--a6-ac = -T-+x^; ax + 6x = ac + ^-: 





(a+6)x-M+^«;x-| 



30. a^c^ - a^ffcc - 2a6dx - fc^dx - ohdx = aVe - 3a6dx ; 

-a2dx-62dx=:a2(i6-a2ce; x=f^f^^"^- 

(a^ + 6'-) a 



LVIL 

1. (3x + 7)(4x + 3)-(3x + 6)(4x + 5); 

12x2 + 37a. + 21 = 12x2 + 35^; + 25 ; 2*=4 ; x-2. 

2. (x + 6)(2x-6)=x(2x + 5);2x2 + 7x-30=2x2 + 5x;2x=30;x=15. 

3. (2x + 7)(2x-l) = (4x-l)(x + 2); 4x2 + 12x-7 = 4x2 + 7x-2; 

5x = 5 ; X = 1, 

4. (5x-l)(2x-3) = (5x-3)(2x + 3); 10x2-17x + 3 = 10x2 + 9x-9 ; 

-26X—--12; aj=r^- 

5. 4x-3 + 2(3x-2) = 0; 4x-3 + 6x-4-0; 10x = 7j «=p:- 
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6. 2(l-2x)-5(l-5x)=«0; 2-4x-6 + 25x = 0; 21x — 3; x-i^ 
^ x + l+x-1 3 ^ __, 3 

J. 7 j-29ac + 19 4j + 3 ^ 7x-29 8x +19-8z-6 
SxTT^"" 18 ""9~'6x-12'' 18 ' 

18(7x-29) = 13(5x-12); 126x-522«66x-156 ; 61a;=366, 

x = 6. 

^ 9. |-f=fc^7''» (^-2)(3x-7)-3(x«-5x); 
3x«-13x+14 = 3x2-15x; 2x=-14; x=-7. 

(3x + 2)(x + 2) + (2x--4)(x-l) _^ 
'°' a^ + x-2 ■■^' 

3x2 + 8x + 4 + 2x2-6x + 4 = 5x* + 5x-10; -3x— -18; a;«a 

11. Multiply by 210; 35(x + 3)-30(ll-x) =84(x-4) -10(x-3) ; 

35x + 105 - 330 + 30x = 84x - 336 - lOx + 30 ; -9x= -81 ; 
x = 9. 

12. (x + l)(2x + 2) =2(x-3)(x + 6) ; 2x2 + 4x + 2 = 2x« + 6x-36; 

-2x= -38; x=19. 

13. ?^i?g^||iLll = a;+l;6x3+9x2 + 2x+l = (6x» + 3x)(x + l); 

6x84 9x2 + 2x + l=«6x3 + 9x2 + 3x; -x=-l;x=l. 

3(X-1) — (X + 1)(X+1) -x2 o o -J o 1 « 

14. -^ ' J^ ^^ ■='«r2— rJ 3x-3-x'-2x-l= -x*; x=4 



X2-1 




~ X"2- 


-1 


2(1 +x) +8(1- 

1-X2 


-x)_ 


. 45 . 

"l-x2' 


2- 


35 
" 6 
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96 + 36-29a; + 232 = 16; -29a;= -348 ; a; = 12. 

17. a^-4»2 + 20fl5-24 = a;*-4a;2 + i6a;-16 ; 4x^8; x = 2. 

18. 2a;* + 2x3_23x2 + 31aj=2a;* + 2x3_23x2+7a;+12;24a;=12:a; = — . 

2 

19. Multiply by 16a;; 4»2-16x=4a;2-3x-:^; _l3a;= -^ ; x=4- 

o 00 

/7x-4\ X 8x-4 _ 7x-4 x 4x-2 
^°- ^-H-2^>' = -2 ^' ^-"^-=T 2-5 

10-7x + 4 = a?-4x + 2; -4x=-12;x = 3. 



LVIIL 

I. 5«_2 = |^ + ^~1; 60x-200 = 25x + 20x-100;x = 20. 

300x=900; x = 3. 

335x = 13400 ; X = 40. 

^ 1305X 5x^ 2295 195x. 
^' 10 "*■ 1000 10 100 1000 ' 

300x + 1305X + 500x = 22950 - 195x ; 2300x = 22960 ; x = ^^^ 



46 



S- g-ISo^li-0=S' 200x-10x+5. = 11700; 
195x = 11700 ; X « 60. 
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6. ^-^A^^-5 = g + »9; 120x-36x + 6-4(to+445; 44r = 440: 

x-10. 
7- !ir-So 'f§' 240a!-1076-25x; 216x-1075; x-5. 

8. ^ + 2-~=^-ll; 5C«+200-76x=40a;-1100; 
-65x=-1300; x = 20. 

25a; 2 + g -7 5^__5« + 3 605 2 + flg 1 6x + 3 
'°' 10 7 "^ 4 "10 ■ 8 ' 2"^ 4 "2 8 ' 

20a; + 4 + 2a; = 4-6a;-3: 27a; = -3;a=--i- 

9 

"• |^-T|-=^-'^?^-*;85x-4=85x-20 + 2x;-2a;=-16;a;=a 
20 lOx 4 10a; 

12. |??_?^:ii^=1993; 8x- 1500 + 2000a; =199300; 
600 2 

2008X « 200800 ; x=100. 

20-30a; 500x_ 2a;-3 ^ 10g--20 25, 
'^' ' 15 125 9 18 9 ' 

4-6x 2g~3_ 5g-10 25 

3 9 "" 9 9 ' 

12-18a; + 36a;-2a; + 3 = 5a;-10 + 25; llx = 0; ««0. 

2408. J_ _4_ lOx + 9 ^2412. 2408 40a; + 3 6^ 2412 . 
^^' lOOx X ^100^ 10 ""10.' lOOx"*" lOOOx " 10 ' 

24080 + 40X + 36 = 241200x; 24116 = 241 160x; x = -l. 

5x 45X-75 12 3x-6, x 3x-5^ x-2 
^^* lO"^ 60 2 9 ' 2 "^ 4 3 • 

6x + 9x-15 = 72-4x + 8; 19x = 95: x=5. 
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1 35a; 24-^ 375x 3500x onAnu.'i7n^-Q7R^ . 

-2500 = ?^; -25x + 50 = 35x; 60=60x; x=-|' 

15x 135x^225 ^36 9x-18 . 3x 45x-75 ^18 x-2 
'"• 100 600 20 90 ' 20"*' 200 ""lO 10 ' 

30x + 45x-75 = 360-20x + 40; 95x = 475; x = 6. 



LIX 

1 . Let X be the number ; then ^ + -|. + ~ = 95^ eta 

2. Let X be the number ; then ^ + il +^=33, eta 

If* Of* 

3. Let X be the number ; then — r- =4, etc. 

4 5 

4. Let X be the number ; then iL - ^= 8, eta 

5. Let X be one part ; then 60 - x is the other ; and ~ = ? ^ etc. 

6. Let X be one part ; then 50 - x is the other ; 

, X . 5(50-x) .. ^ 
and -J + -^— ^ — ^ = 40, eta 

7. Let X be the greater ; then 100 - x is the less ; and 

X 100-x ,. . 

8. Let X be the number ; then « - (-|- + ^ + ^) =» 58, etc 

a Let aj be the number ; then 33 - ~ - -5- _ ;^=: 0, eta 
^ 4 5 10 ' 
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'JC X X !f 

10. Let X be the number ; then -r + "T + "ir = "li" + ^12, etc. 

4 5 6 2 

1 1. Let X be the number ; then -5- + ^+^ + ^ + 30a=2x, etc 

1 2. Let X be the greater ; then x - 8 is the less ; and = 3^ eta 

X "~ O 

X 

13. Let X be the property in pounds ; then — -as x^ 1626, etc. 

14. Let X be the greater; then x - 504 is the less ; and rrr^^ 15, etc. 

15. Let X be the greater ; then 5760 ~ x is the less ; and 

x-(5760-x)=:-|.®^ 

16. Let X be the number ; then x+-— -60 = 65-x^ etc. 

17. Let X be the greater ; thenx-20 is the less ; and —-= — - — , eta 

18. Let X be the less ; then 31207 -x is the greater ; and 

31207 -X -- . 1335 . 
=15H , eta 

X X ' 

1 9. Let X be the age of the younger ; then 27 - x is the age of the elder ; 

, 27-x 7 . 

and =-5-1 ®to. 

X 2' 

20. Let X be the greater; then 237 - x is the less ; and 237- Xs--- eta 

5 

21. Let X be A's share ; then--- is B*s share ; and x + -— =1800, eta 

X 46 " X 

22. Let X be one part; then 46 -X is the other; and •--+ -— — bIO, eta 
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23. Let X be one part : then a — a; is the other : and — + = 0, etc. 

24. Let X be one number ; then a— x is the other ; and 

X— (a— a;) = 6, etc. 

4a; 

25. Let a; be the number ; then -^ = 24, eta 

26. Let a; be B's share ; then — is A's share ; and x + — is CTs share ; 

thenx + 5| + a; + j| = 864, etc. 



27. Let X be the property ; then -^+^ + A + ^ + 600 = x, etc. 

2 D 12 

28. Let X be the second ; then 70-x is the first ; and 

12:1? = 2 + 1, eta 

X X 

29. Let X be the first ; then x+ 25 is the second ; and 

x + 25 ^ ^ 4 
= 4 + — . 

X X 

30. Let X be the greater ; then 208 -x is the less ; and 

X ^20|-x^4^^_^208-x)}-4, etc. 
4 o 

31. Let X be the number of days ; then _ _ — == 13, etc. 

32. Let X be the number of gallons ; then — . - 10=-;-. 

33. In 25 years the sum of their ages will be increased by 50 years ; 

hence the sum of their ages at the present time is 50 years. 
Let X be the aj[e of the father ; then 50~x is the ^s^ ol \Xi<^ 
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son ; and the difference of their ages is x— (60 — x), or, 2aB— 60. 
In 20 years the age of the father will be x + 20, and the age of 
the son 70-x. Hence the sum in 20 years will be x+20+ 
(70 - x), or, 90 years. Therefore, by the questiony 2x — 50«30, 
or, X ■■ 40. 

34. Let X be the number of years ; then 70-xa--- (35— x), eta 

35. Let X be the number of years ; then 72 — x «- 5(48 ~x), eta 

111 

36. Let X be the number of days ; then —- + --.« — , eta 

2S «> X 

37. Let X be the number of days ; then _.+-- + -_= — etc 
^' 50 60 75 X 

38. Let X be the number of days ; then — + --+--. represents the 

12 15 20 

part done daily by two men of A's strength, i/wo of B's, and 
iv30 of (7s, working together. Hence A, B, and G together do 

. 1 1 ,6 + 4 + 3 „, „_120 ,„ 

39. Let X be the number of hours ; then — is the part A does hourly ; 

X 

1 K 

A and B do -— hourly ; A and C do -- hourly ; 

.*. B does , and C does, ,.— hourly. 

4 X 18 X 

.-. B and C do 1 + A -— hourly. 

4 18 X 

TT 7 15 2^ 

Hence-=^4-j3-~,etc. 

o o 4. 1 

40. Let X be the number of days ; then —-+_ + — = — eta 

5 10 15 X 
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41. Let X be the number of days ; then B will do the whole in 3a; days. 

.-. B does ~ daily. Now A does ^ daily, and in 3 days he does 
3x •' 50 •" 

9 1 

— , while B in 3 days does — • 

9 12 
Hence — - + — = -=-, etc. 
50 X 5' 

42. Let X be the number of hours : then ■— + —-= — , eta 
^^ 3 4 a 



3 3 11 
4.3. Let X be the number of hours ; then -_+—.+--= — , etc. 
•^ 4 10 5 X 



44. Let X be the number of minutes ; then — - - --= — , etc. 

40 60 X 



45. Let X be the number of minutes ; then — + -i- + — => — > etc. 

a c X 



46. The first pipe lets in 12 gaU. in --- mi^., or, -^ gaU. in a mh^ 

The second ,, -^ galL in --■ min., or, — galL in a min. 

17 
The third „ 17 galL in 3 min., or, -^ galL in a min. 

o 

(48 92 17\ 
—- + -- + ---) gall, in a min. 
13 15 3 / 

Let X be the number of minutes in which they fill the vessel ; 

then^(^^ + ?? + i^U755l, 
*V13 15-3/ 4' 

^, 2160x + 3 588x + 3315x 3021 9063x 3021 
""'' 585 =="~4~> "^'^ "m r* 

® 586 T' •• 12" -*• 

F 
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47. Let X be the nnm1>er of gallons let in per minute by the thiid 

pipe ; then x + 10 and x-4 are the number of gallons let in 
by the other pipes ; then 15(x+a5 + 10 + «— 4) =■ 2400, eta 

48. Let X be the distance from Ely ; then 16 — x is the distance from 

Cambridge; -d^^=l^«; %'^^ 3x-64-4x; 

18 
x«9f. 

49. Let X be the distance up ; then x is the distance down ; and 

J+J=5; y + y-5; «-7; and .•.2x-14 

50. In I hour he walks -^ miles ; hence in c hours he walks ^ miles. 

b 

He walks I mile in — hours ; hence he walks d miles in — hours. 

a a 

5 1. Let X be the number of days ; then 286x » 244(x+ 2), eta 



52. Let X be the number of hours; then xx—I— (x + 8) x^ , 

3 6 

15x^63(x + 8) ^^ 
2 10 ' 

53. Let X be the distance from Cambridge; 60-x is the distanoft 

r T 1 iu^^ ac 60-x X 240 -4x .^ 
from Loudon ; then --= .^ ; -t-«s — r-^ — .etc 

4 3f ' 4 15 

54. Let X be the number of hours ; then --- xx«-r-(a5+8); ^■■4& 

Hence 50 hours after A started. 

55. (1.) Let the time be x minutes past 1 ; then x = 5 + ~ + 30, etc. 
(2.) Let the time be x minutes past 4 ; then x » 20 + ^ + 30, etc. 
(3.) Let the time be x minutes past 8 ; then x+ 30 i- 40 + ^, eta 
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or 

56. (1.) Let the time be % minutes past 2 ; then x= 10 + — + 15, etc. 

(2.) Let the time be x minutes past 4 ; then there are two solu- 
tions, (a) a + 15=20 + :^,etc. (/S) a=20 + :^ + 15, ete. 

(3.) Let the time be x minutes past 7 ; then there are two sohi- 
tions, (a) a;+ 15=35 + :^, etc. (/S) a;=35 + :^ + 15, etc. 

57. (1.) Let the time be x minutes past 3 ; then aj = 15 + -- , etc. 

Of* 

(2.) Let the time be x minutes past 6 ; then x = 30 + — , etc. 

(3.) Let the time be x minutes past 9 ; then x = 45 + — , etc. 

4x • 

58. Let 2x be the number of apples ; he pays for them -r pence. 

He sells x for -^ pence, and x for -^ pence. 
Hence -|.+-|=^ + 1; x = 30; 2x = 60. 

59. Let x be the number of sovereigns he had at first. 

X 1 
Then he has — - — x- left after the first gift ; 
2 2 ^ 

and he has — ( — I left after the second gift, 

\^.2\22/2 * 

Thenlf4^1V4r=0;^--^=l;x = 3. 
2\2 2/2 4 2' 

— - + n. 

^' o ^69 33' 971 + 69 33' ' 

3 

61. Let X be the nuniber of days ; then x - 3 is the number of days 
that the pursuing army is in motion ; and IQx + 25 « 23(x - 3}, 
etc. 
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62. Let X be his original income in pounds ; 

then X - £. - If X - -^.'j^ 640, eta 
40 13\ 40/ ' 

63. Let X be the original sum ; then first remainder is ~ — 50, or, ^" 



2 ' ' 2 

..w^«^ ,««,o;«^o* ;- 4 ^4. a; -100 «^ ^ 2x- 200 -160 
second remamder is -— 01 — 30, or, • 

6 .2 ' ' 6 

third remainder is 1 of ^-^^-20, or, «^- 1050-400 

4 5 ' ' 20 

thu8 ^"jy^ «10; 6X-1650; x-275. 
20 



64. Let 2x be the number of eggs bought ; for x I gaye -— penoe^and 

for X I gave ^ pence ; and I sold 2x eggs for --• pence. 
Thus 4 + 4=^ + 1 5 x-30; 2x-60. 

iB O U 

65. Let X be the number of minutes in which would fill it ; then 
= number of galL let in by each minute ; and therefore 



X 

1200 

X 



+ 10=number of galL let in by A and B each minate. 



Hence l?"" + lo + ^-^ = ^^ ; whence x - 60. 

X X 24 

Thus A takes 90 minutes and C 60 minutes. 

Also B lets in «-l|50.1|00\ ^ ^^te, «^ 

\ 24 90 60 / * *^ ' ' 

50 - ^ - 20, or, ^ galL per minute. 
3 3 

.-. B takes 120O-S-50 minutes, or, 72 minutes to fill it 

66. lict X be the number of days B would take ; then 2x is tiie 
number A would take. 
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Then — + 77- is the part A and B drink daily, 
.•. -_. of ( — +_ J is the pai-t drinks daily. 
Then JL+i- + A+ A=Jl ; x=63, etc. 

67. Let X be the number of shots each fires. 

Then Z| is the number of A's hits, and ?| of B's hits. 

Thus — + — = 32; «=24 
12 12 *^^» * ^* 

68. Let X be the number of horses ; then 2x is the number of oxen, 

and 100 - 3a5 is the number of sheep. Keducing all the prices 
to shillings, 

440a; + 250 x 2a; + 30(100 - 3x) =4700 ; a;=2, eta 

69. Let X be the whole number of marks. 
Then --- = number of marks obtained by R 

2a; 
And —=3 number of marks assigned to book work in the paper. 

2a; 
Also -^= number of marks obtained by A for riders. 


... ^+^=160; a; = 200. 
o 5 

70. Since the man made a mistake of 55 minutes, the distance 

between the hands was 5 minutes. 
Let X be the number of minutes past 2. 

Then a; + 6«10 + ^; ai=5A. 

71. Let X be the original force ; then —--4000== remainder after the 

6 

defeat 
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5x 
Hence — - 1000= number after the reinfoi cement, 
o 

Then 4-f^- 1000^ -18000; ^-750=18000; ap«3000a 
4 \6 / 8 

72. Letx be the original debt; then se + ^- 25000000 —debt after 

4 



the peace. 



4(x + |- - 25000000^ 



4I X 2 V 4 / ^ 

Then J^= - j^g J 2" =^" 100000000, eta 

73. The influx goes on for 10 dayk and 15 hourB, or, 255 hoars. 

The consumption extends over 10 days (excluding Sunday) of 

15 hours each, or, 150 hoars. 
Hence if a; be the number of gallons that come in each hoar, 
255x + 2250 = 150 x2x; a;=50. 



LX. 



I. a + x + — = 



2. 



X X 

05* X 3? a* 



3. g-y I 2y ^ ix?-2xy + y^-^2xy ^ ^ + y^ . 
X ac-y"' x{x-y) x{x-y) 

4a + 46 2ag-26g _ 4a3 + 4a^ + 4a26 + 46»-2a? + 2ay + 2a»&-2y ^ 
^' a-b a2 + &2 - (a-6)(a2 + 62) ' . 



LXL 

5a; + 4 23a; 10a; + 8-23x 8-13» 



1. 



35 70 70 70 

xy a^-y^ x-k-y 
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3. ^~^^=<^-^)- 

g+l 1+05 






C-^) 



o^-l ^a-l_ (a~l)(o^ + a + l)a _ o^ + a + l 






2a! ^2x^ 1 ^ 
ac^+a^*'2x^^ a; ' 

,^ a;2 1 a;2+l+jp_l 35(1+0;) 

la - — + 1-5 — = i =-^^ -=x, 

1+05 1+a; 1 + x 1 + 03 



-ifi 



g^~2a;y + y^+g^+2ay+y^ , x^-2xy+y^-iiiP - 2xy- y 

=^+V, etc. 
-4ay 

,^ l + a+aj2 a;*+a;+l » 
12. _3_+_^ 0^. 

o^+2a6+&^ + y . a + 6 _ (ag+2a6 + 26>6 . 
^* 6(a+6) • ab " b{a + b){a + b) ' 

,, 2m*-3m+l . 2m-l 2m^-^2m + l ^ , 

'^ — is — -^-sr"- 2i;rri — ^"^- 

c+&+a (a+6 + c)(a-&-c) ^ a6(a+6 + c) ^^ 
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LXII. 



a* 3a» 2a« 5a J.. £.1.5 
la* ■'■2? 2a* ■'■2a*"' 2 2a o^ 2a^* 






a6c(i a6c(i ahcd, aSei d e d 



x* 3a^ 3x1/* 1/^ 2B 3 3 y 



^ 108" 108 108 108"l2" 9 ■'■l8"36* 

18p« ^ 12g« 36r' ^ 72<« ^6p ^ 4g 12r 24> 
3pgr< 3p^ Zpqrs 3pgr»"'gr» jw» j^j* |>jr 

g l^_26x« ^_ 125 ^_^.3a5_2_ 
'1000 1006 1000 1000"lOO 40 40 8* 



Lxm. 

I. l+a)2(2-2a+2a'-2a»+2a*... 
2+2a 



2a 
2a-2a^ 



2a« 
2a2+2a8 



-2a» 
-2a8-2(** 



2a« 

2a* + 2a^ 
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2. m + 2)m(l-l+i5,-l3+l«... 

m m^ m^ m* 

w + 2 ,. , 26 26* 263 26* 

3. a+6)a-6(l- — + ----- + _j.... 

a a^ a^ a* 

a + 6 



-2 




-2-1 




m 




— 1 — h 




8 
"ma 




8 
m* 


16 
m^ 




16 
m^ 



-26 




-26-2^ 




26» 




a 




262 26» 
a, (J? 






26» 




1? 




263 


26* 


""a^" 


a3 




26* 




a» 



a^ a* a° a^ 

a a^ a* a* 



2x2 
2a2_^ 

a2 



aa-x^ 



2af 
a* 



2a^_2a* 
a* "a^ 

2058 



a? 




0?-^ 




a 




a;3 




a 




a^ 


9^ 


a 


? 




a* 




^ 




«* afi 




©2 a? 




jb6 




"5 
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A ^ J. «.M. / ^ hx bs^ b. 
6. a+xM^ ^ + ^ - 

a 7*1 


"a* 


l + 2x 


2x + 6x^-16a?+44a^... 


_bz 


-2x« 


bx M 
a a* 


-2a; + 2x' 


ba? 5x* 




6x» + 12x»-12aJ» 


a^ ■?" 


-16x3+12a^ 


5aj» 


- 16x3 - 32a:* + 32x* 


b3? 


-44itf*-32x^ 




7 





8. l-x+a:^l + a;(l + 2aB+flc^-a?-2ac*... 
1-a+ac? 



2x-a« 9. l-26)l + 6(l + 36 + 6&2 + 12&» + 246*... 

2a;-2x2+2a;S i_2b 



x2-xs+aj4 36-66* 



-a^-ir* 66« 

-a?+iB*-a:* 662-126* 



-2a5*+a^ 1268 

1263-246* 

246* 
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10. a; + 6)«3-63(a^„5a. + 2»2-?^ + ?^. 



a? + ba^ 



-6x2- 


-6» 




II. i 


-6a;2. 


-6^ 


6» 






6^- 






6^x4 


-6» 






~ 


-263 






- 


-263- 


26* 



,, j,o* aV> , aV>» aV)f aV>* 



9 a26 

X 



2M 



a26 

X 




X 


a26« 




a^b^ 




x2 




a262 a86» 




x8 x* 



«A «2 I o>.» 1 <.^^9Ai 2a5 . 33^ 4ac^ 5x* — — 



a^+2aa; + sc* 








-Sofic- 


-x> 




-Soo;- 


-4a?- 


2x8 
a 








ax^^- 


2x3 
a 






3a;2+ 


6x3 
a 


3x* 






- 


4x3 


3aJ» 

d^ 






- 


a 


8x* 


4x6 
a3 








5x^ 


4x» 
a3 
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13. Dmdend » (Divisor and Quotient) + Remainder 

=(x-a)(a^-2aa;)+4a'— x'-3aa!:*+2a^+4fl^. 

14. Dividend — (m-5)(m' + 5m' + 15m + 34) + 76 

-iii*-10m"-41m-96. 



LXIV. 



10a^+15x + 6 4x+3 40x' + 90x" + 69a5+18 -^ 
'• 30 ^"IT 360 ^"^ 

6a«-6a + 10 5a-4 30a»-49a«+70a-40 .^ 
30 20 600 ' 



3. a5»+x+— + i 4« a!^-l+ "^ 



as 



1 *'+^+p 



1 1 +'^-^+i 



a* 



** -. ., 1 



a* +1 + 



1? 



'• (i+F)(p"p)"5«"F 



6. 1-1+1+1-^+1+1-1+^=1+1-^+*. 
' 1? ab ae ah "^ he ae be "^ a* ae ^ "?' 



7- *+a V7-?-^ + 5«+?+5»"l+i?+5I' 
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14.+ !^ 



-i-4^-A^ 



^"^-S ""¥ "64" 

^' S^ ^ -"2^ 12^5 '^^ 

10 «* 4.1 4.2^2 i_^* 262 2a2 262_,_a* 6* 4&a_. 



LXV. 






I- -^-5 — :r- =— :!-» etc 



w%^+l mn + 1 mW-mn + 1 

ag*+2acy^y4 ^ a;2 + y2 ^ /g2^.y2 
^ 0%^ xy xy ' 
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7- xV ' xy " dy^'®^ 

J. 6ac»"32j^ + 77z»-86j«-66x + 216 . g»-2x-H6 
^* 8 '2 

&c»-10x» + 16x + 36 , 

BB , etc. 






LXVL 

x-3 50x-t-7 50as^"143x-21 
^* 10 ^ 100 "" 1000 ' 

/ 5g y\../2aJ «\ 5a; + 700..2x-30 10a^ + 1260x- 21000 



\100 



A /2x_ \ 5« + 700 2x - 30 _ 10a^ + 1250g- 21000 
/""UO y"" 100 "" 10 " . 1000 ^'^^ 



3x-2y 4ag-h7y 12a:'-H3a g y-14 y' 
3- ~T0~''~10~'" 100 '®^ 

43g + 52y ^-6y 172a:'-60a:y-312y» 

^- 10""'' 100^ lOOO"^ ~'^^ 

5. -000027 - -001 + -000343 + '00063 = "001 - '001 = 0. 

6. -343 - -0441 + -00189 - -000027 = '34489 - -044127 = '300763. 



LXVII. 



I. OiXl l=aa:IH 1 1 h...l 
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LXVIIL 



I, Loti-?- = X: theii-^=X: and a *= X6, c = XA Then 



c — d Xd — d ^ _ 
^^^ a+6 X6 + 6 X + l 



(3.) 



c + d Xd+d X+l 
3a 3X& 3X 



4a-56 4X6-56 4X-5 

3c _ 3X£? ^ 3X 
4c-5d""4Xd-5<i""4X-5' 

^^•-' a2-62-x262^62-x2-l 

Cg + (^2 _ X2^2 + ^ _ X2+1 

c^-d2 X^cf^-d^ x2-r 

8<t+6 _ 8X 6 + 6 ^ 8 X + 1 
4a+76~4X6 + 76"4X + 7 

8c + (£ _ 8Xd + d ^ 8X + l 
4c + 7d"4Xd+7d 4X+7 



(5.) 
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(6.) 



(7.) 



(8.) 



a«,6» _ X268,y _ y(xa,i) _y 
a6 X6x6 6« 

llo + fe l lXfe+fe 6(11X + 1) * 
llc + d""llXd+d°'(i(llX + l) 7 
130 + 6 13X6 + 6 6(13X + 1) 6 
i3c+(i"'l3Xd + d"<£(13X + l)"'7' 

o«-a6 + 6« X'y-Xy + y X«-XH-1 
a» + a6 + 6«'"X»6»+X6»+65J"'X8 + X + l 

c«-c<i + d» X«(P-X(P + (P X«-X + l 
c» + cd + cP'"X»d»+X(P+<P'"X«+X+l 



2. Let each of the fractions ^ X 

Then I — oX-ftX; m = 6X-cX; n^^k—ak 

And I+m + n = aX— 6X + 6X— cX + cX— oX — 0- 

3. Let each of the fractions ■» X 

Then o = X6, c = Xd, e = X/ 

A H ^+tyic + ne ZX 6 + mXd + tiX/ _ ^ ^ a^ 

4. Let each of the fractions »X 

Thena+6 = X6 

h + c = \c 

c + a = Xa 
Adding, 2a + 26 + 2c = X(a+6+c) 
Hence X = 2, and .*. a + 6 = 26, or a = 6 
Similarly we can show that a'=c, and 6 » c 

5. Let each of the fractions = X 

Then Oi—Xhi ; Oi^Xhi ; ai=^\hs 

^^, 2ai + 3a8 + 4a , 2X6i + 3X&g + 4X68 \^^ 
261 + 368 + 463'" 26i + 36a + 46, '^ "61 
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6. Let i-=X ; then -r is less than X ; and -j is less than X 

ha, J 

.*. a=X& ; e is less than Xd ; e is less than X/ 
•*. a+c+eis less than^&+X(2 + X/ 

/. ^IL^Jl^is less than X, that is, less than -^ 
+ a +/ 

Next let 4-=/t : then -^-and 4* ar© each greater than /li 

.*. e^^fif; a is greater than /i& ; c is greater than fid 
.*. a+c + eis greater than ft6+ fid +/*/" 

.*. ^IL^JL? is greater than u, that is than 4- • 
o+d+f J 

7. Let each fraction =X ; then Xi = \yi; and x^ = Xy, 

Then ^ "^ ^yi - ^yi + 5yi ^ 4X + 6 
7xi + 9yx TXyi + Qyi'^TX + Q 

7x8+9^*^7X^8 + 9^8 7X + 9' 

8. Let each fraction ss X ; then a=\b; and c = Xd 

^ a^-^ab X8y+X6« _6g(X«+X) ^« 
men c2Tcd""X2da + Xda'"da(X2 + X)"(f' 
A ^ a6~6a_ X68-6« 68(X~1) ft^ 
^^ cd-(?~Xd2-da~d2(X-l)""^' 

9. Let each fraction ■» X ; then a = X& ; and c — Xd 
7a + 6 7X6 + 6 7X + 1 




Then 
And 



3a + 5& 3X6 + 56 3X + 5 

7c + d ^ 7Xd + d ^ 7X + 1 

3c + 6d""3Xd + 5d""3X + 6 



la Since b is greater than a 
be is greater than ac 
a6+6cis greater than <ib + ae 
db+be. . ., db + ae 

*^ is greater than ^^j 



y— - 18 greater than j- • 



G 
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1 1. Since h is less than a, we can show, as in the preceding solution 
that i: — is less than -r- • 

+ 6 



LXTX. 

2x4x-— 
I. 3x16 + — i i-=4S + 2-4 = 4ft 



2. 7ix?-l2x + 6)l4a?+ Ta? - 56fl5 + 35 (2x 

14x3- 24x2 +10x 



31x2-66x + 35 

7 

217x*-462x + 246(31 
217x2 -372X+ 155 

-90X + 90 

Hence H. C. F. is x - 1, and dividing both terms of the 

« ,- ^. , .. 4. 2x2 + 3x-5 

first fraction by it, we get — 7—^5 — 

a* + 4a-45)a3-39a + 70(o-4 
a^ + 4a2 - 45a 



-4aa + 6a + 70 
-4a2-16a + 180 

22a- 110 

Hence we find a- 5 to be the H. C. F., and dividing 

a2 + 5a-14 



both terms of the fraction by it, we get 



a + 9 



* r 



a* + 2ap + j? 2 - gg + ^p _jr>2 q2 ■!■ 2ap + p2 + ga, 2a;?-f j?^ 

4ap _ 2ap 
■'2a2 + 2p»"a2+;)«' 



■;^ ' 
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^ 24 "^^ 24 "^ 24 24 

13a:g-f5y* + 5g' 24i8»~24a^ + 12yg ^ 37g^-7y^- 19g^ 
24 24 24 * 



16 + 1-1+4 ^^^ ^^^^ 

'• 16-1-1 + 1 ^^* «^ ^' 
4 

^ 15x*+18aa;-14a^ 4«*-2a«--a* 
6 2 

60a!* + 42ax» - 107aV + lOa^x + 14a^ 
"^ 12 

7. -^ T — JaI ^"^ T. — = a + 26 + r, by divisiou. 

^ x^-2xy + y^ + 2a;y ^ y^-a:y^ ^ a;» + y^ y^-a^ 
a;(x-y) x{^—'f) x{x-y) x{x^-y^ 

a? + xy^ + xhf + y^ + 1^-xy* _ 7? + x h/ + 2y3 
" a;(x2 - y2) xi^~-y^ ' ' 

9. 5a:2 + 9x-2)60a;3_i7jg2_4a. + X(12a;-25 

60a;3+io8a:2_24a; 



- 125x2 + 20a; + 1 
- 125*2 _225« + 50 

245X-49 

^^ 245a -49 49(5g-l) 49 ^ 

5»2 + 9aj-2~(a; + 2)(5x-l)""a; + 2' 

ro. aJ*-9x3+7x2+9»-8)aJ*+7a;8-9a2-7x + 8(l 

aj*-9a;3 + 7a.2 + 9a..3 



16a8-16a2_iga.^.ig 
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Diyideby 16; x»-x"-«+l)ic*-9x»+7x"+9x-8(«-8 

05* — X* — X^ + X 



-8x«+8x«+8x-8 
-8flc' + 8x>+8ix-8 



Hence x»-x"-x + l is the H. C. F. 



x» 1 x» -a^ 

?^'^7~I r=T""?^"*"^:i?+x»-l+« 

1-X*-1 



X» -X«(Xi-fl) -x» x^ 



X* 



C^ -X'CX^-f Ij -x* _x- 
-l"*" x*-)l "i?^!"!^' 



12 






•>('*i)('4)KH''-^)(''-^)-'*-^ 

a + 6 + 2 1 ac + &c+2c+a+6 + 2 + a6 + a-f 6-f 1 

a5 + a + 6 + l c + l" a6c + a6 + ac+o + tc+6 + c+l 

gfe + oc-f 6c + 2a + 26 + 2c + 3 
*"a6c+a6 + oc + o + 6c + 6 + c + l 

If this fractional, then a5 + ac + &c + 2a + 2& + 2c + 3 
— a6c + a6+ac+a+6c + 6 + c + l ; 

or, a6+a<J+6c + 2a + 26 + 2c + 3-^a6-ac-a-6c-6-c-l— oftc, 
or, a+6 + c+2— oftc 



KEY TO ELEMENTARY ALGEBRA. loi 



-a6{B^-6^+a*6a5 



-aWB+a«6« 

Hence the result is ^=- — \ ^ , or, — --^- — ^ — ^. 

a . ft 



16. /'-^ + A.+A\ ^ /'A. + A + ^'\ = l 
\ftc ac abj ' \ac oft be/ 

Aico. «;».»A . a+ft + c 
AJso, since s « — - — 



• « ^ + <J-».. 1. a + c-ft ^ ^ a + 6-c 

(ft + c)^-o« ^ aa_(5,cy 

Hence ^.(^-a) + »-6) (s-c)_ 4 4 

ftc ftc 

_ ^-f2ftc + c^-aa + ag-ft2 + 2ftc-c' _4ftc_^, 

4ftc 4fte 



^1 1 2 a a 2a^ 



l^^ 1-— 1+ ***** *~* a'^+o^ 
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2 (g^ + 2aV + 6«) - 2 (a* - 2a«68 + 6«) 8a^ 

2a5-a«-2aft-y a« + y _ (a-&) (-a«-6') -Ka + 6) (a«^ 
^ 2a(a + 6) 2a(a-6) 2a(o«-62) 

" 2^(a«-6^ "2a(a«-62) a(a«-62) 

a«-a54-6« (a + 6)(o-6) (a« - oft + &«) (a 4- 6) a» + y 

* (a-6)3 a« + 6a (a-6)2(a2 + 6^ ■"(a-6)2(a«+i2) 

2j 2 _ 1 . 1 2 _ (g+l)' g^-l 

4-a^-2x-l + 2as'-2 g'-2a; + l _ 1 

" 2(a^-l)« "2 (x2- 1)2 "2 (» + !)«' 

2'» (a + 6)*-c' ^ a + 6 + c_ (a + 6-f c) (a + 6-c) (6 + c-a) _a+y-c 
c^-(a-6)2 * 6 + c-a (c + o-6) (c-a + 6) (a + 6+c) a-6 + c 

•^ \x + l ic + l/ \jc-l a;-l/ 

as+l jc-l as + l ' x + 1 *^ 

^a+6 \8 a + 6 g, , 

■"a + 6^^_2j"\a-6^ 3a-36 ^ ^ ^ ^ 




(a + c + 6)(a + c-6)'^(a + 6 + c)(a + 6-c)"'"(6 + c + a)(6 + c-a) 
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25 a;(a;-4)(a;2-4)(g8_4) ( a; , 4) (a; + 2) (a; + 2) (a; - 4) (a; + 2)« 
a;2(a; - 2) (a; - 2) ' x ~ a; * 



27. 



( a + l)(a-l)(a8 + l)(a8-l ) (aa-a + l)(aHa+l) a* + a' + l 
(a + l)(a + l)a2(a«i)(a-.i)=' a« ~ «« 






1 (a;g + 1) (a; -- 1 ) 3 



_ l + a;~a;2 . ^ a^(^-^4^x-l) 3a; 

_ (g* + 2g2 + i)(i + a;-g2)-g3^a^(a;8_aJ4.a;^l)_3a . 

x3(a;2 + 1)2 

l-2a; + a;2 (a;-!)^ 
""a3(a.2 + xj2-a:3(a.2 + x)2- 

a^-aV + aV-ag ^ a;^-a2 g^ + a* a;^ c^ 
aV " owe "~ a2a;2 ~^ x* * 

( a2+2a6 + 62-a24.2a6-6 2 252 \ a-b 
^ \ 2(a2-62) +?3pJ 26 

( 2a5 + 262 )o-6 26(a + 6)((i-6) _, 
""( a2-62 f 2& ""(a + 6) (a -6)26 

a2 + 62 + c2 + 2a^ + 2ac + 26c + 62-26c + c2 + c2-2gc + a'-2a6 + 62 
^ a2 + 62 + c2 

3a^+36^ + 3c2^ 
a2 + 6« + c2 

l + 3a:2 4. 2g8 /i-a;-3a;2)(3-2a;-7a;2) 
^ • (3-2a;-7a:2)4- (3 - 2a; - Ta;^)* 

_ l + 3a;2 + 2a;8-(3-5 g-14a ;2 + 13a;»+21a;*) 

(3-2»-7a;^^S 

^ -^Saj+JL W-lla^-21a^ 
" "(3-2a;-7x2)* 
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^^' (x»-y»)(x^+y») "*" («-y)(x+y) 

- 4cV ^ (g-y ) (g+y) gy 

:^-y y_ a^-g» ,y» x-fy (x-y)(~l) 2y,g 

•^ ^3r-^x-y+ y» ^a^+xy+y"" y + y y 

^^* (a-6)(a« + a6 + 6»)^ a + 6 +^T5»^a»+o6 + 6» 

a . a-6 2a-6 
a + 6 a + 6 a+6 

^ ' 4(?=lp"'^4(a;-l)»(x + l)"4(a;-l)«'**4(»-l)2(x + l) 

3ae + 3~x'-g + x'-2z-3 ^ 

" 4(x-l)»(x + l) "^ 

•^^* a6x'^a(a-6)(x-a)"6(o-6)(x-6) 

_ (g-6)(x-a) + 6x 1 

a&B(a - 6) (x - a) ''6(a-6)(x-6) 

(ox + 06 - g*) (x - 6) - ox (x - g) 
g&B(g - 6) (x - g) (x - h) 

gx* - g5x + g&x - gfc' - g^ + d^h - gx* + a%g 1 

g6x(g-6)(x-c)(x-6) ~x(x-g)(»-6)' 

38. -_- + i--|- + -- — + ...tontermB 

s g g 

— — + -r + —+... to n terms- (1 + 1 + 1... to n terms) 

x* + x2y«-xV + y* (g'-y^* 

•>9- 3j4.y4 ^x*-2x2y2 + y*+x* + 2x8y2+y* 

(x*+y*)(x»-y«)(x«-y«) x»-y« 
"(x2 + y2)(x2-y2)2(x*+y*)~2(x« + y») " 
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g-f g + g-g , o'+a^ + a'-a^ 2a lo^ x 
a-¥x-a+x * a^+a5*-o^+«*"~2a;^2g*~ a ' 

41. Since x»+l=(«+l)(x.-l+|);and^-«' = (i+.)(l-.) 

the quotient is a?-l+--2-3( a;) + 4; 

o 1 
or,a*+3x + 3 + -5. 

X QD^ 

The quotient may also be obtained by long division as in p. 133 
of the Algehra, 

^- (f-T) + (T-7) + (T-7)-'-*^***"^ 

= (1 + 1 + 1. ..to n terms)- — (g+6 + c+...to n terms) 



ipa + flgy-asy + y' g*-g^^ + aA/^ + y* o^' + y^ (a;' + y^ (ag' - y^ 
"^^ »2-y2 ■*■ (a;2+y2)(x2-y2) ""»2_y2x ^4+^4 

_ (g8 + y2)2 ^ 

"* a^+y* 
ac^ + 2gy + y'-2ay 

.. (g+y)' ,. (g-y)' (ag'+y^(x-y)V (x+y)' ,, 

44- gg-2a«^ + ya + 2gy (g + y)g"'(g+y)Ha' + y^ (g~y)^ ' 
(«-y)« 

45. (g + ^^is^ - 1 ) = (1 - gft) (c + cZ), or gcd -g + 6cd-6s"C-a6c + d-a6rf, 
or g + 6 + c + d=6cd + ocd + gftd + ct6c 



.gftcdf— +^+-+-i) 
\g 6 g/ 



g+ft+c+d , , 

— + -T-+— +-T 



^ (p-g)*^(i>-g)^ i>-7 
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l -2je 1 g + l 

^'^' 3(x«-x+l)"^6(x+l) 2(r' + l) 

(l-2j)(2j-f2) + (x«-g + l) g+l 
" 6 (r» + 1) 2(x« + l) 

2x4-2- 4 j: ' -4x4- x^-g + 1 x-hl 
" 6(x3 + l) 2(x«+l) 

3-ag-3 x* x + 1 l-g-x' x + 1 
" 6(x3+l) '^2(x»+l)"2(x» + l)"*'2(x2+l) 

x'-x'-x^-f l-x-x'-fx* + g'-fx + l 1 

" 2(x3+l)(x» + l) ""(x'+l)(x» + l)' 



48. 



V 



z xy + l y {xyz + x + «) 



^ ? P-H ^ay + l 1 ^ gy%+gy-fyg+l-l ^ 

xyz + x + z y y{xyz + z + z) y{xyz + x + z) • 

1 X / I y V g g- 

^^* o-x (a-x)2 Va-y (a-y)v""(a-x)2 (a-y)' 

j^c[ 1 ^ (a-y)-(a-g ) 

(a-y)(a-x)* {a-yY^a-x) (a-x)*(a-y)« 

Hence original fraction ^ ^(fl-V) '^i^'f) ^a(a-y) + a(a-i) 
*^ {a-y)-{p,-x) ^ "' ^ 

^^-Qx-ay. 

3 . a + 6-c 3-a-6-c 3' 3-g--6--c ct+^+c 
a6c * a6c a + 6-c ™a + 6-c a + 6-c "*a+y^c' 

a + 
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LXX. 

6a; + 8y= 84 1 ^^*^^*^& 13y=39, y=3, etc. 

2. 45x + 72y=909 ) ,, ,. ^„ ^^^ ^ ^ 
45a:4-10;=475 ! «^^*«^^*"^g> «2y=434, y=7, eta 

3. 26x + 34y=378 ) ,^ ^. „, __ _ . 
26x+13y=273 } «^^*^^*^°g' 21y=105, y=5, etc 

4. 14x + 9t/=156 ) , 

« J subtracting, 5i/=40, y=8, etc, 
14a; + 4y=116j *^' ^ >y > 

5. 3a; + 45y=147 ) , , ,. „„ ^^ « ^ 
3a;+ 7y= 7^ | subtracting, 38y= 76, y= 2, etc. 

6. 105x + 133y=924) , ^ ^. ._ ^.^ ^ . 

►-« J subtracting, 82i/=246, y=3, etc 
105a;+ 5l2/=678) *^ ^ > :f > 

7. 6a; + 4y= 236 ) ^^^j^^j^ -26y= -910, y=35, etc. 
6x + 30y=1146) 61 y >:/ 

a 156a; + 1082/= 420) ,^ ^. „, „, , . 
^*^ ^^ J subtracting, 21y=21, y=l, etc. 
156a; + 87y=399 ) ^' ^ ^ ' 

9. 504x + 98t/ = 2310 ) , , ^. ^ „ , «« o . 
^ ^« J subtracting, 42y= 126, y =3, etc. 

504a; + 66y= 2184) ^' ^ '^ ' 



LXXI. 

1. 6a; + 21y=«156) ,. .. 01 io>i a ^ 

^ \ subtracting, 31y=124, y=4, etc. 

6a;-10y= 32) ^' ^ *^ ' 

2. 105a; -60y= 825 ) , ^ ^. oi co o * 

^ ^ J subtracting, 31y = 62, y= 2, eta 
105a; -91y= 763) ^' ^ '^ ' 

3. * + y^^^ I subtracting, 2y-94, y=47, eta 
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4. 28x + 63y-553) 

28x-68y-160) ^ " ^^ ^ 

5. 7x + 133y-679) ^^ ^ g^^y_3^^ 
7x- 53yal21 ) 

I subtracting, 14y -28, y-2, eta 
I Bubtracting, 552y ^.552, y*!, eta 



7x- 63y-121 

6. 87x-42y-625 

87x-66y-497 



7. 342x-426y»1284 
342x-978y- 732 

8. 516X+ 24y-3192 



616X- 731y- 172 1 «°^*«<^^ 755y .3020, y-4, eta 

*r 'Silt: ("'•»*«•■"'-'»'»• '-"•-' 



Lxxn. 



I. 12x-21y- 66 



12x-28y 



nn 1 

^ f subtracting, 7y ~ 70, y i" 10, eta 

mm —4 ) 



5. 36«-21y- 28 ) g^,,^,,^^ 39y-78, y-2,etc. 

6. 6sB+4y- ^8|gnbtractiiig,13y-.117,y-9,eta 
6a!-9v=-39) ^ ' ' 
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7. 26a; - 65y = - 273 ) , . 

^ ^ ^ J subtracting, - 57y =»- 613, y = 9, etc 
26x- 8y= 240 5 ^^ ^ >y > 

8. 105x-136y=-195) ,^ ^. _ __ ^ ^ 

' > subtractinff, - 86v = - 268, y = 3, eta 

105x- 49y= 63) ^y y »y > 

9. 21y+ 36a; = 628) ,^ ,. ,^^ .^^ ^ ^ 
^ ^ ^ \ subtracting, 169a = 607, » = 3, etc. 

21y-133x= 21) *' ' ' 



LXXIII. 
'* 2+14^ = 14!"''^^'^^^^' -6y-10,y=-2,eto. 
"^ Sl^ = 36oH"^^^ -23X — 207,.-9,eta 

^' S + 2X = ''^9H^^^^«' -31, = 93,y..3. 

4- 36t/-15a; = 696 ) ,, ,. «^ ^.^ « ^ 

«->* J subtracting, -29x = 68, x= -2, etc, 
36y + 14a; = 637) *^' ' ' 

5. 8a + 18y = 212) , . .. _ . . 

^ ^« ? subtracting, y = 14, etc. 
8x + l7y=198) ^' ^ ' 

^ *" \ subtracting, - 661/ = 110, y = - 2, etc. 

18x- 8y=«-38) ^' ^ '* ' 

8. 24fl; + 9y = 9) .... _. «^ 1 ^^^ 

> subtracting, 12a; = 6, x = — , eta 
12x + 9y = 3j ^' '2' 

9. 238x-966y=-1442) ,^ ^. __ _^ ^ ^ 
238x.221y=- 397 r^^^^*"^«' -^^'^" -^^'' ^^ = '' '^" 
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l-2a; 1 g + 1 

"^7- 3(a;2-a;+l)'^6(x + l)"'"2(x^ + l) 

(l-2a;)(2a; + 2) + (g'-a; + l) ae + l 



6(x3 + l) 2(x2+l) 

3-3a;-3x^ ac + l ^ l-ae-a;^ x + 1 



48. 



6(x3 + l) '2(3^+1) 2(x3 + l)"^2(a;2+l) 

2(a:3+l)(aj2 + l) ~ (o^ + ij (^^a + x) ' 



g ' gy + 1 y(a5y» + x + «) 

xyz + x + z y y{xyz + x + z) y{xyz + x+z) 
la; f ly \_ a a- 

{a-y){a-xf {a-y)^{a'-x) (a-xy{a-yy 

Hence original fraction = V " y; ~ V ~ ; ^^ (^ - y) + a(a - x) 

=2a2-ax-ay. 

3 , a+b-c Z-a~h-c _ 3' S-a-ft-c ^ a+^+c 
a6c ■ dbc a + h-c ^a + b^e a + b-c ^a+b-e' 

* b-a 
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LXX. 



1. 6x + 21i/=123 ) g^^tracting, 13y=39, l/=3, etc 
6x+ 8y= 64 5 

2. 45a; + 72y=909 ) g^^^racting, 62i/=434, i/=7, eta 
45a; + 101/ =475 J 

3. 26x + 34i/=378 ) g^i^tracting, 21i/=105, i/=5, etc 
26x + 13i/=273 5 

4. 14x + 9i/=156 ) g^T^tracting, 5y=40, 1/-8, etc 
14x + 4i/=116 J 

5. 3x + 45i/=147 ) g^^tracting, 38y=76, y=2, etc 
3x+ 7i/= 71 ) 



6. 105x + 133i/=924) ^^^^^ijjg^ 82i/-246, t/=:3, etc 
105X+ 511/ =678$ 

7. 6x+ 41/= 236 I 3^^tracting, -26i/= -910, i/=35, etc 
6a; + 301/ =1146 5 

8. 156a; + 1081/ =420 ) g^T^^racting, 21i/ = 21, 1/=1, etc 
156X+ 87t/=399) 

9. 504b + 98i/=2310 ) g^i^tracting, 42t/ = 126, i/=3, etc 
604x + 56i/=2184 J 



LXXI. 



I. 6a; + 21i/=156 ) g^^^racting, 31t/=124, y=4, etc 
ftK-10v= 32) 



6a;-10i/ 

2. 105a;-60i/=825 ) g^i^tracting, 31?/ =62, i/=2, etc 
105x-91i/=763i 

=47. etc 
x-y 



3- aJ + l/=96 I subtracting, 2i/-94, t/=47, 
x-i/= 2) 
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LXXIV. 



1. 3x + 2y = 42) to + 4y= 84 j . 5 gO, y = 12, etc. 
2a; + 3y = 48r6a; + 9y = 144r ^ '^ ' 

2. 30x + , = 630 ) 600. + 20y = 12600 ) eoix = 12020, x= 20, ete. 
20y-x = 580J 20y- x = 580 J ' 

3. x + 49,=1757 ) ^49x + 2401y=86093 . ^ ^400^ ^ 84000, y= 36, etc. 
y + 49x=2093 5 49x+ y = 2093}' ^ '* ' 

4.x + y + 15 = 30) x + t, = 15) 2^^ ^^ ^^ 
x-y + 14=19r x-y= 5r 



5. 14x + 5y = 826) 196x + 70y= 11564) 
39x- 14y = - 1609 ) ' 195x- 702/ = - 8045 5 ' 

391x = 3519, X = 9, etc. 

6. 6x + 9y = 150-5y) 6x + 14y = 150) 30x + 70y = 750) 
82/-6x= 9x + 12r82/-15x= 12ri6y-30x= 24)* 

86y=774, eta 

7. 7x-t,-i-2=35) 7x-y = 33) 7x- y= 33) 
12|/-x-10=9) 12y-x=19) 84y-7x=133r ^ ' 

8. x + 32 = 2y-48 ) X- 2y=-80) 
12x + 12y + 20y = 30x- 151/ + 2100 i' 47y - 18x = 2100 T 

18x-36y=-1440 ) ... „ ^„ _^ . 

^ « ^ > > adding, lly = 660, y = 60, etc 
47y-18x= 2100) ^' ^ 

.? 

9. 15x-25y + 30 = 4x + 2y) llx-27y=^-30 ) 

96- 3x + 6y = 6x + 4yr 2y- 9x=-96r 

99x-243t,--270 | ,^dmg, -221y= - 1326, y-6, eta 
22y- 99x=-1056) ^' ^ ^ ' 
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10. x + 2 + 24y= 93) x + 24y= 91) 40x + 960y = 3640 ) 
y + 5 + 40x = 768r40x + y = 763r40x + y =763)* 

959y = 2877, etc. 

11. 2x-y + 21x = 14y-42 ) 23x - 15?/ = - 42 ) 
6y + 18 + 5y-5a; = 60x-240) ' lly-65x=: -258 )' 

253x-165v=- 462 ) ,,. 

, ^. ^-/ «o-^ [ adding, - 722a; = - 4332, a; = 6, eta 

165y - 975x = - 3870 S ^ ' 

12. 12x-24-200 + 20a;=15y-150) 32a;-15y = 74) 
16y + 32 = 12x + 3y + 39 ri3y-12x= 7 5' 

96j;-45y = 222) , ,. ^^ „^^ 278 
,^. «/ .Ay adding, 59y=278, y=47r > eta 
104y-96a5= 56)' ^ ^ '^ 59 * 

13. 5x-6y + 39a; = 52y-26 ) 44x-58y=-26) 
10x+12y-9x + 6y = 24y-24) ' x- 6y=-24) 

22x-29v =- 13 ) 

on , 00 .no f » 103y = 515, y = 5, etc 

22x-132y — -528) » i^ » 

14. 15x-9 - 9x + 57 = 24 -6y + 2x \ 4x + 6y=-24) 
16x + 8y-18x + 14 = 12y + 36-4x-5y r2x+ y= 223' 

2x + 3v=-12 ) 

o oo}.2y=-34,y=-17,l5b. 

2x+ y= 22 ) ' ^ ^ * * 

15. 4a; + 5y=40x-40y ) 45y-36x=0) 5y- 4x*=0 ) _ 
4fl;-2y+12y=3 )' 4x + 10y=3 ) ' 4x + 10y=3 ) ' ^^^""^'^^^ 



LXXV. 

««* -L «..^, /m C subtracting (^*^ -mq)y^ep -fm, eta 
J .{subtracting (W + a«)y = cd- a/, eta 
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LXXIV. 



^ > J ( , - 5t/ "= - 60, v = 12, etc. 



2. 30a; + y = 630) BOOx + 20y = 12600 ) ^^, ,^^^ ^ ^ 
o^ .«^J» «^ ^„^(,a01x = 12020, x«20, etc. 
20!/-x = 580) 20y- x = 580 J * * 

3. x + 49y=1757 ) 49x + 2401 v= 86093 ) ^^^^ „,^^^ „^ ^ 

M.^ «^^« >>2400y=84000,y=35,eta 

y + 49x^2093) 49x+ y = 2093 J' 



+ , + 15 = 30) x + y = 15)^^^^^^ 

-t/+i4=i9r x-t/= 5r 



5. 14x + 5y = 826) 196x + 70y= 11564) 
39x - 141/ = - 1609 r 195x - TOy = - 8045 ) ' 

391x = 3519, X = 9, etc. 

6. 6x + 92/ = 150-5y) 6x + 14y = 150) 30x + 70y = 750) 
8y-6x= 9x + 12r8y-15x= 12ri6y-30x= 24 K 

86y=774, eta 

7. 7x-y + 2=35) 7x-y = 33) 7x- y= 33) 
12y-x-10=9ri2y-Ll9r84,-7x=133l'«^^=^^>^*^ 

8. x + 32 = 2y-48 ) x-2y=-80) 
12x + 12y + 202/ = 30x-15y + 2100 r 47y-18x = 2100 r 



47y - 18x = 2100 






9. 15x-25y + 30 = 4x + 2y) llx-27y=--30 ) 
96- 3x + 6y = 6x + 4yr 2y- 9x=-96r 

99x-243y--270 ) ,^dmg, -221y= - 1326, y-6, eta 
22y- 99x=-1056) *' ^ ^ ^ 
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0. x + 2 + 24y= 93) x + 24y= 91) 40x + 960y = 3640 ) 
y + 5 + 40x = 768r40x + y=763r 40x + y =763)' 

959y = 2877, etc. 

1. 2x-y + 21x=14y-42 ) 23x-15y=-42) 
6y + 18 + 5y-5x = 60x-240) ' lly-65a;= -258 )' 

253x-165i/=- 462 ) , ,. 

, .e Z. ^Zr. \ adding, - 722a; = - 4332, a = 6, etcs. 

165y - 975x = - 3870 ) ^' ' * 

2. 12x-24-200 + 20a; = 15y-150) 32a; - 15i/ = 74 ) 
16y + 32 = 12a; + 3y + 39 ri3y-12a;= 7)' 

96a;-45y = 222) ^^. ^^ ^^„ 278 . 

^ ^ f , adding, 59i/=278, y=:^ , eta 
104y-96x= 56)' ^ ^ '^ 59 ' 

3. 5x-6y + 39x = 52y-26 ) 44x - 58i/ = - 26 ) 
10x+12y-9x + 6y = 24y-24) ' x- 62/=-24) 

22a;- 29v = - 13 ) 

^ } , 103t/ = 515, y = 5, etc. 

22a;-132y=--528)' ^ >y » 

4. 15X-9 - 9x + 57 = 24 -6y + 2x ^ 4x + 62/=-24) 
16x + 8y-18x + 14 = 12y + 36-4x-5y )'2x+ y= 223' 

2x + 3V'= -12 ) 

o on f , 2y= - 34, y= - 17, l*c. 

2x+ y= 22 )* * * ' 

5. 4x + 5i/=40x-40y ) 452/-36x=0) 5y- 4x'!=0 ) _ 
4fl;-22/ + 12y=3 )' 4a; + 102/=3 ) ' 4x + 10y=3 ) ' ^^^""^'^^^ 



LXXV. 



I. fKpx+n|)y = ep ) , ^ ^. , v - 

in^x + mgi/=/m r^^*^^^ (n^-m^)y = e/>-/m, eta 



2. adx + hdy=^cd 
adx 
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J J y(^ + w) = an - cm, etc. 
acx + aey=an ) 






4. ca;-dy= 
cx + cy 



5. nmfx-m'ny^m'r) , , . . ^ / ^ 

■' , , , > , (mnr + mn)'!!^ mr-mr. eta 

mm'x + mny =» mr ) 



+y = a) « , a + 6 ^ 

, >,2a; = « + D, »« — ^ , etc 
-y =6 ) ' 2 



aa; + 26y = (i J aa; + 26y = (i ) 

10. 6cx-cy=»-26 ) hchi-<^ =^-%<? ) 

63cy + ac3-a&3=:26* + 6c*»r 65cy-6c*x=26*-ac5 + a65 5 ' 

63cy_c*y = 2&*-(M3 + a&3_26c3, 

26*-ac3 + a63-2&c3 26 + a . 
1/ = y, ,- — «v = , etc 



II. hx+bc-b^ + cx + <^-he + ay + a^ = ^^ 
a^y^(b + cf{b''C)x 



(6 + c)a:+cty = a«+6*-c') a\b + e)x+ahf=a^{a^+b^-c^ ) 
(& + c)(a2 + 62-.c3)a; = a2(a2+62-^; a;=g^eta 



86*m-26m' 
12. 3a;+5y= ^g^^a 

(62-m^x + (6 + c + m)my=»6% 



+ 26m«+^| 
o + m/ 
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3(62-m2)a; + 5(6?-:m2)y=862m-26m8 



6 + m J 



(5WT3^-3cm-8m2)y=56>-86m2-.^*^^ 



& + m 

563m + 5&^8 - 86^2 - 86m» - 36cm^ 

6+m 

6m(5y"36m-3cm-8m^ 
6 + m ' 



LXXVI. 



9/ 1/ f 5 l 

^ V subtracting, — = 20 ; y=»-T-> ®^^ 

± + 1 = 20 1 ^ 4 

2. 3 . 6 






2 2 

subtracting, — =3a - 6 ; y»=«;r =, etc 

1/ 3a — ft 



"! ^." ^ > subtracting, ^^^^hc - ad ; y=^^» etc. 



— + —- sod 1 
X y ) 



4- a 6 __ ^ 

~+---m I 2j 26 . 

^ > subtracting, — == m - » ; y =s , etc. 



X " If"" ) 



5- 5? + ^= 152) 

* y I subtracting, ?1=103 ; y-=:^, eta 

X y / 

H 
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6. Multiply the second equation by 4, and we get 

^'|°'ladding,g-19;«4,eta 
iix by ^^) 

7- ± + f =10) 

«f *;/ I adding. 19=19; x=l. etc. 

ax 6i/ / 

8. Multiply the first equation by — , and we get 

m 



X y 



LXXVII. 



=m2 + n2 r 



^ ? f i^ 1 adding, 21x + 13y = 47 (1) 



1. From the first and second equations we get 
bx-h7y-2z=lZ 

I6x 

From the first and third equations we get 

/ ,« «-.f adding, 26x+31y = 88(2) 
jc- 4y+102 = 23) ^\ . 

Then from (1) and (2) we find x = 1, y = 2 ; and hence 2 = 3. 

2. From the first and second equations we get 

bx + Zy-6z= 4) ,,. 

^ J ^ r.A adding, 14x = 28; x«2 

From the second and third we get 2x + y = 6 ; /. y = 2, etc. 

3. From the first and second equations we get 

/ ^ S adding, 31«-lly = 69(1) 

16x-2y-6«= 6) ^' ^ ' 
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From the first and third, subtracting, 3x- 6y = - 18 (2) 
Then from (1) and (2) we find as = 4, y = 5 ; and .*. z =8. 

4. From the first and second equations we get 

4a;-5v + 2«= 6 ) ^ ,. ^ ,^ „, 

. / « .A adding, 8x + v = 46(1) 

From the second and third equations we get 

6a; + 9v - 3a{ = 60 ) 

r / r !^> adding, 13x + 5y = 95(2) 

Then from (1) and (2) we find x =* 5, y = 6 ; and .*. 2 = 8. 

5. From the second and first equations we get 

5a; + 4v + 3«=22 ) , . ^ , „, 

3« + 3j, + 3.- 18 r"^'"^*'"«' ^^^ = ' (') 

From the third and second equations we get 

15x+10y + 62 = 53) ,, ,. , « ^ ,„, 

\ suDtractmg, 5a; + 2y = 9 (2) 
10a;+ 8y + 62 = 44) ^' ^ \ • 

Then from (1) and (2) we find x = 1, y = 2 ; and .'. « = 3. 

6. From the first and second equations we get 

8x + 4y-32= 6 
3x + 9y-3««21 

From the second and third equations we' get 

4x + 12y-4«=28 
4x- '5y 

Then from (1) and (2) we find x = l, y = 4 ; and .*. « = 6. 
7. From the second and first equations we get 



\ 



I subtracting, 5x - 5y = - 15 (1) 

id third equations we' get 

-4«=28) ^^. ^ ^ „^ ,^, 
+ 4j5= qI addmg,8x + 7y = 36(2) 



8x + 4y + 2««=50 
2x + 2y + 22--60 



I subtracting, 6x + 2?/ = - 10 (1) 
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From the third and first equations we get 

Then from (1) and (2) we find x«=f, y- -7 ; and /. » = 36J 

8. From the first and second equations we get 

From the second and third equations we get 

/ ^ \ adding, 37a- 17«= 66 (2) 

Then from (1) and (2) we find a; = 5, » = 7 ; and /. y = 6. 

9. From the first and second equations we get 

24a;+10y- 8»= 58) ^^. ^^ ,^ «.«,,. 
^. , ^ «- c^r. \ adding, 89x + 17a = 348 (1) 
65a; - lOy + 252 = 290 ) ^' ^^ 

From the first and third equations we get 

12x + 5y-4« = 29) ... ^^ ^ ,^w«x 
o. e «. ^« [ adding, 97x- 9»= 104 (2) 
85x-5y-5« = 75 ) ^' ^ ' 

Then from (1) and (2) we find » = 2, « = 10 ; and .*. y = 9. 
10. Subtracting the second equation from the first, we get 2y = 20 ; 

y = io. 

Adding the third equation to the second, we get 22 = 10 ; s»6. 



LXXVIIL / 

1. Let X and y be the numbers ; then x+y = 28 ; x-y « 4, eta 

2. Let X and y be the numbers ; then x+y = 256 ; x-y &= 10, etc. 

3. Let X and y be the numbers ; then x + ya 13*5 ; x-y « 1, eta 
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4. Let % and y be the numbers ; then 7a5 + 5y = 332 ; 

61x-51y = 408, etc. 

5. Let % be the age of the father, and y the age of the son. 
Then x-7 = 4(y-7) and a; + 7 = 2 (y + 7), etc. 

6. Let 35,^,2 be the numbers; thena5 + y=70,a5 + 2=80,y + 2=90,etc. 

7. Let X and y be the sums contributed by A and B ; 

then 400 - (x + y) is the sum contributed by C. 
Then y = 2x + 20, and 400 - (x + y) =x + y, etc 

8. Let X be A's money, and y B's money in shillings. 

Then 3 (x-10) = y + 10, and x + 10 = 2 (y- 10), etc. 

9. Let X and y be A's and B*s shares ; then 760 - (x + y) is CTs share. 

Thenx + y = 760-x-y + 240; y + 760-x-y = x + 360, etc. 

JO. Let X and y be the numbers ; then ^^-~ = 24 ; ^^= 17, etc. 

1 1. Let X be the greater number ; and y the less ; then 

^=4 + A;«_±l±38^2+l,etc. 
y y X X 

1 2. Let X be the first part, y the second, and .*. 144 - (x + y) the third. 

Then *-=3+A; 144 - x - y^ _6_ ^^ 
y y x + y x + y 



N 



Let X be A's money and y B's money in pounds. 



Then » + -|-= 120; ~ + y = 120,eta 



14. Let X be the age of the father, y the age of the son. 
Then»-12 — y + 12; x + 12 = 3(y-12), etc. 
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1 5. Let X be the greater number, and y the less. 
Then3x = 2x+10, and 2x + 3y — 24, etc. 

16. Let X be the age of the father, and ^ the age of the son. 
Thenx + y = i(x + y + 60) ; x-y = J(x + y + 40), etc. 

1 7. Let X be the greater number, and t^ the less. 
Then y --21+:^"; ^=4 + :^ etc 

1 8. Let X be the cost of a barrel of beer, y of a barrel of porter in pounds. 
Then 6x + lOy = 51 ; 3x + 7y = 32^. Hence we find a; = 3, and 

hence 10 barrels of beer can be bought for ;£30. 

19. Let X be the cost of 1 lb. of tea, 1/ of 1 lb. of coffee in pence. 

Then 7x + 61/ = 352, and 4a; + 9y = 324, etc. 

20. Let X be the cost of a horse, 1/ of a cow in pounds. 
Then 12x + 14y = 380, and 5a; + 3y = 130, etc. 

21. Let X be the cost of a yard of silk, y of a yard of cloth in pence. 

Then 8x + 19// = 4370, and 20a; + 16y = 6200, etc. 

22. In one day 10 men and 6 women earn ^3, 3s. 
In one day 4 men and 8 women earn £% 2s. 

Let X be the daily earnings of a man, t/ of a woman in shillings. 
Then 10a; + 6y = 63, and 4x + 8y = 42, etc 

23. Let X be the number at ^7 ; and y the number at ^45. 
Then 37a; + 451/ = 4220 ; and a; + 1/ = 100, etc. 

24. Let 10a; + 1/ be the number. 

Thenx + t/ = 8; and 10x + y + 36 = 102/ + a;, eta 

25. Let lOx + t/ be the number. 

Thenx + y=10; and 10a; + y + 54 = 10i/+x, etc 

26. Let lOx + y be the number. 

Thenx+y = 9; and 10a;+y+9«10y + a;, etc. 
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27. Let lOx + y be the number. 

Then x + y=6 ; and 1^+1=^4, etc 

x + y 

28. Let lOx + t^ be the number. 

Then x + v=9 ; and 15^±^=5, eta 

x + y 

29. Let lOic + y be the number. 

Then 1^±^=7 ; and lOy + a^-12^ ^^^^ 
x+y x-y 

30. Let 10a; + y be the number. 

Thenl-^±i'=6+-^; and i5E±£=4 + -i- 

aj + y a; + y x + y x + y 

or, 10x + y = 6a; + 6y + 3 ; and l0y + x — 4x + 4y + 9, etc 

31. Let 10a; + t/ be the number. 

mu lOx + v 1 lOy + x - . 8 ,^ 

Then ^ = 5 H r : — ^^ — ^ = 5 + ^r, etc. 

x + y-2 x + y-2* x + y + 2 x + y + 2 

32. Let 10a; + y and lOy + x be the numbers. 

Then 10a; + y + 9 = lOj/ + x, and lOx + y + lOy + x=33, etc. 

33. Let lOOx + lOx + X be the number. 

Then 100x + 10x + x=37x2; .*. x=3, etc. 

34. Let lOOx + lOy + » be the number. 
Theny=22; x + z=9; x + y + z=17. 

Hence x=9-«; and .*. 9-z + 2z + z=l7 ; z=4, etc 

35. Let lOOx + lOy + a be the number. 
Thenx + y + 2=21 ; x + 2/=a + 3; 

lOOx + lOy + 2 + 198 = 100» + lOy, + X, etc 

36. Let — be the fraction. Then ^i? = 2, and -^ = 1, etc 

y y y-i 

VJ. Let — be the fraction. Then ^±1 = i-> and -^ = — , etc 
^ y y 3 y + 1 4' 
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38. Let ~ be the fraction. Then i±i= -L,and -£_=-!, etc. 

39. Let — be the fraction. Then x+ 1 =y, and aJ=-^ (y + 1)> etc. 

40. Let — be the fraction. Then ^=4, and ^^ = 4-, «*«■ 

y y-3 4' y + 5 2' 

41. Let ~ be the fraction. Then ^L «l,and izl^=?2, etc 

y y + 4 9* y 41* 

42. Let — be the fraction. Then ^±1 =i., and — ^=4> «te- 

y y 2' y+17 T 

43. Let a; and y be the sums invested. 

Then .-— - s income on first investment. 
100 

and %—- ss income on second investment. 
100 

.-.— ^=:?-?ii + 10; and a; + y =2000, eta 
100 100 ^ 

44. Let X be the sum invested, and y the rate of interest. 

Thenx + ^^-i^=5250 
100 X 12 

and x + ^^lii^=5460. 
100 X 12 

Hence 120a;+ {cy= 630000) 360a; + 3a^« 1890000 ) 

and 200x + 3icy = 1090000 J ' 200a; + 3a5y = 1090000 J ' 

16035=800000, etc. 

45. Let X be the sum invested, and y the rate of interest 
Then x+5ii|iil= 5200. 

and x+21211^=6000 
100 

Hence 60x + 3xy = 260000 ) 50x + 3xy = 260000 ) 

10x+ a;y= 60000 }' 30x+3xy= 180000 > * 

20x-B 80000, eta 



KE Y TO ELEMENTAR Y ALGEBRA. 1 2 1 

6. Let X be the number of quarts of the first, y of the second. 
Then 05+ y =50 ) 36x + 36y=1800 ) _ 

36a; + 20y=30x50r36a; + 20y=1500r ^2^""^^» ® ' 

.7. Let X be the number of lbs. of the cheaper, y of the dearer. 
Thenx + y = 30 
and20(x+y) = 14aj + 18y + 10a:, etc. 

.8. Let X be the rate of the rowing in miles an hour in still water, 
y the rate of the stream in miles an hour. 
Thena + y = 12, a;-y = 6, eta 

.9. Let X be the distance in miles, y the rate in miles an hour of pulling. 
Thena;=lf(y + 4) 
anda;-3 = 4i(t/-4), etc. 



o. Let X be the number of leaps the hare takes, and y the length of 
each in feet. 

Then — is the number of leaps the dog takes, and ^ the length 
of each in feet. 



Then50y+ajy=^x^ 

b 7 



Divide by y ; then 50 + x = y| ; a;=-700. 



;i. Let X be the number of leaps the dog takes, and y the length of 
each in feet. 

Then ^ is the number of leaps the hare takes, and -^ is the 
3 3 

length of each in feet. 
Then50y+^x^=ajy. 

Divide by y; then 50 + ^=0;; a; = 450,eta 

•7 
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53. Let X be the number of apples, and y the number of pears. 

Then4 + -T-=30; and -|- + i^=13, eta 
4 5 o 15 

53. Let X be the number of men, y the reckoning of each in shillings. 
Then (x + 3)(t|[-l)=ary ) icy + 3y-x-3=icy ) 

and (x-2)(i/ + l)«xy ; xy-2y+x-2=fl5y ) ' 

^ > adding, t/= 5, and hence x= 12. 

54. Let X be the number that voted for A and C, 

t^ „ „ for A and B, 

2 „ „ for A only. 

'rhenx+ y+ «=1056^ 

JC + 85+ 98=933 >, hence x=750, y=158, 2=148. 

y + 85 + 744=987) 

55. Let X be the distance in miles ; y the rate in miles an hour. 



Then - - 



X X _ 1 \ 2x 2x-3y 



-I-M 



2/ + i y '>,or,^2/ + l 21/ 

A « X . ^1 I ' ' 2x __2a; + 5y 
and .:= — + 2*1 ^ r — et 

y-i y ^/ 21/-1 2y 

4x2/=4xy + 2x- 6^2-31/) 2x= 6y2 + 3i/ ) 
4xy=4a;y-2x + 10?/-5y ) ' 2x^l0y^-5y ) 
hence 6y2 + 3i/=10t/2-5i/; Sy=-4y^; 8=4y; y=2, etc. 

56. Suppose the first crew pulls x strokes of y yards each in a minute 

Then the second crew pulls -^ strokes of -J yards each in a 

minute. 
Hence in one minute the first crew puUs over xy yards, 

and in one minute the second crew pulls over — -^ yards ; 



.'. the second is the faster crew. 

1 
'9 

^--g J «■ 1 "'79x8 



Again, the second crew gains ^ yards in a minute ; 
.-. it gains || + ^ yards in a stroke, or, =||- yards. 
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Now it has to gain \ ^ yards ; 

.*. it must take \^ ^ + „J^ ^ strokes, or, 320 strokes. 

79 79x8 

5 7, Let X be the rate of the sculler ; y the rate of the barges. 
Then — = time he takes to meet the first barge 

X 
r 

= time the first barge takes to meet him. 

Hence — =— ^ , or, ^ = — . (1) 

X y a— y 

A.lso — = time he takes to overtake the second barge 

X 

— I— = time the second barge is in motion before lie 

y 

overtakes it ; 

X y -a y 

From (1) and (2) -^ - ,^ , or, 66' -ah = ah' - 66', 

nir/ r . i> 26&' ah abf 2 11 

or 266'= 06 + at, or, _-,=_, + _, or, - = ^ + -5- 



58. Let X be the number of feet passed over by the longer train in a 
second, 
y the number of feet passed over by the shorter train in a second. 

Then ^ + ^= 176, and 6a; - 61/= 176. 

220 
Hence x=-r- and y=4A. 

220 X ffO X RO 
Hence the longer train goes in miles per hour — - — „ , or, 50. 

3 X 3 X 1 / 60 
and the shorter train goes in miles per hour ^^^^ , or, 30. 
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59. Let X and y be the circumferences of the wheels in yards. 

m. 120 120 . ^ , 120 120 . ^ 

Then — = — + 6, and = +4: 

X 1/ as y 

x + - y + -|. 

hence = 1, and = 4 ; /. as = 4, v = 5. 

X y * X y ' ^ 

60. Let X be the number of hours he takes to go. 

Then 10 - x is the number of hours he takes to return, 

and X = f (10 - x) ; whence x = 4, and 10 - x = 6. 

Again let y be the number of miles per hour he can row in still 
water, and z the number of miles per hour the stream flows. 

20 5 

Then y + 2 = 6, and y - « = -^ ; whence z — — . 

6 6 

61. Let the digits commencing with the left be 1, a, by c,d, e. 

Then the number is 100000 + 10000a + 10006 + 100c + lOd + e. 

When the 1 is removed to the unit's place 

the newnumber is 100000a + 100006 + 1000c + lOOd + lOe + 1. 

Then 100000a + 100006 + 1000c + lOOd + lOe + 1 

= 300000 + 30000a + 30006 + 300c + 30(i + 3e 

.-. 70000a + 70006 + 700c + 70d + 7c = 299999 

or, 10000a + 10006 + 100c + lOd + c = 42857 

.-. 100000 + 10000a + 10006 + 100c + lOd + e = 142857 

that is, the required number is 142857. 

LXXX. 

I. 4a2+12a6 + 962(2a + 36 2. IGJfew _ 24&*P + 9Z« (4^^^ - 3P 

4a2 leJfew 



4a + 36\ 12a6 + 96» 8Jfc*-3f3 \ -24Jfc5p + 9p 

12a6 + 96« \ -24ifc*Z3 + 9^ 
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a«68 + 162a6 + 6561(a6 + 81 4. i/»-38y3 + 361 (t/^. 19 

2a6 + 81 \ 162a6 + 6561 2^3-19 1 -38y» + 361 

162a6 + 6561 I - 38^^ + 361 

5. da^W - I02a5c + 289 (3a5c - 17 



6a6c-17\ -102a6c + 289 

-102a6<j + 289 



6. a^-6x3 + 19a:2-30x + 25(x2-3a:+5 



2x>-3» \ -6a;*+19«2 
-6a;*+ 9a^ 



2x2-6x + 6 \ 10x2-30a; + 25 

10^2 _ 30a; 4. 25 



9a:* + 12a8 + 10x* + 4a; + l (3x2 + 2x + 1 
9x* 



6a?+2x \ 12x8 + 10x2 

12x«+ 4x2 



6aj*+4x + l \ 6x2 + 4x+l 

6x2 + 4x+l . 



a 4?^- 12r3+ 13r2- 6r+ 1 (2r2- 3r + 1 

4r* 



4r«-3r" \ -12r3 + 13r» 
-12r3+ 9^ 



4r"-6r+l \ 4r2-6r+l 

4r2-6r+l 



126 
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9. 


4n' + n 

2-3x 

2-6a; + 


4n*- 
4»* 


f 4n5-7n2- 


4n + 4(2n' + n 

•4n + 4 
-4n + 4 


-2 




1 

1 


4nS - 7n2 
4n3+ n* 






y -8n2- 
\ -8n«- 




la 


-6x + 13x2i 


1-12x5 + 4x4(1- 

f 12x»+4x* 
-12x» + 4x* 


3x + 2x' 




\ 

2x2 


-6x+13x» 
-6x+ 9x» 






\ 4x2- 
\ 4x*- 





II. 



x^-4x5+10x*- 12x8 + 9x2 (x3- 2x2 + 3x 
x6 



2x3-2x2 \ -4x*+10x* 
-4x5+ 4a4 



2x'-4x2 + 3x 



6x*- 12x3 + 9x5 
6x*-12x3 + 9x? 



12. 



41/* - 122/3« + 25y2i82 _ 24y!83 4. jg^ (2^2 -3^2 + 41 
4i/* 



41/2-32/2 



41/- - 62/« + 4»^ 



-12y32 + 25y2s52 
-12^« + 92/222 



162/2«2- 241/29 + 168* 

161/228 -242/29+162l» 



KE Y TO ELEMENTAR Y ALGEBRA. 1 27 



13. 



2a + 2& 



o*+4a6 + 46*+9c*+6ac + 126c(a + 26 + 3c 



o" 



4a6 + 46« 
4a6 + 46« 



2a + 46 + 3c 






a' 



14. 



2a3 + a*6 



2a3 + 2a«6 + a62 



a« + 2a«6 + 3a*6* + 4a3&3 + 30^254 + 2a65 + 60 (a3 + a26 + a62 + 2;^ 



2a«6 + 3a*68 
2a56 + a*6' 



2a*62 + 4aS63 + 3^254 
2a<62 + 2a363 + a26* 



2a' + 2a«6 + 2aft> + &3^ 



2a363 + 2a26* + 2a^ + 68 
2a36s + 2a26* + 2a6* + 6« 



15. 


.2x« 


x6- 


•4x5 + 6a;3^8x2 + 4x+l(x3_2x2- 


-2x- 


2x3- 


\ - 


-4xS + 6a:3 






-4a^- 


•2x ^ 


-4x* + 4a;* 




2x3- 


V -4x* + 6a:3 + 3a^ 






-4x8- 


4fl;-l 


\ -4a;* + 8a:3 + 452 




2x3- 


\ -2x3 + 4x2 + 4a; + l 








4a*H 
4a;* 


\ -2x3^4p2^4a.+ i 




16. 


h 8ax» + 4aV + leftV + IGaft^x + 


1664( 


4rc2 + 2aflB 


\ 


8ax3 + 4a2xa 






\ 

+ 4aa;+4ft2 


80x3 + 4^^23.2 




4fl:2. 


\ 1662x2 + 16aJ2x + 


166* 








\ 166^ + 16a62x + 


166* 



-1 
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17. 



6-4x 



9 



\ -24x + 68x« 
^ -24x+16x* 



e-Sx + Taj^ 



6 -8x + 14x2-10x3^ 



42a;>-116x» + 129ic* 
42x2 - 56x5 + 49x* 

- 60x5 + 80x*- 140x*+ 100x« 

- 60x3 + 80x* - 140x5 + lOOx^ 



18. 



8a«-5a6 



16a* - 40a36 + 25a262 _ sOoi^x + 64&V + 64a2&x (4a* - 5a6 + 8la 
16a* 



- 40a36 + 25a26» 

- 40a3|» + 25a26a 



8a'-10a& + 86x 



64a26x - 80a6«x + 64&^ 
64a26x-80a6«x + 64Wc2 



19. 



9a* - 24a V - 30a2« + 16ay + 40a|>8* + 25t2 (3a2 - 4a|/3 _ 5t 
9a* 



6a2-4ap3 \ - 24ay + 16ay 

- 24ay + 16aV 

6a2-8a/-5e 



-30a2« + 40apS^ + 25«* 
- 30a2« + 40fl^ + 25«2 



2a 4t^a^ - 12yV + I7y2x* - 12yx* + 4x^ i^fx - 3yx* + Sa? 



-12t/V + 9y2x* 



42/'x-6yx'+2x3 



8yV-12i/x* + 4fl^ 
8yV-123/x5+4fl^ 
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21. 






lOflc^ - 3«y' 



10x2y-6a^ + 2^^ 



- 30»V + 29xV 
-30xV+ 9aV 



20a5V-12a^ + 4i/^ 



22. 



16a^ - 240^ + 26ac22^2 - 12jByS + V (4x^ - 3xy + 2y8 
16aJ* 



8x^-Zxy 



-24a;3y + 25xV 
-24a%+ 9xV 



8x*-6a5y + 2y8 



16a;V-12a«/» + 42/* 
16xV-12a:y8 + 4jf* 



23. 



9a« - 12a6 + 24ac- 166c + 462+ I6c2 (3a- 26 + 4c 
9a2 



6a- 26 



-12a6 + 46a 
-12a6 + 46« 



6a - 46 + 4c 



24ac- 166c + 16c* 
24ac- 166c + 16c' 



24. aJ*+19a2 + 26-6x8-30x(a;2-3a; + 6 

2iB*-3» \ -6x3 + 19x2 



-6x3+ Q^ 



2a:*-6»+6 



10x2 « 30a; + 26 
10x2-30x + 25 
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25. 25a5'-20xy+4y" + 9aj"-12y2 + 30x«(6x-2y+32 

25x« 



10x-2y \ -20xy+4y" 

-20flBy+4y' 



10a5-4y + 32 \ 30a»-12y»+9«* 

30a»-12y» + 9«' 

26. 4flJ*-4x^+4a:y+y*-2y'+y"(2a:*-y+y* 

4aJ* 






4a>-2y + y« \ 4a^-2f+y^ 

4a:V-2y*+y* 




a^ ^9\a 3 



9 



a"" 3 \ 9 

-2+*' 
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2a«- 



Q? 






-2+ 



5^ 



-2 + 






a" 



2a^6 ^ 


\-i 




\-i 




«*-2ac'+2fl52-a;+ ^ {^-x-{-\ 




«* 


2x>-» 


\ -2a?+2a? 




\ -2x3+ ^ 


2 \ 4 




\ ^'^^\ 




«*+2x8-x+-L(x2+a;-i- 




OJ* 


2x*+a; 


\ 2x8_a. 




\ 2a3 + a;« 


2»2+2a;- 


i\ -^-«4 




\^ -^-,t|. 
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7- 



4a2 



4a-d& 



4 



12a6 + 96« 

2 ^16 
2 ^16 



a 



aJ»+8a!«+24 + ^+^ («'+4+^ 



2x'+4 


\ 


&c2 + 24 
8x»+16 




• 




2ae»+8+4 


\ B.5.§ 






f 


\ -3^3 


-3a« + 


9/4a*B 
16V 3 "*■ 






.V+^^+4a«-2.V 


2a« 




«^ 








8je+a»« 


\ 


O 






) 


\ ^6aj+4a* 










3 

4 


\ -2a8x-3a2+ 
\ -2a'x-3a'+ 


9 

16 

9 
16 







3^ 

4 
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"^ZZ 



lo 1 4^4^ 6 12^9/1 2^3 

l?a5yj^a»yaa^\a y « 

1 




2 2 \ 4^ 4 

\ xy y* 
2 4 3 \ 6 12 .9 

X y \ XZ yZ TT 

\ x» y^ ^ 




n »^ 5 5n 25\ n 
36m2 


*i 


12m- 4 \ ^«^+i| 

\ 48m . 16 
\ ^ — s 




12m- ®+£. \ ^^"^^ ^+^ 
n 5 \ 5 571 25 

\ 12mp Sp 1^ 
\ 6 5n ' 25 




7 7 4y 


-3cd[ + | 

7 


2a6-3cd \ -6a6cd + 9c2(P 
\ -6a&cd + 9c2(i2 




2a6-6cd + f\ 2aJ./_6c^/^ey^ 

\ 2a6e/ Qcdef e^f^ 
\ 7 7 49 
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13. 



4^ my 9^ 



1? 



X sr\a « I 



4x» 



12xy 9y* 



_12xy^9y« 




2* 



« or 
X or 



14- 



4m« 16m . . 24n . 9nV2m . 3»i 

— 5- +4+ + — X I 4---r 

n* n m m^ \ n * 



4m' 



n' 



4m . 

4 

n 



+4 
+ 16 



4m_g_ 3n 
n "" *" m 



m m' 
m m* 
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a^ oh b'^ 2ac 6c ^_^ ?!^_£^4.^ 
9"""6"*"l6"*'"l5"l0"*'25"T"*"4 5 4 



9 



(±_b_ 
\3 4 



6 c^_ d 
'*"5 2 



2a 


b \ ab b^ 






3 


4 \ 6'*"l6 

\ ab P 

\ 6 ' 16 






2a 


b^c\ 


2ac 6c c* 




3 


2-*-5 \ 


15 10 25 
2ac 6c c* 
15 10 25 




2a 
3 ~ 


6 2c d\ 
2'*'5 2 \ 


a(2 bd 
3 "*■ 4 


cd (i2 
6 "*'4 




\ 


od 6<2 


cd d'^ 




49{B*-28a:3 


-3-*-4- 


-5-+4 




-I7x2 + 6a;+ ^(72)2- 


.9a-- ^ 
2 



49x* 



14iB2-2a; 


\ 


-28ic3.i7j^ 




2 


-28a:8 + 4a;2 


14x2«4aj._ 


y - 21x2 + 6a; + ^ 






\ -21x2 + 6x+l. 



9x*- 30x3 + 6525 + 1^ -a6x2 + >>2x2/^3x2 .?5 + 6x 

4 \ 2 

9x* 



^-f \ 


-ia^ + ^f 
4 

4 


6s'-oa; + 6a! 


\ 66x3-a6x2 + 6V 
\ 66x3-a6x2 + 62x« 
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1 8. 



»x*-2s»-l?^a:>+2a; + 9 U^ 



6x«-^ 




4-3 



-18x" + 2aB+9 
LXXXIII. 



a8-3a«6 + 3a6«-63(a-6 



a« 



2. 






8a'+12a« + 6a+l(2ft+' 

12a2 + 6a+l 
12a*+6a+l 



3- 



a' + 24a26 + 192a6* + 51268 (a + 86 



3a« + 24a6 + 646« 



24^26 + I92a6a+ 61263 
24a26 + 192a62 + 61263 



4- 



a3 + 3a26 + 3a62 + 63 + 3a2c + 6a6c + 362c + 3ac2 + 36c2 + c«(fl+^^ 

3 



a 



3ci2 + 3a6 + 62\ 3a26 + 3a62 + 65 

3a26 + 3a62 + 6» 



3a2 + 6a6 + 362 \ 3a2c + 6a6c + 362c + Sac^ + 36c2 + ^s 
+ 3ac + 36c + A Sa^c + 6a6c + 362c + 3ac2 + 36c2 + 1? 

5. ic3 - 3x21/ + 3a.y2 « y3 + 3^.22 _ 6^2 + 3y2g5 + 3aaj2 _ 32^2 + gSjj;^ y 
o^ 

3x2-3acy + y2\ - 3x21/ + 3x1/^ - ^ 

- 3x2y + 3xy2 - 1/3 



3x2-6xy + 3y2 



Zxh-exyz + 3yhi-\-3xz^-Syz^ + 7^ 
3a;22 - 6»y2 + 3y22j + 3x22 - 3y252 + gS 
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27iB« 



8a!»+4B2 



-54a»+63aJ*-44a^ 
-54a»+36aJ*-8aS 



,6xS + 21a'-6x+l 



27aJ*-36x3 + 21x«-6a; + l 
27x* -360^ +21052- ex +1 



l-3a+6a>-7a3 + 6a*-3a« + a«(l-a + a8 
1 



a^ 



-3a + 6a2-7a* 
-3a + 3a'-a5 



6a2-3a8 + a* 



3a2-6a3 + 6a*-3a« + a« 
3a2-6a5 + 6a*-3a6 + a« 



jc^ (x - 2/ + 22 



cy + y* \ - 3x^3/ + 3scy2-. 1/8 
-3x2y + 3xy2-i/3 



a - 62/2 + 452^ 



6x22-12x^ + 6y% + 12x««-12ya!* + 823 
6x% - 12xyz + 6y2z + iSxz^ - \2yz^ + Sz^ 



a«-12a5 + 54a*-112a8 + 108a2-48a + 8(a2 -4af2 



a'' 



2a? f 16a2 



-12a6 + 54a*-112a3 

-12a5 + 48a*-64a3 



54a3 + 54ci2-24a + 8 



6(1* - 48a3 + 108a2 - 48a + 8 
6a* - 48a3 + 108a2 - 48a + 8 



138 
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lo. 8m«-36m« + 66m*-63m5 + 33m*-9m + l(2m'''-3m+l 

8m« 



12m*-18m» + 9m2 



-36m* + 66m*-63m» 
-36m* + 64m*-27m» 



) 2m* - 36m8 + 33m2 
-9m + l 



12m*-36m3 + 33m«-9m + l 
12m*-36m8 + 33m2-9m + l 



II. 



X3 (X + 21/-2 



3a^ + 6iry + 42/^ \ 6x^ + 12^+8^* 



3x« + 12acy + 12y2 
- Zxz-Gyz + z^ 



12. 



- 3x28- 12xy2 - 12y%f+3a»^+6yz*-2' 
\ -3x«2-12a?i/z-12y2z + 3a»? + 6y22-23 

8m' - 36m*7i + 64wm2 - 27n» - 12mV + 36mnr - 27«V + 
8m» 6mr8-9nf2-r3(2m-3n-f 



12m*-18mn+9n2 \ -36m*n+54mn'-27»* 

- 36m*n + Mnrn^ - 27»* 



12m'-36m» + 27n*- 
6mr-9rw + r* 



-12mV+36mnr-27nV+6mr*-9»r*-f' 
- 12mV + 36mnr - 27nV + 6mr2 - 9»f* - H 



13. 



3m2 + 3m+l 



m»+3m2-5 + -^— i (m + l--i 



m^ 



3m«-6 + 



w? 



m m* 



3m' + 3m + l 

-3m-6+A J_ 
m^ m' 

\-3m-6+— .-^ 
\ m* m' 
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LXXXIV. 

16a* - 96a8x + 216a V - 216aa8 + 81a;* (4a* - 12aa; + 9jc« 
16a* 



8a2-12aa; \ -96a8a; + 216a2x2 

-96a3x + 144aV 



8a2-24aa;+9a;2 \ 72aV - 216aa3 + Slac* 

72aV- 216008+ 81a^ 



and the square root of 4a*.- 12aa; + 9a^ is 2a - 3x. 



l-8a+24a*-32a5+16a*(l-4a+4a8 
1 



2-4a \ -8a+24a> 
-8a+16a* 



2-8a + 4a* \ 8a*-32a» + 16a* 

8a*-32a3 + 16a* 



and the square root ofl'4a+4a*isl-26k 



625 + 2000a; + 2400x* + 1280a;5 + 256a;* (25 + 40a; + 16a;" 
625 



50 + 40X \ 2000a; + 2400X* 

2000a; + 1600a;* 



50 + 80»+16a;^\ 800a;* + 1280a;' + 256a;* 

800a;* + 1280a;8 + 256a;* 



and the square root of 25 + 40a;+ 16a;^ is 5 + 4as. 
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4. 



a«-6a*6 + 15a*6*-20a56' + 15a«6*-6a&5 + 6»(a5-3a*6+3a6'-J' 



2a«-3a«6 






2a»-6a»& + 3a6* 



2a»-6a«6 + 6a6«-6» 






and the cube root of a' - 3a*6 + 3a6* - 6* is a-6. 



2x5 + 3iB2 



2flcS + 6x? + 3a; 



2x' + 6a:2 + 6a; + l 



6a:* + 16x* 
6x^ + 9x* 



Sac* + 2005" + 16aj* 



2a5 + 6x* + 6x + l 



and the cube root of a:5+3x* + 3x+l is «+ 1. 



6. m8-12m«+60m*-160m» + 240m«-192m+64(i»»-6wi' + 12w-8 



m' 



6 



2m3 - 6m2\ - 12m* + 60m* 
- 12m* + 36m* 



2m3-12m2 + 
12m 

2m'-12m' + 24m-8'' 



24m* - 160m* + 240m* 
24m* - 144m3 + 144m* 

- 16m' + 96m* - 192m + 64 

- 16m3 + 96m2 - 192m + 64 



and the cube root of m*- 6m* + 12m- 8 is m- 2. 
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LXXXV. 

I. x=±8. 2. 05= ±06. 3. 0^=110000; 05= ±100. 

4. a^-'49 ; «= ±7. 5. 3a!^=33 ; a*=»ll ; «= ±^11: 

6. «2=64flV, etc. 7. 4a?-48=3a!^-12; aj"=36,etc. 

8. 250000 -«"=» 233369; a*= 16641; a;=±129. 

9. 8112=3»»; aj«=2704,etc 

10. l^-18«+66=»9a6*-18a;+9;lla*-18x?=.-112;7«2-112,etc. 

11. «ia:»=a-n:!e«=l::2,etc. 

12. fl5*-(MJ+6 = aa^-aa5: 00^-352 = 6: a^=» ^.etc. 

a - 1 

13. 180x2-225=114x2+171; 66x2=396; x2=6, etc. 

14. 42x2-126=35x^-70; 7x2=56; x2=8; x2=4x2; x=±2V2r 

LXXXVI. 

1. a^+6x+9=81; x + 3=±9, eta 

2. x2+12x+ 36=100; x+ 6= ±10, etc. 

3. x2+14x + 49=64; x+7=±8, etc. 

4. x2 + 46x + 529 = 625; x + 23=±25, eta 

5. x2+128x + 4096 =4489; x + 64=±67, eta 

6. x2 + 8x + 16=81; x+4=±9, eta 

7. x2 + 18* + 81=324; x + 9=±18, eta 

8. x2+16x + 64=484; x + 8= ±22, eta 
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TiX X X VIL 

1. a?-te+9=16; x-3=±4,ctc 

2. «*-4x+4=9; x-2=±3, etc: 

3. a?- 20x+ 100=121; x-10=±ll,rtc. 

4. a?-2x+l-64;«-l = ±8,eta 

5. :^-12x+36=4; «-6=±2, etc 

6. a?-14»+49=4; x-7=±2,etc. 

7. a;»-234x+ia689=l; «-117=±l, eta 

8. a;»-6a; + 6=15x+42; x*-20x=36; a;^-20xT 100=136; 

x-10=±V4x34; «=10±2V34 

9. 3a*-17x-2x2-5a;+120=0; x«- 22a; + 121=1, eta 

10. a?-10a;+26+a?-14x+49=x»-8«+46; x*-16x= -28, eta 



Lxxxvin. 



. _i 10 , 169 729 13 .27 ^. 

4. ai»-13a;+-j _;,!-_= ±-, etc 

5. a^+»+-i-=^;»+-|-=±-|,eta 
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^x'lT^j.lSeO 16129 ^^37 .127 . 
^ ^^ 1 225 1 .15 .^ 

5a;-a;?+2x'-14aj-10a;+60=30; »*-19a;=i -60; 

4 4 

35»*-312a;+693-34a5* + 2la;+45=448; x«- 2910?= -290; 
o oQw. 84681 83521 291 j.289 . 



4 4 1 2 1 

2. /Ba+^ + _=3JL .«+j1--s+Jl, etc. 
^* ^^T^^25 25' 5 -5'^*^- 



^-"^ T^+81""81 '"^ 9^-=^9'^^- 

^ 11 ^121 121' 11 -11' 

^ o 4 4 529 2 .23 . 

c, or + ---a5^ = :xh — =± — , eta 

^* ^35 1225 1225 ' ^ 35 35' 

^ - 16 64 144 8 .12 . 

6l OB* -XH — = — :x =± — .etc. 

5 25 25 ' 5 -5' 

« 26 169 121 13 .11 .^ 

7. ««-^x + _-— ;x-3-±-3,eta 
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. ^ 4^^ 4 2209 2 .47 . 



xo. 

, . 1^^ 1 289 1 4.17 ^x^ 

5^^100 100 ^ 10 -10' 

^ . 1 1 625 1 .25 .^ 

3-^ + 2i+l6=T6 5^+4-*4'^*^ 



, « 3 9 1225 . 3 .35 -^ 
A. a^-4 XA, — ^ iscH — =s + — .etc 

^ ^2^^16 16 '4 -4' 

r ^ 9^. 81 1681 9 .41 . 

5-^-5^-*-l00"l00"'^-l0=*10'^ 

^ o 11 , 121 25 11 . 5 . 

^ ^ 15«. 225 2401 15 .49 . 

7-^-4^+64=-64->^-8-=-T''*^ 

Q ^ 23^ . 529 676 23 .26 .^ 

^•^-y^-^i96=l96'*-i4=-l4'"*^ 



XOL 

1. iB2 + 2aa; + a* = 2a*; x + a = ±V2.a, eta 

2. a2-4ax + 4a2 = lla2; a;-2a = ±A/ll.a, etc, 

3. jB2+3i^+?^^=4m2;a; + ^=±2»Wietc. 
^ 216 16' 4 -4' 
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a* 6* . 

; and, taking the square root of each side, 



(« + a)2 (x-a)2 



J^=±J_,etc. 
x+a x-a 



a€x2 - (Mix + 6cx = 6d ; x2+ 5^Z^a;=- ; 

ac ac 

^,hc-ad ,bc-i-ad ^ 2ad 2hc . 
x+— - — =s± ^ - ; x= — or--— , etc 

2ac 2ac oc 2ac 



ac o ex ac 



(a + 6)x«-cx=:-^^; x»- 



a + b' a + b (a + 6p' 

2_ ex c« _ cg + 4ac c__ \^c2 + 4ac 

a + 6^4(a + 6)2"~4(a + 6)2''^ 2(a + 6)""- 2(a + 6)"' * 



«. 3a2 + 62 6a2 + a5-262 

flj^4" X^ * 

a6c ahc^ * 

o 3a« + 6g (3a« + 6^« _ 24a.3?) + 4ag6g - 8a6« + 9a< + 6ft^6« + 5* 
a6c ^"^ 4o.^6V 4a»6V 

^.3a2 + 68 .3a2 + 4a6-&2 

^+ o , =±- ^r-7 ,etc. 

2a6c 2abc 

K 
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^ 4a«-9cSa^" 4a»-9cci» ' 

4a2-9c(ia ^■*' (4a«-9c(i«)2 - (4a«-9cd2)« 

* 4a2-9c(P """ 4a«-9c(P * 
- 2a(a<^ 4- 6(P ) ± 3<fVc.(ac« 4- 6(^0 . 

(-2a±3(iVc)(ac^W5 etiL 
(2a4-3(iVc)(2a-3(iVc)' 



XCII. 

1. x«-7a; = 8; a:8-7a;4-^=^; x--^=±|-, etc. 

2. a;«-5a; = 6; a;2-5x4-~=^; a;--5.=.±|., eta 

4 4 2 2 

2 n TO «j n«.^121 169 11 .13 . 

3. a;2-llx = 12: ac^- 11x4-— — =— - ; x — -=± — ,et& 
^ ' 4 4*22 

4. x2-13x=14;a;8-13a;4-15?=???;a;-^=±~,etc. 

4 4 2 2 

5. a;2 + 7a; = i8; x24-7x4-^=~- ; a;4--^=±ii, eta 

4 4 2 2 

6. 4ic2-12x-124-x = 22a;-66; 4x2-33x=-64; «2-^=-'-J 

• 33x 1089 225 33 .15 .^ 
^-4-*-64-=-64'^-^=-¥'''^ 

7. x2-9x + ^=i-;x-|=±|,eta 

8. 10x2-30x-6x4-6=7a:2-27x4-18;3x2-9x=12; a:«-3a;*»4,e 
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J-6a;=16; ic2_6a! + 9 = 25; a-3 = ±5, etc 
K2+20a-x2 + 9 = 4x* + 22a; + 30; 3x2-2a; = 21; 

3^'^ 3^9 9'^ 3""-3' 

a;2+i2a;-a;8 + 49 = 4a:2 + 34a; + 42; 3a2-22a;=-7; 

o 22x 7 2 22a; 121 100 11 .10 , 

''-llx = 12;a;2_iia; + l?i=l^ ; a;-ij= ±i?, etc. 

4 4 2 2 

2 lo !>! «2 io . 169 225 13 .15 \ 

^-13x= 14: ar — 13a; + —- = -- ; x--^= ±-^, etc. 

4 4 2 2 

2a?-8x + m-192;««-^=i.; x«-f +|=g, etc. 

:e»-169 = 26x,x«-?6?=lf ; o^^-^^^ 169=676^ ^,^ 

o o u 9 9 

*-9x = -20;a;*-9x + ?l=i-; a;-l = ±l, etc. 

4 4 2 2 

2c2-28a;-48-300 + 20x = 7x2-56x + 84; a;2_48a;= -432, etc. 

«-8a;=-12; a;2-8a; + 16 = 4; a;-4 = ±2, etc. 

ac2-.90a;+ 125 - 54a;2 = 9x2 - 75x . 54a;2+ ij)^ = 125 ; 

«.15a; 125 ^^ ■ 15a; . 225 27225 . 15 _ . 165 . 
"54 *:54 ' ^'^'IbI '*'11664""11664' *'^l08~ -l08' 

'ib2+35x-8a;2 + 20x = 6a;2 + 16x-70; 7a;2-39x = 70; 

« 39aj ,^ „ 39x , 1521 3481 39 .59 .' 

0^-^=10; «'^"-^ + T96 = 196 ^^-n=^l4'^'^- 

ia?-20x + 6x' + 16a;-70=7a;2 + 35a;; 7x2-.39a=.70, etc. 
"5*-6x + 9 + 4x=44; x2_2x=35, etc. 
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23. a:« + llx-7x»-9-4»; 6x*-15x=9 ; 2x«-6aj-3;«»-^«|; 

• 5x 25 49 6 .7 ^. 

2 16 16' 4 T 

^ 6 6 ' 6 144 144' 12 12' 

. X . 1 25 1 . 5 . 

25. «"-2+l6-144'*-4 = -i2'"*^ 

^, 1 841 1 .29 .^ 

26. x«-x + _= — ;x-^-±2-,eta 

27. 6a: + 2x + 2-=3x« + 3x; 3x»-6x=2; x»-^=|.,eta 

-,0 vi^ 00 -. ^9 a; 33 . X , 1 629 .^ 

28. 4x' — 33"X ; X* = — ; as" h — = — « etc 

' 4 4' 464 64 

29. 2x« = 3x«-3x + 2x2-4x + 2; x2-^=-A,eta 

o 7x_46 ., 7x 49 _2809 7 .53 . 

3"^- ^"I5~l5' ^"I5"^900~90b '"^^ 30" -30' 

31. 5x + 10-10x + 20 = 3x2-12; x« + ^=14,eta 

o 

12. 4x'-100 + 40x-4a!' = 75ai-15a!»; 16a;'-36x-100; 
„ It. 20 J 7a; , 49 289 .»„ 

33.90.-126 + 18x=22x»;x»-^»-g;,^-^ + I|=^ 

34. 3x2-5x=7x + 420; x2-4x=140, etc. 

48-12x + 4 0-8x^ 32 , 22-5x ^ 8 , 
^5' 20-9x + x2 ■"x + 2' 20-9x + x3^a; + 2' 

44+12x-5x2=160-72x + 8x2; 13x2 -84x= -110; 

« 8^^__116. ^_8^ + 1764^256 ^ 
13 13 ' 13 169 169' 
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)x> + 490 - 140a; + 10a;«= 203a; -29x2. 49a;2_343a.^ _490 ; 
aB?-7x=-10, etc. 

'+(a+6)a;+ ^ ^ ^ « n ^ ^ ;g+-_=±— -,ete. 

'- (6-a)a;+^L_^=:v^_i_ ; X- -2" = ±-^-1 eta 
*-2aa5+a*=6*; a;— a=±6, etc. 



6 '*"462"462'*"*"26"-26' 



" 06 *■*" 4a262 - 4^262 5«- 206""- 2a6 



XOIIL 

'2'^^=;;^!,x».2a;y + y«=400, j ""'^'•^tJ, etc 
4a;y =1200)' ^ ^ (a;-y=±20 

f2a;y+y*=169) ., ^ , „^ ( a; + i/= 13^. 

4a;y =144)' ^'^ ' U-y=± 6 

f 2a«(+y*=841 ) , ^ « .., (a + y= 29 .„ 

^ ^ >, a? -2an/+ 1/2=441, < ^ . iCtc. 

4a;y =400)' ^^ ' (x-y=±21 

-2a;y+y«=361 ) , ^ , ««« (a;-y= 19^^^ 

>, a? + 2aa/ + i/2=625, < . >etc. 

4!cy =264 (' ^^^^^ ' U + y=±25 

-2a;y+y2=2025) , ^ , „^^^ («-y= 45 .^ 

4aBy — 400)' ^ * ' (x+y=±101 
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xcrv. 



0^ +y«=40 5 ' 2xy"24; x2 + 2xy + ya=64, ete. 

a:« +y»=178 ! ' ^=^^' a:3 + 2xy + y«=256, etc. 

^ ^_^J,^jQ4J;2xy=40;x2-2xy + 2^=64,eta 

6. {B3 + 2xy + y2=2401 ) « ^«^ , « 

x« +y2=1681 ! ' 2^=^^^' x2-2xy + y«=961, etc 

xcv. 

2. x^- aw + 1/2= 31 ) 

x»-.2x!, + y^=144 ! = ^-'=^ ' ^-2xy+j^-64, eta 
4. 0^+ a?v + t/2=28 ) 

q. 3^+ a?v + v2=49 ) 
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XCVI. 



I. 4+^+1= «^ 



x2'xy'y2 400f S^^JO . J_^ 2 1^J_ ^^^ 
1 1 41 r ' ay 400' a^ an/ "^ 400* 

F '**"p""40o3 

2 1 + A + l- ^) 
• a^ + a:y+y2- 16 f ^^ 4 . ^ _1 ^1^1^ ^^^ 

1 1 __ 5 r ' «y 16 ' a;2 ay 2/*-^ 16 

. 1 2 1 _^ 

a^ ay y^ f . 1^12; 1-^ + 1 = 1, etc. 

117 

4. Divide the second equation by the first ; then = r^> eta 

a y 12 

117 

c. Divide the second equation by the first : then =7r> ®^c. 

-^ 1 ^ » y 2 

6. Divide the second equation by the first ; then =7, etc. -f 

^ "^ a / y ' 

XCVII. 

1. »-y = l ; a2-2ay + y2=l ; 3ay = 36, etc. 

2. i»2 + i2ajy + 36y2=576; a + 6y=±24. 

Now, from the first equation, a (a + 6y) = 144, .'. ±24a = 144, etc. 

3. a^ + 2ay + y2=441 ; a + y = ±21. 

Now, from the first equation, x (a + y) = 210, .'. ± 21a = 210, etc. 

4. a;* + 2ay + y*=100; anda*-2xy + y2=36; 

hence a + y= ±10, and a -y= ±6, etc. 



152 KEY TO ELEMENTAR Y AL GEBRA. 



5. fl; + y=»8; a:' + 2icy + y*=-64 ; 3xy»-45, etc. 

6. 4x ■= 10 + 5y ; put — -— ^ for x in the first equation ; 

then il0±M*+?0y + 45j^=100; 70v»+190j,=660 ; 
7y2 + 19y»66; whence y = 2 or - ^, etc. 

7. Puty = tnx. Then- 3^^,_^^, ^_; ■___^-,; 

25 + 25m + 25m*= 117m* - 195m ; 92m' - 220m = 25 ; 

hence we get m ■» — - or - 7^ • Taking the value — , we get 

2 46 2 

x2 + ^ + ?^=39 ; 39x2^39 X 4 . a;= ±2, etc. 

o T» i. rnkl a' + ma;' 66 1+m 66 

8. Puty=ma^ Then-^ ^2^ = "ft 5 •^—^2— r" 5 

mar — m*x* o m — Tti^ 5 

5 + 5m = 66m - 66m* ; m* - -x^=« - ^^ ; hence we get 

66 66 

m = i-, or A. Taking the value -|-, a^ + ^= 66, 

whence x* = 36, JC = ±6, etc. 

T» i. rm. 3 + 4m 20 , 1 3 

9. Put y -sma;. Then ?r— -=tt; J whence m=---- or --- • 

^ ^ 6m + 2m2 12' 2 10 

Taking the value J, we get 3x2 + 2a;2at 20 ; x = ±2, etc 

T, . mi x^-mx^ + w^o^ 7 l-m + m* 7 

10. Put y^mx. Then --5 — — - — g — ^ « o ^tt;^ > s — ?i^ 7r-9=T^ 

^ 3x^+13ma;2 + 8m2x2 162 '.3 + 13m + 8m2 162 

162- 162m + 162m2=21 + 91m + 56m2; 106m2-253m= - 141; 

253_ 141 . ^ 253 . 65 . ^ 3 ^, 47 

•jr* m = : m — — = x — i m = — or — — • 

136 106 ' 212 212 ' 2 53 

3 3X2 QyS 

Taking the value ~, we get a:?- -9- + -t-™^ ; a« ±2, etc. 
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1 1. Put y=?iia. Then-L_^_?| ; 36m2 + 53m=18 : 

m + w* 18 

70 70 7 10 

Taking the value -— we get «= ±7, eta 

29 — 7t/ ' 
X 2. x= — -— ^ ; putting this for sc in the first equation, we get 

2523-1218y-H47ya , 116y-28 y2 . 

132^2 _ 638y = - 748 ; y = 2 or i^, etc. 

DO 

T3. x + y=22; {B* + 2a:2/ + y2=484; 3a::i/ = 360; a:y=120; 
x2_ 2a5y + y2=4 ; X - y = ±2, etc. 

14. Subtract the second equation from the first ; x2 + 2xy + y2_i69 . 
05 + ^= ±13. Take the positive value, and for y put 13 - x in 

the first equation; x* + 117x- 9x2=340 ; x2-—x= -— ; 
^ 117 13689 2809. ^ 117 .53 . 

15. x2 + y2=225 ) x2 + ^+2xy=441 ) x + y=±21 ) 

2xy=216r x2 + y2_2xy= 9K x-y=± 3)'^^°' 



XCVIII. 

1. Let X be the number; then ^ x -|-=864 ; x2==5184, etc. 

2. Let X be the number ; then /^-£ x -^V 3 = 298-?- ; —=896, etc. 

\7 8/ 3 56 ' 

3. Let 2 be the number ; then (94 - x) (94 + x) =8512, etc. 
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4. Let X be the greater ; then - — is the less ; and x x ;^--.=3— ., etc. 

^ 750 3 

5. Let X and y be the numbers ; then x* + y's= 13001 and a? - y^^ 1449 ; 

adding, 2x2=14450, etc. 

377 377 

6. Let X be the greater ; then is the less ; and x - 21 = 21 ; 

X *i 

x2-42x=-377; x»-42x + 441 = 64, etc. 

7. Let X be the number ; then ^x — x^x — = 6750 ; x*=81OO00 ; 

2 3 4 5 

x2=900; x==30. 

8. Let X be the number : then il^ = a; + — ; 11500=x2 + 51 etc. 

X X 

9. Let X be the number ; then (x + 20)^ + 2 (x - 10)^= 17475 ; 

x2 + 40x + 400 + 2x2 - 40x + 200 = 17475 ; 3x8= 1^375^ etc. 

10. Let X and 26-x be the numbers ; then x2 + (26-x)2=:436 ; 

2x2 -52x + 676=436; ic2_26x= - 120, etc. 

1 1. Let X + 17 and x be the numbers ; then (x + 17)2 + x2=326, etc. 

12. Let X and — be the numbers ; then x2 + 5__^_ =514 ; 

X x2 

X* - 514x2= _ 65025 ; x* - 514x2 + ^6049 = 1024 ; 
x2-257= ±32 ; x2=289 or 225 ; x=17 or 15. 

1 3. Let X and 16 - x be the parts ; then x2 + (16 - x)2 + (16 - x)x= 208 

x2-16x + 256=208; x2-16x=-48, eta 

14. Letx2be the number; then x2 + x=1332; x? + x + i-=^?- 

4 4 

x+i-=±^; x=36; x2=1296. 
2 2 
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15. Let X* be the number ; then sc^ - 35= -i_, eta 

4 

16. Let a^ be the number ; then ^ - 05=2550, etc. 

17. Let 05 and — be the numbers ; then ix + — ) ix )=20 ; 

a:«-^-=20; {B*-20{c2=576 . jc*- 20x2 + 100=676 ; 

a*- 10= ±26 ; taking the positive value a: =6, etc. 

1 8. Let X be the greater, y the less ; then x (x + t^)=204 and 

V (*~y)'=35, or, x*+jcy=204 and 5cy-y2=35. 

Put 2/=ma5. Then — __^ =___ ; hence one value of m is— - 
and x2+ 5^=204; 17x2^2448; x2=144, etc. 

19. Let X and x- 6 be the numbers ; then x (2x - 5) =228, eta 

to. Let X— 1, X, x+ 1 be the numbers ; then (x- 1) x (x + l)=3x ; 
x2-l=3; x2=4; x=2, eta 

ti. Let X and x + 1 be the numbers ; then (x + l)2-x2=15, etc. 
i2. Let X and x + 1 be the numbers ; then x* + (x + 1)2=481, etc. 
13. Let X- 1, X and x+ 1 be the numbers ; then (x- l)2 + x2 + (x + 1)^ 
b365, eta 

24. Let X be the number ; then — = — zL+ 1 • 

X x + 3 

60x + 180=60x + x2 + 3x; x2 + 3x=180,-eta 

80 80 

25. Let X be the number : then -- = + 1, M^ 

X x+4 ^^^ 



156 
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675 

26. Let X be the price of each piece in shilliogs ; then 675=48 x — -i; 

675^ = 32400 -x2, etc 

180 180 

27. Let X be the number ; then — = -« +3, etc. 

108 108 

28. Let X be the number of miles : then — = — « + 6, etc. 

X x + 3 ' 

20. Let X be the number of sheep ; then — = — ,- .etc 

^ ^ X x-16 10 

30. Let X and a; + 2 be the number of hours ; then — 1 ^ = ^rr-j ^^ 

X x + 2 z\\ 

31. Let X be the number of yards in the breadth ; 

then X (x + l) = 10100, etc. 

32. Let lOx + y be the number ; then x—2y and (lOx + y) (lOy + x) 

= 2268 ; hence 2ly x 12y=2268 ; ^^=9, etc 

33. Let X and y be the D, 

distances in feet 
of the ladder from 
the bottoms of the 
houses ; z the 
length of the lad- 
der in feet. 

c y 

Then since BCE is a right angle, 

BCA and EGB together make a right angle. Eucl. L 13. 
But DC A and ADG together make a right angle. Eucl. i. 32. 

.-. angle ^CB= angle ABG, 
Hence triangles A CD and BECaie equal in all respects. EucL L 26. 

.*. a;=27, and y=36 ; and x + y=63. 
Also 22= (27)2 4. (36)2, EucL L 47 ; and .-. «=45. 
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34. Let X and y be the length and width in feet. 

mi,^„ 7x 15y ^, 23 



1050^=1280^-736 ) xy=32 ) 34^.2^^32, eta 

14a; + 15y=:16x + 16y-34)' 2x + y=34)' ' 

35. Let lOx+^be the number. Since the number is less than 50, 
and the difference of the digits 4, ^ is the greater of the digits. 

Then y- 05=4 ) 

' et<x 



i. 



(10y + a)2-(10a; + y)2=3960 

36. Let X be the number of rows, is then the number of trees 

in each row. 

Then (a; - 20) (^-5222 + 25) = 10000 

or, 10000a; - 200000 + 25x2 - 500x = lOOOOx 
or, x2-20x=8000, etc. 

37. Let X be the number of men in the regiment ; ^ the number in 

the side of the square at the first attempt 
Then y2=x - 39 and (y + l)2=x + 50. 
Hence (2(+l)*-y2=89 ; whence 21/ =88, y=44, etc. 

XCIX. 

, ^ 29-7y . 4-2y ,^4-2y 

I. X— — --£==5-y+ —r-^ ; let — --^=m 
o 5 

^, 4- 5m g. - m , ^m „ 

y— — 2 — = 2- 2m- -^; let 0"=^ J m = 2ii 

Then y = 2-4n-n = 2 — 5ri 
and x = 5— y + m = 6-2 + 5n + 2»=3 + 7M 
when n = ; y = 2 and x = 3. 
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7» 



y=77^=^ + ?!?LLl;iet22LLl-n 

_ 5n— 1 ^ n— 1 , ^ n — 1 ^ 
m=— — = 2n + -2- ; let -^^V 

n = 2p+l 

Then y = m + n = 2n+^ + n = 4p + 2+|9 + 2/) + l = 7|)H'3 

jc =» 1 3 - 1 4p - 6 - 4p - 2 - 2? = 5 - 1 9!2? 

when p = 0, 05 = 5 and y = 3. 

1170- 1 9y_ 6y . 6y_ 

,y=-_=2m + -g; let-g=ri; m=6» 

Then y = 13n and a; = 90 - 19n 
when 71 = 0, y = and jc = 90 

n = 1, 2/ = 13 and a; = 71, etc. 

26-52/ _ 2^-2 , .22/- 2 ^ 

4. a;=— ^=8-y-^^ ;let-Y- = ^ 

y=?!?^=^ + l + |;letf=r.;m = 2n 

Then i/ = 2w + l + ?i = 3w + l 

x = 8 — 3w — l-2n = 7-57i 
when n = 0, 2/ = l, x = 7 
?i = 1, 1/ = 4, a; = 2. 

5. 5i/ = 14x-7; i/ = 2x-l + i^;let^^=m 
"^ 5 5 

6m + 2 ^m + 2 ,.m + 2 ^ . ^^ x*. o 
a = — - — = m + — :; — ; let — -r- = n : tai = 4?i - 2 
4 4 4 

Then a; = 4n- 2 + w = 5n- 2 

y«l0»-4 -l+4?i-2 = 14»-7, eta 
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6. x=10?lzl52.93-,-l?'^«; letl^« = « 

4 4 4 

_ 4w. . n 1 i. ^ •» . *, 0-* 

Theny = 8;? + 2 + 32> = lll) + 2 

a = 93-ll2>-2-4;> = 91-15p, etc. 

^ ^, 308- 11« ,. 4a; , , 4a; ^ 

7. y= _ =44-»-y; let y=m 

^ 7m . 3m I . 3m ^ 

wi= 3-=ri + Y;lety=l?; w=3p 

Then a;=m + n=3;?+j9 + 3;) = 7;? 

y=44— x-m==44-7/) — 4p=44— llj?, etc. 

Q ^ 23 + 19V ... .3y + 3 ,^3y + 3 

• 4 4 4 

4m-3 , ^ 1 i. m « 

y= — ^ — =m-l + — ; let-^=n; m = 3w 

Then y = 3ri - 1+ w=4m - 1 

a=5 + 16w-4 + 3n=197H-l, etc. 

20X-683 o ^- 2x-8 , , 2a-8 
9. y= ^ =2a;-75+ -g ; let -9- =»» 

a;= — - — = 4m + 4 + — ; let -5-=*^; m = 2n 

Thenx=8w + 4 + n=9n + 4 

y = 18n + 8 - 75 + 2ri = 20w - 67, etc. 

383 -7w ,^^ ^ 1/-2 , ?/-2 
la a;= — _-?= 127-22/-^-; let ^ =m 

Theny=3m + 2 

x=127 6m - 4 - m=123 - 7m. etc. 
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,. ,, 54-27x ,o a 3a;-2 ,^3a;-2 
II. y= — «=13-6x 7— ; let — - — s=m 

4 4 4 

x= — ^ =»m+— ^; let — ^ = n; m«3»-2 

Thena;=3n-2 + n==4n-2 

y=13-24» + 12-3w + 2=27-27n, eta 

7 ^7*7 

3m + l+o-; let o-=^; m=2» 



2 • 2 ' 2 

Theny=6n + l + n=7w + l 

a; = 93 - 7n - 1 - 271 = 92 - 9», etc. 



■3-T-^l=i'^^^^=" 



y= — ^=8-a ^ ; let-^— =wi 

7m + l_.m + l,^m + l ^ i 

a= — ^ — =3m + — g— ; let — ©"""^^ m=2n-l 

Then a;=6w-3 + ?i=7w-3 

y=8-7n + 3-2w + l = 12-9» 
when w=l, 05=4, y=3. 

13a;-82 ^ 2a;-5 , , 2a;-5 

Then a5=sl07i-5 + 2 + n = llw-3 

y=llw-3-7 + 2n-l=5l3w-ll 
when n=l, flc=58, t/=2. 
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[5. Let X be the number of florins, y the number of half-crowns ; then 

4a; + 5y=58; x=sl4-y-Ji^; let J^^^m 

4 4 

Then y=4m + 2 and x=12 - 5m^ etc. 



[6. Let X be the number of half-guineas^ y the number of half- 
crowns; then 

21a; + 5y=800; y=160-4a;--|- ; let -|-=m 

Then x=5m and ^=160 - 21m 
when m=*l, »=6, y=139, etc. 

7. Let a; be the number ; y the first quotient, z the second quotient. 
Then-=y + -;-g-=.+_ 

Hence 5y + 2=»9«+3; y=2 + ^ii; let^ii-m 

5 5 

5m— 1 .m— l,.m — 1 ^ a , 1 

«= — - — = m+ — 7—; let — T—'^n\ m=4n + l 
4 4 4 

2=:592, + l ; ^sdn + 2 
Hence ^=2, 11 . . . and hence x^\% b7 , , . 

8. Let X be the number of guineas, and y the number of crowns. 
Then 21a + 5y= 236; y=47-4a;--|. ; let -|-=m 

Then x=5m ; and y=47 - 21m, etc. 

9. Let X be the number of half-guineas, and y the number of half- 

crowns. 

Then21x-f-6y=183; y=36-4x-^ let^=m 

Thenx=5m+3; andy=36-20m-12-m=24-21m, etc. 

L 
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20. Divide by 17 ; then 19a5-31y = -Y^ ; and the right-hand side 

being a fraction, no integral values of x and y can make the 
left side equal to the right. 

21. Let X be the number of oxen, y of sheep, z of hens. 
Then a; + y + 2 = 100, and 100a; + 20y + a=2000, 

.•.99x +19^=1900 

Hence y=100-5x-^; let ^=m 

0!=-— - =5m- -r ; let -7-= » ; m = 4» 
4 4 4 

Thena=19n; y=100-99n 

If n=l, a;=19, y=l, and .•. 2=80. 

22. Let A give x sixpences and receive y fourpenny pieces. 
Then 6a; - 4y =68 ; or 3x - 2y=29 

Theny=a-14 + ^^; let?^=m 
Then »=2wi + 1 and y=3m-- 13, etc. 

23. Let X be the number of half-crowns, y of florins, z of shillin^p. 
Then a + y =4z, and -^ + 2y + 2= 244 

Hence x + y=4z, and 10a; + 8y + 42=976 
.-. Ila5 + 9y=976 

TT -lAo 2x-4 ,^2x-4 _ 

Hence y=108-a!- — ^ — ; let — 5 — =m 

a;=4m + 2 + ^;let^=ri; m=2n 

Thenfl;=9w + 2; i/=108-9n-2-2n=106-lln 
Hence x=2, ;f=106, 2=27, which gives the greatest number of 
coins possible. 
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4- Let there be x half-crowns, y florins, and z fourpenny-pieces. 
Then a; + y + 2 = 50, and 30x + 24y+4« = 1200. 
Hence 26x + 20y=»1000. 

,.y=60-x-g;letg=ni. 

Then x=L0^=3m+^; let ^=n; m=3n. 

Hence x=10n and y=50- 13n 

.-. JB^IO, 20, 30 ; y=37, 24, 11 ; »=3, 6, 9. 

S. Let A give x sovereigns, and receive y dollars. 
Then240x-61y=12; or, 80x-17y=4. 

Hence y = 4a; + — r=— ; let — — -=m 

a5 = m+-^^;let-32-=n 

m=2n+2?^;let?^=j> 
5 5 

n = 2p + 2+^; let|-=g;i>=2g. 

Thenx«m+n=3n+^=6p + 6 + 5g=»17g + 6 
y=4a; + m=68g + 24 + 2»+;p=82g + 28. 
Hence when 3=0, x=6, y=28. 

S. Let 2x and 3^ be the parts ; then 2a; + 3i/=s25. 

Then aj=12-y-lLzl; lety^=m 

y=2m+l and 05=11 -3m 
Whenm=:0, y = l, a = ll ; 2a; = 22, 3y = 3, etc. 

7. Let there be x crowns and y florins ; then 5a; + 2i/ =s 49. 

Then y=24-2a;-?^; let^=m 

a!=2m + l, and y=22-5m 
Hence we get positive values for x and y, when m=0, 1, 2, 3^ 4. 
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7. SB** - Jty + y** 

a5*« - apSiiyw 4. x*«y** 

+ x*y* - rB**y ** + a^*y** 

8. oP^+p-ftp'+cP 
ap"-p + 6i-p*+ci-p 



+ aP^+p6i-p«-.6 + 6i-^c«> 

+ aP*+Pci"P-&pV"*+c 

aZp'-oP^-PtP^ + oP^-p^jP+a^+p^i-p^ - 6 + }^'^(P 

+ aP*+Pci-p-fcp^c^'*+« 

9. a^ + a^ + 1 10. a^-a^ + 1 

ir^+a^ + l x*>-»P + l 



+ a:3p4.a^p^.jpp -jc3p + jc^_jpP 

+ a^ + jcP + l +sc^-a^ + l 



a:^ + 2x*'' + 3a;2p + 2a;P + l {B4p-2a9p + 3a^-2ajP+l 

OIL 

I. a!*" — 3^) a^ — y** (x*** + a?''y* + aPy** + y^ 
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3. af-^)a!^-j^(jK5»' + aj*»'i/*', etc. 

ajBTyr^yOr^ etc. 

4. a'** + 62fl)ai6p + 510a (flt^p^^gp^ag^ etc. 

al6p + aUp52fl 



5. «*-3)xW-243)a^+3x3(i^ etc. 



3iB«-243, etc. 
6. a»» + 2a?^ + 4«*»)<**»+4a2«x2* + 16a^(a2«-2a'»x»+4«2» 
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2 + 10a5»» + 2x*» 















a«~ + 6a«*» + 16a**+20a*»+16a*» + 6a*+l(a*»+3a*»+3fl*+^ 



a' 



Wk 



2aS« + 3a2« 



6a*~ + 15a*«» 



2aS« + 6a2»» + 3a"» 



6a^ + 20a*» + 15a*» 



2a3m + 6a2»» + 6a'" + l 



2a*» + 6a*»+6rf"+l 
2a3~ + 6a** + 6a»+l 



10. 



a*» + 2a«6* + 6*» + 2a"»c*' + 26V + (^fa* + ft* + «f 



a 



am 



2(3^ + 6* 



2a»+26*+d' 



2a«6» + &*• 
2a«6*+6*» 



2a'»c*'+26«(f+c?** 
2a«c''+26*(5»'+c*' 
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cm. 

«l-2xl + l 2. 






y + yi + yl + yi 


x-3xl + 3xJ-l 

3. at+afscl + xt 


y -1 


a'+alxf + alxt 




a2 -a? 





a - iM\ + ai6l - aM - al6M + aid 

+ alcJ - ai&Ici + 6lcl - aid - Mel + e 

2x1-33^ 

10» + 4xl2/i + 6aiyi + 14a%l 
- 16«l^ - 6xJyi - 9a%i - 21y 

lOflB-llxiyi +5xiyJ-21y 

mt + mini + mini + mJnl + iA 

m + 'mXn\ + mini + mini + mtnl 
- wXith - mini - mini - rphn\ - n 

m — n 
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7. 


m}-2(2imi + 4(2i 




m}+2<2imi + 4(ft 




mt-2(2im +4(2hyif 




+ 2d4m -4iimf + 8(2imi 




+ 4(J4ml-8(iJTOt + 16i 




ml +4iim} +16<i 


8. 


8af + 4a?6^ + 5a^6? + 9&f 




2af-3&^ 


• 


16a + 8af 6» + lOaf 6? + 18aW 




- 24a»6f - 12a?6» - 15a»6f - 276 




16a + Mth\ + lOaf 6? + 18af &f - 24a?M, eta 


9. sc* + a* 


10. x(-ai 


^■¥ah 


Th-ak 



acf+aia;! sf-aixl 

+atei+al -aia^+at 



a^ + 2atei+af 


a^-2ai«i+af 


II. xf+yl 


12. a+6i 


xl+yf 


a+&i 



+ a%f+yl +a&i+6l 

af + 2a;fyl + y* a' + 2aW+W 

13. Jci-2a!l + 3 14. 2a^ + 3x* + 4 

xi-2iB4 + 3 2a;? + 3{Bf + 4 



sc-Sjcl+Sa:* 4ajf + 6a;? + 8xf 

-2a5i + 4a:i-6a:4 +6!Bf+9xf + 12a5f 

+ 3a:*-6a* + 9 +8«? + 12x*+16 



aj-4Bl + 10irf-12xl + 9 4B» + 12«# + 25ajl + 24»»+l^ 
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15. «*-y* + «* 
sci-yi+«i 

ad — sciyi + xW 
-sciyi + yl-yigl 

acf - Saciyi + yl + 2a5*2* - 2yial + «l 



16. xi + 2yi-2i 
xi + 2yi-2i 

+ £xiyi + 4y*-2yJs* 

-a5bi-2yi»i + «* 

aci + 4a5lyi + 4yJ - 2x42* - 4yi2i + 2* 



CIV. 



yl)x-y(a5l + yl 
x-aciy* 


2. aJ + 64)a-6(a*-64 


a%^-y 
aciyi-y 


-al64-6 


yl)x-y(xl + xiyi + yl 
x-xiyi 


a + a\b\ 


xiy*-y 
xiyJ - xiyi 


-a\b\^b 


ad^yl-y 
xhft-y 


am-¥b 
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5. x*+yl)x+y(xt-xfyl, eta 6. fiU-nl)m-n(ml+m}nly et 
x+a%i m-mfftfi 

-xlyi + y, etc. mt»i-n,etc. 



7. xi-3y*)x-81y(a5l+3x*y*, etc 
«-3xlyi 

3xiyi-81y, eta 



8. 3ai-2&i)81a-16&(27al+18alH, eta 
81a-54al&l 



9. a*+a5l)a-«(a*-«* 
a+alxl 


+ 10 


54al&l-16&, eta 

10. ml-3)m-243(m*+3ml, e 
fii-3mt 




3m*-243 
3m* - 9ml, etc. 


II. xl + 7)x+17xl + 70(a* 
x+7a* 

9 


12. xl-3)xf+xl-12(«l+ 
xl-3xl 


10x* + 70 
10x1 + 70 


4x1-12 
4x1-12 



13. M-l)-M + 35-361 + 61(-5 + 26l-61 
-W + 2> 



26-361 
25-261 

-61 + 61 
-61 + 61 









''^ «*-«*»*+«*M^ 



»i*nl 









J 
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17. p*-2p* + l)|>-4/)J + 62»*-4j)i+lQ>i-2pi + l 

-2pl + 6pi-4pi 



18. 2x* + 3y* + rf)2a; + a5*y*-3y-4y*2*-a*8l-a(aj*-yl-al 

-2xh/*-3y-4yh*-2jcla*-« 
— 2xJyl — 3y — yfc* 

— 2xis^ — 3ytei — % 
-2aA!*-3yfei-« 



19. ajf-x?yt + xfyl-a%l + y*)a;+y(xt + yl 



CV. 



I. a-1 + 6-1 


-6- 


•1 

-2 


2. x"' + 6"* 


a-«+a-i6-i 
-a-iJ-i- 


-a;-86-»-6-* 


a-2 


-6- 


»-« -6-* 
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•«"■! x'+l + x"' 



-a^^+l + ac"' a^-a^ + 1 



-«-* 



+ l-x"'+x~* 



{«* +1+X"* 





-6- 


-4 
-4 


6. 




-a-26-i- 




k 


-&■ 


+ a-ic-i-6-ic-i + c-2 



a-« + 2a"ic-i-6-«+<j"-2 



l_a5-i + a26-2 

1 +a26-«+a*6-* 



8. a26-« + 2+a- 
a«6-2_2-a-262 

a*6-* + 2a26-« + l 

-2a26-2-4-2a-«62 

-l-2a-252_^-4ft4 

a*6-* 4 -a-*6*-4a-262 



176 
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X"* - a;"i + l 

2 3 

2x-8-x-i-i- 
2 

2 3 

6 _, 3 ., 7 

K«.-4. 7 .3 107 _. 6 _, 7 



I. x + x"^)a:'-x"*(x-x~* 
x^ + l 



OVI. 
2. a-6-i)a«- 6-«(a+6"^ 



-l-x-« 
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4. c-d-*)c»-d-«((J*+c»(i-*+c>d-», etc 






c'd-^-c*^"', eta 



5. xy-i+x~iy)fl:^"*+2+x~V(a5y"^ + «"^ 

l+a;-y 









a!"iy— a;"y 
M 
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+ 3j^-4x *+-3 3 ^+27 

Cflg-"* 41x-» 43a;"» 
2 8 4 

2 



8 


.IK 


» 33*-* 

4 


a-» 


«-» 


ar-i 


8 


-4-^4 




2 


-9aj-i + 27 




9x-« 
2 


-9aj-* + 27 
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cvn. 

xt + 2a%i + 2xly 

- 2«iyi - 4«y + 2a;iy 
^ 2xlyi - 4xy - 4aHiy* 

2xly + 4xii/l + 4y* 



2{cfy + 4x^2/1 + 4y^ 



1 lBg6+M 

2. {aJ***Xx"}85;=^=:X 8a-J , 



1 lOft-fiaa 



) ac'+a'-a^+a^ a(a;-(i-a;-a) ) / 4a* \* . 



i8o KEY TO ELEMENTARY ALGEBRA, 



7 2 

7 



6 AC -r ^ 



7^-4^22 _, 421 _, 10 .- 1 

^* +y* -i2* -7* '+T 



6. ^ — — =«•-•+•=««. 



7. a5* + y*)ac**-y**(a5*-y* 






a2 + 3a«M + 3aM+aW 
- a«6l-3aM-3al6l-6V 

a2 + 2aJ6f -2al6l-6V 



9. ai - 6i) a - 6 (a! + aJW, etc 



ai&i-fr^ eta 
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10. (a2)»=a8+2+... mt«ii«^aam=,a«xa«=(a«)« 

12. a«+»+«+«+ft-«+«-*+«+6+«-«=ix**'*'**'*'^. 

13. (a^)*-r(a^)*"«=»**-r»**"'^=a^. 

14. 4a*^i-=:4a*x4a«=16a*». 

4a* 

16. 2a*« + 2a»i*»-4a«<J*-3a'»6-36«»'^i + 66c» 

17. ««■»+»-• 6*-p+i»-» c=lxlxc=& 

g ai(al + 6? - (i\W) ah 

' (ai + 6i)(at-ai6i + 6!)"arT6i* 

19. (ic* + ic* + l)(a*-«* + l)=xl + ic* + l 
(flcf + id+l) («!-«* + l)=xl + al + l 

20. a"* -&«*•" *« + <»*•"*«* 



— a^3-pyPfl- fl _ ^fl- 2fl 

m»— 1 1 ma— 1 



22. {(a'»)~^"^i=a"*+i«a«"^ 
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23. a5'»'+x*'3f +ar^+^ 

- ac^f' - x*-/' - af y*» - y^ 

24. ^625=^25=5; and j^=j~ 



25. a^--- 



•y* + 



26. zi+3xi-l 



at + 3xJ-acl 
-2rf-6x* + 2x'* 

ap + 3xl-2xi-7«4 + 2x'* 



CVIIL 



1. ael sad y) ; zt and yi ; /^x' and /^y*. 

2. 41 and 2i ; 4i% and 2A ; V^^ and ^2^, eta 

3. laiandSOi; 18iand50i; IjY^ 9sA i/^,ti6. 




4. 2"» and Sr ; 2*" and 2^ ; 'V2» and ■V2*. 
t 1 JL ^ 

and i? ; a^ and ft*** ; "Va* and "V6*. 
and (a-&)l; (a+&}l and (a-&)l, eta 
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OIX. 

V(4x6)=2V6. 2. V60-V(25x2)=6V2. 

:2y8rO=4»V(22/»). 6. V(100 x 10a) = 10 V(lOa). 

x5c2) = 12cV^ 8. 7.V(36xlla;)«42V(lla;). 

• II. VWflt' + Saaj+a^lasCa + a;) Vot« 

12. V{x(a^-2ay + y^} = (x-y) V«- 

1 3. Vf 2(25a' - 50a6 + 2662)} = 5 (a - 6) ^2. 

14. V{7y(9c*-6c2y + y«)}=(3c«-y)V(7y). 

15. y(27a«x262)-3a«y(26«). 

16. y(20xyx8xY)=:2»y*^'(20jcy). 

17. y(27mVx4n)=3m8»3y(4n). 

1 8. ;^(343a^6« x 46) = 7a«6« V(46). 

19. i^{x(x?» + Za^ + 3acy2 + y^)} =(x + y) ^x. 

20. ;^{a(a8 - 3a26 + 3a62 - y^) = (a - 6) Va. 

ex. 

= V16 . V3= V48. 2. 3 V7= V9 . ^7= V63. 

: yi25 . ^9= yil25. 4. 2 V6= ^16 . ^6= y96.' 

s. 3V|-=;^27.y| = y^. 

6, 3 Va= Vd . V^^ V(9a)- 
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23. ^•\'Q^}f^-\'Qf^-\''l^ 

- ac^'y'* - a5**'y'* - af y^^ - j^ 
24- y625=«V25=s5; and jgj-j^ 



25* a^"**"*— j^"*' 

jl^_y<* 



26. a5* + 3ac*-l 
»l-2a5-* 



ac + SxS-aci 

« + 3xl-2xi-7a5l + 2aB"* 



CVIII. 

1. a:* and yJ ; arf and yi ; Vx* and Vy*. 

2. 4* and 2i ; 4A and 2A ; '!J^^ and "i/S^, eta 

3. 18* and 50* ; 181 and 501 ; ijl^ and y502, eta 



m 



4. 2"» and 2* ; 2"»'' and 2r* ; •^2* and "^2*. 

5. o» and fe" ; a"^ and &**• ; "Va* and "Vfe*. 

6. (a+6)*and (a-6)*; (a +6)* and («-&)«, eta 
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CIX. 

= V(4x6)=2V6. 2. V50-V(25x2)=6V2. 

5x2ys8^ = 4»V(2y2;). 6. V(iOO x 10a) = 10 V(lOa). 

44x6c2) = 12cV5^ 8. 7. V(36xlla;)=42 V(ll«). 

1. V{a(a' + 2aa;+a5')} = (a+a) Vflt. 

2. VWa5'-2xy + y*)} = (aj-y)V«. 

3. V(2(25a* - 50a6 + 256^)} = 5(a - 6) ^% 

5. y(27a«x262)=3a8y(262). 

6. ;^(20icyx8xY)=:2xy*<^'(20xy). 

7. y(27m»n»x4n)=3mWy(4n). 

8. ;^(343ai«6i«x46)=7a665y(46). 

20. y{a(as - 3a«6 + 3a62 - fcs)} = (« - 6) ^o. 

ex. 

J= Vl6 . V3= V48. 2. 3 V7= V9 . V7= V63. 

)= V125 . ^9= yil25. 4. 2 V6= ^16. ^6= ^96/ 

s. 3y|-=y27.y|=y^. 

6, 3 Va= V9 . Va= V(9a). 
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7. 4a V(3«)- VClfla*) V(3«)= V(48a»r). 

8. Sox Vg) - V(4«W). Vg) - V(3<A!). . 

9. V(« + n)«. V(^) - VK - n«). 



II 



CXI. 

1. V3=y3S=y27; ^4= y48= yi6, eta 

2. V10= VlO»=yiOOO; yi5= yi52= y226, etc. 

3. 2 V3= V(4 X 3)=» Vl2 ; 3 ^2= V(9 x 2)= VI8, etc. 

"^ ^ 5 ^125 '•^15-^225'''^ 

5. 3 V7«= V(9 X 7) = V63 ; 4 V3= V(16 x 3) = ^48, eta 

6. 2 V87= V(4 X 87)= V348 ; 3 ^33= V(9 ^ 33)= V297, eta 

7. 2 ;/22= yi76= V30976 ; 3 ^7= ^189= ^^35721 ; 
4 V2= V32= ^32768, eta 

8. 3^19= V171= ;/5000211 ; 6^18= ^2260= ;/5062500; 
3^82= i^2214= ^4901796, eta 

9. 2 Vl4= yil2 ; 5 V2= ^250 ; 3 V3= i^81, eta 
10. lv2-v|;|-V3-V-|;|V4=V^,eta 
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CXII. 

VlO + 20 V2 + 144 V2=30 vlO + 164 J% 

4/2 + 7^2 + 2^2=13^2. 5. 2iy2 + 6y2 + 6V2=33y2. 

V6-3V6=V6. 7. 9^3-4^3=5^3. 

2 V2- 24^2=48^2. 9. 10y2-6;/2=4 ^2. 

IV3-21V3=0. II. V6x V8= V48=4V3. 

/14 X V20 = V280 = 2 Jl^. 1 3. V50 x ^200 = VlOOOO = 100. 
/(3a26) X y(9a6«)= }J{^la?¥)^Zah. 
/(12a&) X V(8a*^= ;/^(96a36*)= 206^(126). 
^12+ V3= V4=2. 

/18^V50=V|=|. 

y(a«i)4.y(a6^-y(|-). 

/(a^^a^)-. V(x + 2^ + .^^= <rTl^^)= -^IT 



05 

ay 



cxin. 
c X Vy- V(«y)- 2. V(aj - y) X Vy = V(a^ - y^. 

[»+y)x V(«+y)=»+y. 4. V(«-y)x V(a+y)- V(»'-y^- 
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5. QmJx^ZJx^ISx. 

6. 7V(«+l)«8V(a!+l)-66(x + l). 

7. l0^xx9^'{x-l)'='90y/{3^-x). 

8. V(3a;) X V(4a;)= V(12x*)=2x V3. 

9. ^/xx " V«— -«• 

1. 3Va5>^ -4i>/a= -12a;. 

2. -2Vax -3V«=6o. 

3. V(a;-7)x-V«-- V(x«-7x). 

4. -2V(« + 7)x -3V«=6s/(»* + 7x). 

5. -4V(a*-l)x-2V(a'-l) = 8(a«-l). 

6. 2V(a*-2a + 3)x -3 V(a'-2a + 3)= -6(a2-2a + 3^ 

-6a«+12a-ia 



CXIV. 



I. 


V«+7 

Va;+2 

x+1 tjx 
+ 2VaJ + 14 




2. 


y/x-b 

Vx + 3 

+ 3V«-15 




a + 9Va5 + 14 


«-2^/a;-15 


3- 


V(a + 9) + 3 

V(a + 9)-3 




4. 


V(a-4)-7 
s/(a-4) + 7 




a + 9 + 3i>/(a + 
-3V(» + 


9) 
9) -9 




a-4-7V(a-4) 

+ 7V(a-4)-49 



a-63 
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3^/a;- 7 6. 2V(a!-5) + 4 

30?-. 7VaJ 6(a5-6) + 12V(aj-6) 

1- 12 V«-28 - 12 V(«-6) - 2i 

31+ 5^25-28 6a!-54 



7. s/(6 + a)+V« 

6+x + tJ(Qx+a^ 

6 



8. V(3a; + 1)+ V(2a;-1) 
V3a; - V(2a; - 1) 

V(9x* + 3a;)+ V(6a2-3x) 

>^V(6a^-x-l)-(2a;-l) 

V(9a;2 + 3a;)+ V(6x8-3x)+ V(6x8-a;-l)-2a;+l 



9. Va+ iJia-x) 
mJx- J{a-x) 

- ,J{a^-ax)-{a-'X) 
J{ax)+ ^(ax-x^" sl{a'^-ax)-a-\-x 



10. V(3+a;)+ V^J 
V(3 + ac) 



3+a+ V(3a;+a:^ 
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35+ V(a5y)+ V(«») 

12. V<»+ V(*"3!)+ Va5 

a + V(a' - oac) + VC^m^) 

+ V(<m;)+ V(aa-a5') + » 
2x + 2V(aa;) 

13. 21+ V(«*-9) 
21+ V(«*-9) 

441 + 2lV(«*-9) 

+ 2lV(a5'-9) + a^-» 

432 + 42V(a^-9) + »« 

14. V(« + 3)+ V(« + 8) 

V(x + 3)+ J{x + 8) 

+ V(«* + ll«+24) + x + 8 
2a; + ll + 2V(«* + llx + 24) 

15. »Jx+ J(x-4l) 16. V(«-6)+V« 

«+V(a^-4a;) a;-6+ V(a5'-6aj) 

+ V(a^-4a;)+a;- 4 + V(«*-6a;)+a; 

205-4 + 2 V(aJ»-4fl;) 2x-6+2^/(x«-6a;j 
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SVx-3 








18. V(«+y)- 


•V(«- 


y) 


SVx-3 








J{x+y)- 


V(*- 


y) 


-4x-6VaJ 








x+y- 


•V(*'' 


-j^ 


-6VaJ-t 


9 

+ 9 






- 


■V(«»- 


-!^+x-y 


-4x-12V» 


2x-! 


2V(«»- 


-y^ 


19. 


Vx. 


.V(x + 


■1)- 


V(«-i) 








Jx. 


V(x + 


1)- 


.n/(x-1) 








a;(a; + l)- 


■ v« 


.V(a^-1) 








- 


- v« 


.V(«'-i)+(a 


'-1) 





20. V(x + l) + V»V(a!-l) 

V(«+i)+V»V(«-i) 

jB2 + l + 2V(x'-a;) 



cxv. 

€-d^^{^c+d)(^C'd). 4. i-y=(i+ V2/)(i- Vy). 

5. l-3x8=(l+ V3.a)(l- V3.x). 

6. 6m"-l = (V5.m+l)(V5.m-l). 

7. 4a2-3a;=:{2a+ V(3a;)}{2a- V(3a;)}. 

8. 9 - 8n = {3 + 2 V(2w)} {3-2 V(2w)}. 

9. llna-16 = (Vll.w + 4)(Vll.n-4). 

10. i>'-4r=(p + 2V^)(2?-2V^). 

11. p-3^2=( Vp+ V3.?)(Vp- V3.2). 
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12. o*»-6»-(a»+6«)(a"-6«). 

13. 1 ^ a+ 'Jj> ^ <^+ -JJ* . 
a- ijb 0+ ijb a'- 6 

14. Va Vg+ 's^„° + VW 
Ja^~ijh ija+ ^ a-b 

'5- 3^:272'^3T2^ 9^8 24 + 17^2. 

s^TTl'^a+Va 4-2 2 -*+^^ 

17 V3 ^ 2+V3 2V3 + 3 _,,o n 

,8. |ZV2 2-V2 4-4^^6:-4V2„3_2 s, 
2+V2 2-V2 4-2 2 



19. 



20. 



ija- fjx ija+ Ji" a-x 

1+ sjx 1+ ^x ^l + 2> Jx+x 
I- aJx \+ tjx 1-x 



V(a + «)- ij{a-x) Mj{a + x)+ sUfl-x) 
"" a + x-(a-x) 2x x 

VK + 1) + ^^^\) J^m^ + 1) - V(m2 - 1) 

^ m^ + l-2V(m*-l)-<-m^-1 ^ 2m'-2v/(m^-l) 
m2 + l-(«»»-l) 2 

=m«- V(m*-1). 
a+ V(a'-1) a+ v(a^--l) a' + 2a V(a^-l) + a^-l 

-2a*-l + 2as/(a2-l). 
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CXVL 



+ V(-3) 
,-V(-3) 




2. V3-2V(-2) 
V3 + 2V(-2) 




l+4V(-8) 
-4V(-3)-(-3) 




3-2V(r6) 
+ 2V(-6)- 


■4x(-2) 


19 




11 




3. 4V(-2)- 

4V(-2)- 


-2V2 
-3V2 






2x(-2)- 


- V(-4) 
-12V(- 


4) + 6x2 





8-13V(-4)=8-26V(-l) 
4. V(-2)+V(-3)+V(-4) 

-2+ V6 + 2V2 

- V6-(-3)-2V3 

-2V2-2V3-(-4) 

-2+3-4V3+4«5-4V3 

V(-(i)+ V(-&) 6. a^ J{-a) 

= V(-a)-2V(-^) a- V(-a) 

-12a + 4VW a2 + aV(-a) 

-6VW + 26 -afj{-a) + a 

-12a-2V(<»ft) + 26 a^ + a 
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7. aV(-«)+*V(-6) 


8. a+j3V(-l) 


aV(-»)-JV(-6) 


«-/3V(-l) 


-o»+a6V(<»J) 


a» + a^V(-l) 


-abJ(fib) + V 


-a^V(-l)+iS' 


-c? +J>» 


a« +/3» 


9. i-va-«^ 


10. e»^/<-^^+«-»V<~'» 


i+V(i-0 


«p^(-U_«-j.^(-l) 


1- V(i-«*) 


«*.^(-i| + 1 


+ V(l-«^-(l-«^ 


-l-«-*'V<-'> 



«* «^V*~** -4-^v<"" 



CXVIL 

3a; + 3V(a gy)~3 V(acy) + 3y ^ g + y 

'• 9V(xy) 3V(xy)' 

2. {l + 2V(-l) + (-l)} + {l-2V(-l) + (-l)} 
= 2^/(-l)-2V(-l)=0. 

V(a?y) + 2y + 2x-2V(xv) _ g + y 

4. {i + 2V(-i)-i}-{i-V(-i)-i}=V(-i)=VFT6). 

{C* + V2.aa? + aV 
-V2.aa?-a2jj52^.^ 
-V2.aa'-2a2x2-V2.(i«a; 
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6. m* - J%mn •\-vS^in^'V n* (m* + V2.mn + n* 

m*n^ - fj2.mn^ + n* 
Q aV a + a>s/& - 6Va - &V& - (a Va + h,Ja - aV& - &\/^) 

O, 5[ ■ 

2aV&-25Va 

^- (a2 + a2)-({Ba-a2) 

^4B^^2a?^ 
2a* ^' 

a-1 5 (Vx4-l)(Vg-l ) (1+Vx)(l-Vx) ) 
* x+\\ Jx-l Jx(l+Jx) ) 



X- 
X 



-IJ /„ , 1 . 1-V=« ) _x-l/ x + Vx + l-V x\ x-1 



,,|.3-v(5-»)-7-3 = |-w(S-9) 



N 
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15. x + a-2V(a^-a*)+«-a=2x-2V(x'-a^. 

17. {-l-aV(-l)}*=l+2aV(-l)-a« 

{l + 2aV(-l) -«*}*=! -4a2 + a* + 4aV(-l)-2a«-4a?V(-l) 

l-6a*+rt* + 4aV(-l)-4aV(-l) 

-l-aV(-l) 

_ 

-l + 6a2-a*-4aV(-l) + 4ay(-l) 

-aV(-l) + 6aV(-l)-aV(-l)+4fl*-4fl* 

-l + 10a«-6rt* + (10a»-a^-5a)V(-l) 

18. 3V3-(-8) + 4y3=8 + 7V3. 

^^- x-l'^V 3? >/ a;-l c ^^30 V(3c) ^^ 



:a;y(3p»). 



20. -^ {V[3p»{a;?-21x«+147»-343}]} „ * • V(3p^.(a;-7) 
X — 7 X— 7 



= W7 - 6V7 + |-V7 - 2V7 + ^V7 - §V7 - 1 V7 
-9«V7-10V7. 

23- V(lV«-33) V(66» - 129) =V286- 5/4096 = 16-16-0. 
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oxvm. 

Adopt the notation of Art. 316 ; then 
.a!+»=10) iB«+2xy+y*=100 ) _, „ . ,„ 



etc. 



y=2,etc. 



4=2206 !• S =8820 1''^-^-^'''-^^' 
aB-y=4^ etc. 

x+y=13) {B8 + 2xy+y«=169) « « . ^ >•« ^ 

>: > :ar-2xt/ + tr=49: oc-y— 7, 

ajy=30)' 4«y =120$' ^ ^ » y * 

a;+y=« 38) a;^+2xy + y8=1444) , « , ^ 

«^^?; . ,..^ J;a^-2xy + y»=4;x-y=2, 

xy«360)' 4ay =1440)' ^ ^ » if > 

x+y«=14) a^+2a5y+y8=196 ) , ^ , ,.v^ 

>: >; a:*- 2a5V + 1/^=100; 

a5y=24)' 4ay =96)' ^^ ' 

x-y»sl0, etc. 

x+y-103) a^+2xy+y« = 10609) 
{By = 396)' 4iry = 1584)' ^^ ' 

X— y«=96, etc. 

x+y= 76) x» + 2i»y + y2 = 5625 ) , ^ , ^^^, 

^r^ h ^ o^«W ; «^-2a^ + y2«2601; 

xy = 766 ) ' 4xy =3024 ) ^ ^ ' 

x~ys5ly etc. 

x + y= 87) x« + 2xy + y2 = 7569) , ^ , ,^^, 

-.M,«h ^ o^.n h 25^- 2a;y + y«= 1521; 

xy — 1612)' 4xy =6048)' * * 

«-y — 39, etc 



'I 
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{ry = 540) 4ry =2160)' **2f-ry- 

a!-y = 33, etc. 

CXTX. 
I. x=72=49. 2. x=9«=81. 3. a=5«=25. 

4. a=28=8. 5. a=3'=27. 6. a=4*=26a 

7. x+9=36, etc. 8. a- 7=49, eta 9. «- 15=64, etc. 

10. x-9=144, etc. II. 4a;-16=8, etc. 12. 3Vx=18; x=36. 

13. V(2a; + 3)=3; 2x + 3=27; 2a;=24; a=12. 

14. c^lx^a-h'f c^a;=(a-6)'; flg= ^^~ ^ » 

15. V(a^-9)=9-a; ic^.. 9=81 - 18a; + a;2; 18x=90; a:=5. 

16. {B8-ll«{B»-2a5 + l; 2a5=12; a=6. 

17. 4x2 + 5a.«2=4x* + 4a; + l; a;=3. 

18. 9x*-12x-51=9ic2_i3a.4.9. 6a;=60; a;=10. 

19. o^ _ fl^ + 6=x* + 2aa; + a* ; 3(ix=6 - a*, eta 

20. 25a;2 _ 3^3. + n=m^ + lOmo; + 25a;* ; 13?wa; = n - m*, etc. 

CXX. 

I. v(16 + a;) = 8-V«; 16 + a; = 64-16VaJ+a;; 16Va;=48; »Jx^^) 
x=9. 
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2. x-18=64-16Va; + a;; 16^35=80; tjx^b \ x=25. 

3. v'(« + 15)=15-Va;; x+15=225-30Va; + a;; 30Va;=»210; 

jjx=»7 ; x=49. 

4. x-21=x-2Va; + l; 2Va; = 22; V« = ll; a;=»121. 

5. a;-l = » + 4-6V(aJ + 4) + 9; 6V(aJ+4) = 14 ; V(« + 4)=4-i 

^_^. 49 13 

^ + ^=-9'^=9- 

6. l + 2V(3a;+l) + 3a;+l=4a;+4; 2V(3a;+l)=x + 2; 

Squaring both sides, 4(3a5 + 1) = a^ + 4a; + 4 ; ic^ = 8a;, etc. 

7. l-2V(l-3x) + l-3a;=4(l-a;); 2^(1 - 3a;) = a;- 2; 

4(l-3a;)=a^-2x + 4; a^ + 8x=0, etc. 

8. a-jjx—^(x-a); a^-2a^x + x=x-a; 2^x=l+a; 

4fl;=(l+a)*, etc. 

f m + 4 /7/1 + 4V 

^^=-4-'^n"4"j- 

10. V(»-4)=3-V(«-l) ; a;-4=9-6V(a;-l)+a;-l; 
6V(«-1) = 12; V(a;-1)=2; x-l=4; x=6. 



CXXI. 

1. v^(a;2-9x) + a;-9=36j V(«^-9a;)=45-» ; 

a;2 -9x= 2025- 90a; + 0;^; 81a;=2025; a;=25. 

2. x+V(a^-21a;)=35; a;^ _21a;= 1225- 70a; + a;2; 49x=1225; 

a; =25. 

3. a; + 7 + V(a^ + 7a;)=28; V(«^ + 7a;)=«21-a;; 

a;* + 7a;=441-42a; + a;2; 49a;=441 ; a;=9. 
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4. x-15 + V(a^-15x)-=105; VC®* - IS*) = 120 - jb ; 

«> -15x= 14400- 240a; + ««; 226x=14400; a;=64 

5. V(a^-4a;) + a;-4=8;V(^-4a;) = 12-a;;sr2-4x=144- 

20xsl44, eta 

6. V(3«» + a52) + 3a+x-9a=0; V(3ac + x*)=6a~»; 

3aa; + sc*=36a*-12aa; + a^; 15aa;=36a^ etc. 

7. fe*-aa;=6*-aa;-a6 + 6a;; 6xs=a&; x-=a. 

8. 2 + Va;-a;=«^^'^; 4 + 2VaJ-2a;=4+V«; Va;-=2aj; aj« 

whence a5=0 or -— . 

4 

9. x + 28Va; + 192=x + 36Va; + 128; 8Va;=64; »=64. 
10. x-6Vx-16=x-10Va; + 24; 4^x=40; x=100. 



CXXIL 

1. x-3Va5=4; 3V«=a;-4; 9x=x2-8x + 16; x*-l7x=- 

2. 14^x=x + 46; 196x=x2 + 90x + 2205; x2-106x=-220 

3. 9(7 + 2x8)=25.(4x-3); 63 + 18x2=100x-75 ; 

18x2- 100x=- 138, etc. 

4. 6x-ll=-249-2x*; 2x2 + 6x=260; x2 + 3x=130, etc. 

5. 6-x=4-4V(2x-l) + 2x-l; 4v/(2x-l)=3x-3; 

16(2x-l)=9x2-18x + 9; 9x2-50x=:-25, etc. 

6. x + 12=2V(4-3x); x^ + 24x + 144=4(4 - 3x) ; x2 + 36x= 

7. 2x+7 + 2V(6x2-15x-126) + 3x-18=7x + l; 

V(6x2-15x-126)=x + 6; 6x2-15x-126=x2+12x + 
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1(204 - 5a;) =400 - 40V(3a; - 68) + 3a; - 68 ; 
40V(3x - 68) = 23a; - 484 ; 
1600(3x - 68) = 529a;2 - 22264x + 234256 ; 
629a;*- 27064a;= - 343056 ; 

a 27064 183115024 183115024 - 181476624 _ 163840 
* 529 * (529)2 *" (529)2 (529)^ 

13532 . 1280 . 
529 529 ' 

N/aB-4)(Va; + 4)=33; a;-16=33; a;=49. 

;Va + ll).(Va;-ll)=608; a;- 121=608; a;=729. 

^/(a;2 + i7x + 60) = 12; a;2 4.i7a. + 6o=144 ; a;2 + i7a;= -84, etc. 

5 + 3 + 2V(a^+lla; + 24) + x + 8=25a;;2V(«2 + lla; + 24)=23x-ll; 
4(a;2 4. iia; + 24) =529a;2 - 606a; + 121 ; 525a;2 _ 550x= - 25 ; 
n 22x 1 .^ 

*'-2r— 2i'^^ 

V(25 + »)=8-V(25-a;); 25 + a;=64-16V(25-a:) + 25-a;; 
8V(25-a;)=32-a;; 64(25 -a;) =1024- 64a; + a;2; x^^blQ; 
x=±24. 

x+4+2V(2a;2 + 7a;-4) + 2a;-l«36; 2^(2x2 + 7a; - 4) = 33 - 3» , 
4(2a;? + 7a; - 4) = 1089 - 198x + 9x2 . yZ ^ 226a;= - 1105, etc. 

V(13x-1)=5 + V(2a;-1); 13x-l=25 + 10V(2a;-l) + 2a;-l ; 
llx - 25 = 10V(2x - 1) ; 121x2 - 550x + 625 = 100(2x - 1) ; 
m^-760.= -725;«^-g-;. ,lg^5^ 140628 -87725 ^ ,^. 

7x + l-2V(21x2 + 10x + l) + 3x+l=4;V(21x2 + 10x+l)=5x-l; 
21x2+10x + l=25x2-10x+l; 4x2=20x; x=5 or 0. 

^(4+x) = 3-VaJ; 4 + x=9-6Va; + a;; Va;=-|; a;=||- 

x+V(a5' + 9975) =525; V(a^ + 9975)-525-x ; 

a? + 9975x-275625-1050x.+ x2; 11025x= 275625, etc. 



200 KEY TO ELEMENIARY ALGEBRA. 



'9- f^^^Mr6-«)n-3"l'v(r6-«)=l' 

20. x«-l + 6V(x*-l) = 16; a:«-l + 6V(x*-l) + 9=26; 

V(a^-l) + 3=±5; V(a^-l) = 2or -8. 
Hence x^ - 1 =4 or 64 j sc'^S or 65, etc. 

21. a^-2aa; + a2 + 2a6 + 6»«a:» + a'+6*-2aa; + 26a;-2a6; 4a6«»2&*'' 

22. x* + 2a« + aa + 2a6 + 6*=6*+a* + a;2_2^_2fta; + 2aa;;4a6==-'^^' 

a!«--2a, 

23. x + 4-2V(a^ + 4x) + a = »+-|-; » + -|-=2V(a* + 4a;) ; 

of) 



,11 .14 1 25 

x^ — = X — : flc^ — OP • 

^6 6*2 6 

4 4 4 4 

25. V(4 + x)=V3 + V«; 4 + x=3 + 2V(3x)+x; 2V(3a;) = l; 

12x=3lj etc 

26. V(« + 4)=9-V(a; + 5); x + 4=81-18V(a; + 5) + x+5; 

18V(a; + 5)=82; 9V(« + 5)=41; 81 (x + 5) =1681, etc. 

27. V(a;^-4a;)+x-4=8;V(a5*-4a;) = 12-»;x«-4x»144-24a;+^'^; 

20x»144^etc. 

28. x2^21=V(a^-9); x*-42x2 + 441=x»-9; x*-43x2= -450; 

a:4.43a;2^1^^^. a;2_^=+|.; x»= 25 or 18, etc. 
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V(50+x)=2 + V(50-a;); 50+a;=4+ V(50-a;) + 50-x; 
»-2=2V(50-x); a:«-4a;+4=4(50-x); o^^ige, ©tc. 

^/(2x+4)-l=v(|-+6); 2x + 4-V(2x + 4) + l = -| + 6; 

^_l=2V(2x + 4); 9x»-12x + 4=16(2x + 4); 9x«-44x=60*; 

„ 44 .484 1024 . 

X* as H =■ • etc 

9 ^ 81 81 ' 

5+x + V(3a; + a:^=6; V(3x + x^=3-x; 3x + x*=9-6x + x« ; 
9x=9; a;=l. 

v/(x-i)+V(x+i)=»i; V(a;-i)=i-V(a;+i); 

x-l=l-2V(a; + l)+a; + l; 2V(a; + l)=3; 4(x+l)=9, etc. 

i« + V(4x-x»)=6x-2V(4x-x*); 3V(4x-x»)=3x; 4x-xa=x*; 
2x*=4x, etc. 

s/{a-V(««; + x*)}=V«-V35; a- ,J{(uii'\-Q^=^a-%J{ax) + x \ 
tj(ax + si?)=2jj{ax)-x; ax + 3^=4ax-4x^{ax) + a^ ; 
4xV(ax) =3ax ; whence x=0, or 4V(<kc) =3a ; 16ax=9a* ; 
16xa*9a^ eto. 



CXXIIL 

1. X- 2=0, or, X- 5=0; /. x=2or5. 

2. x-3=0, or, x + 7=0 ; .'.x=3or -7. 

3. x + 9=0, or, x+2=0; .•.x=-9or -2. 

4. x-5a=»0, or, x-66=b0; .•.x=5aor66. 

5. 2x + 7=0, or, 3x-5=0; .•.x=--|- or — . 

2 3 

6. 19X-227-0, or, 14x+83=0; .•.x=??? or - — • 

* ' ' 19 14 
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7. 5x-4m=0, or, 6x-lln«0; /.aj^^or — . 

5 6 

8. x* + 6ax + 6a'=0, or, a:'-7ax+12a2=0; 

(x + 2a)(x + 3a)— 0, or, (a;-4a)(x-3a)=0 ; 

.-. X + 2a=0, or, % + 3a=0, or, x - 4a=0, or, x - 3a=0, etc. 

9. (x + 2)(x-2)(x-a)(x-a)=0; .•.x=±2or{i. 

10. x.x.(x - 6) =0, /. x=0 or 5. 

11. acx-2a + 6=0, or, &cx + 3a-6oiO; 

.*. acx=2a-6, or, &cx=&-3a, eta 

12. cx-(i=0, or, cx-«=0, etc. 

CXXIV. 

1. Let m be one of the roots of the first equation, and — - one of the 

m 

roots of the second equation. 
Then am? + 6m + c—0, and drf? + Vm + a'= 0. 
Multiply the first by d and the second by c ; then 

<u^vp? + dhm, + a'c = 0, and tdm^ + 6'cm + a!c — 0. 
Subtracting {paS - ccf)m^ + {afb - 6'c)m=0. 
Whence (<ia'-ccOm=-(a'6-6'c) .... (1). 
Again, multiply the first by c' and the second by a ; then 

flk/m* + b(/m + cc'= 0, and (k/t/i* + ah^m + oa' = 0. 
Subtracting (&</ - ah^m —cc'-aa!\ 

ot aa!-c(f^ — {cih'-W)m .... (2). 
Multiplying (1) and (2) together, we get 

{pa! - cc02= iph' - 6c^ (a'6 - 6'c). 

2. tt + i3=-A andai3=±; 

a a 

.-. a^ + 2ai3 + i32«.^, and 2ai3-^ 

• a2 + fl2.&* 2c 6^-2ac 
a* a a" 
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■•■K--fX'-4H"'-^-) 

\ OA ) 

= OCX* + (2ac - 6^05 + ac 

The roots are -ft + V(^-4flc) ~6^V(6»-4ac) ^^ 

2a 2o ' 

these may be tquaXy we must have 6^— 4ac= 0, or <:=2;- • 
Patting this for c in the expression oo:^ + 6x + e, 

4a 4a V ^Ja ) ' 

a + ^=l+a, and ai3=i±^±^\ 

a2+2a^+/32=l + 2a + a», and 2ai3=l+a+a* 
.-. a« + /32=a. 

cxxv. 

c-5)(x-6)=0, or, a^-ilx + 30=0. 
c-4)(x + 5)=0, or, a:> + x-20=0. 
c + 2)(x + 7)=0, or, »2 + 9x + 14=0. 

*"t)(*"4)'"^' ^'' (2x-l)(3x-2)-0, or, 6x»-7x + 2=0. 

c-7)(x+-|^=0, or, (x-7)(9x + 5)=0, or, 9x8-58x-35=0. 

c-V3)(x+V3)=0, or, x2-3=0. 
B-i»-n)fo-m + n)=0, or, a^-2mx+m^-n^—0. 
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«-(-4)(-i)=0.or.».-^.^=0. 



CXXVL 

1. One root is found by trial to be 2 ; then 

«'-lla:>+36a;-36=(»-2)({B»-9a; + 18) = (a;-2)(a-3)(a?- 

2. One root is found by trial to be 1 ; then 

{t»-7r» + 14a;-8=(x-l)(a:«-6x + 8) = (x-l)(a;-2)(a;-0 

3. One root is found by trial to be — 1 ; then 

{B8-5sr2_4ga._40:=(a; + i)({B2_6a;.40)«(a. + i)(x-l0)(a;- 

4. One root is found by trial to be - 1 ; then 

4a:^ + 6a:2 + a;-l = (x + l)(4a«+2a;-l) = (x+l)4Y»2+«_- 

and since the roots of sc*+ -^ - --«= are 7 and "" \. 

2 4 4 4 

«2 ^|.^^^^ + l^y(^+li^^, and therefore 

5. One root is found by trial to be — 1 ; then 

6x«+llx2-9a;-14=(x+lX6a24.5a;«14)=:(a; + l)(a. + 2X6a;— 7). 

6. If we put x=»— y— a, the expression becomes zero, which sho^ 

that x+y + s is one of its factors; the other is found ^/ 
division to be x^ + y^ + a^— xy— xi»— yas. 

7. If we put a^h'\-c, the expression becomes zero, which shows 

that a—h—c is one of its factors ; the other is found by 
division to be a^+fe^+c' + at + oc— 6c 



«Y 
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^. One root is found by trial to be 1 ; then 

3x8-iB»-23a;+21=(»-l)(3a:2 + 2a;-21)=({B-l)(3a;-7Xa; + 3). 

- One root is found by trial to be 1 ; then 

2x8-6x«-17a;+20=(a;-lX2a:*-3a;-20)-(x-l)(a;-4X2a; + 5). 

One root is found by trial to be - 1 ; then 
16ic? + 41a:« + 5a; - 21 = (» + 1) (15x2 + 26a; - 21) 
=(»+l)(3a;+7)(5a;-3). 

OXXVIL 
ac*-12a?=13; a;*- 12a? +36 =49; a;2-6=±7, eta 

aE^+14a;8=»-24; a;^+14a;«+49=25; a;8+7=±5, etc. 

aG?+22a;»=-21; a;8+22a;*+121-100; a;* + ll=±10, etc. 

QB** + 3aJ" + 1=^ ; af» + |-= ±4 etc. 
4 4 2 2 

- ^.1^+25=109. ^_1=+10, eta 

3 36 36' 6 -6' 

i 9_i .81 121 , 9 .11 . 

••* -9±V97' 

8.x-*»-a;-*+4-=-j-; a;"*-^-""- T' ^''''^^ *^' "^ 

1 - - L 



..44 „ 4,. .(■)=„ (4) 



9. a:«-2x+5 + 6(ai»-2a;+5)i=16; 

(a:^-2a;+5) + 6(a;2_2a; + 5)i + 9=25; (a;2-2a; + 5)i + 3=±5 ; 
(a:^-2a;+5)i«2or -8; a;2_2a; + 6=4 or 64, etc. 
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10. 2x'-2a; + 10V(2«'-5x + 6)=3a; + 33; 

2a;2-5x + 6 + 10V(2x«-5aj + 6)=39 ; 
(2a;«-5x + 6) + 10V(2x«-5a; + 6) + 25=64; 
V(2x2-5x + 6) + 5=±8; V(2x^-6« + 6)=3 or -13; 
2a^-5a;+6=9 or 169, etc. 

11. 3x*-6V(3a5«-2aa; + 4) + 12=2aa5+a' + 2a; 

3««-2aa; + 4-6V(3«'-2aa; + 4)=a» + 2a-8; 
(3««-2aa; + 4)-6V(3a^-2<M;+4) + 9=a2 + 2a + l; 
V(3x«-2aa; + 4)-3=±(a+l); 
3a5«-2aaj+4=(4+a)« or (2-a)2, etc. 

(sc«-aa; + a*)-2V(JB^-aa+a') + l=a*-2a + l; 
V(JB^-aa + a«)-l=±(a-l); iB»-ax+a«=a«or (2-a)*,et«' 



CXXVIIL 

2 6 7 42 54 49 . 

r — • — . etc. 

3 ' 7 ' 9 ' 63' 63' 63' 

x + 3y a; + 2y ^ flc^ + 4gy + 3y' g' + 4cy+4y* . 
^* x + 2y' aj + y ' (x + 2y)(x + y)' (a;+2y)(x + y)' ® 

x-5y x-3y x* - 7xy + lOy^ x'-7xy + 12y' . 
3* x^' x-2y' (x-4y)(x-2y)' (x-4y)(x-2y)' 

4. Let X be the number. 

Then ^±^=.-1; <wJ+dx = &c+CK; 
6 + x d 

(c-d)x=»ad-6c; x«=55?il^. 

5. Let X : y be the ratio. Then 

x*+y2«-181 ) x*+y'+2xy = 361 ) »+y«19) x=10or^, 
xy " 90) V+y»-2xy- 1 rx-y=±l J* y- 9orlO' 
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CXXIX. 

a;:y = 6:9="2:3. 2. a;:y = 6:a. 

(a-c)x = (6 + d)y > a;:y = 6 + (i:a-c 

x = (±V6-l)y; a;;y = ±V6-l:l. 

a5*-12xy + 36y*=»49y*; a;-6y=±7y; 
z^lSy or -y ; x:y»13:l, or, -1:1. 

det 3x and 4c be the numbers. Then 

^^^5±^=:i.; 7x26«« = 50x7x; x = 2. 
9x* + l&? 60 

Henoe the nombers are 6 and 8. 

Ciet 6x and 7x be the numbers. Then 

^1±1|=1|; 78a; +156 = 848+144; 6x=12; x = 2,eta 

7X+ 1.2s I0 

Let 7x and 13as be the numbers. Then 20x => 100 ; x = 5, etc 

Ciet X and y be the numbers. Then x*- 1/^ = 48, and — ^=3—-. 

x-y 1 

Henoe x + y = 12x - 12y, or, 13y » llx. 
Thenx«-?|^=48; 48x8=169x48; x = 13,etc. 

Let X be the value of a gold coin, and y the value of a silver one. 
Then5x + 4y = 3x + 12y; 2x = 8y; x:y = 4:l. 

X^et X be the value of a gold coin, and y the value of a silver one. 
Then8x+9y = 6x + 19y; ae — lOy; y:x — 1:5. 



jo6 KEY TO ELEMENTARY A 

la 2E*-2s:+10V(2r'-6i+6)=3i + 33; 
ae'-6!c+6 + 10V(2x'-6a + 6)=39; 
(2i:'-5i + 6) + 10V(ac'-5a; + 6) + 25=6 
V(2i'-6i + 6) + 5=+8; V(2a;'-5i!+e 
Sx>-Sx-l-6-9arl69, etc. 

II. 3r'-6V{3i*-2a« + 4) + 12=2<w:+a' + ai: 
3a»-2oi + 4-6V(3i»-2M + 4)=a' + a 
(3a? - Sow + 4) - 6 V(3i* - 2«a + 4) + 9 - . 
V(3i'-2(w;+4)-3=±(o + X); 
3aJ'_2aa!+-4-(4+a)'or (2-o)', etc. 

II. i«'-aa;+a»-2VC^-a3;+a')=-2o + a'; 
(a^ - 01 + a*) - 2^(0:* - oa; + 1") + 1 = a* - 







CXXTOl 


S 6 


7 


15 fi *,eK. 
63' 83' 63' 




x+2y' 


J+2J 
(6 + y 


^ + 4^ + 3s> 
' (l + 2y)Ca' + y)' 





i t-Sy x-Zy a'-Ticy-HOy* 3!*-7ae 
■ a;-4y' a-Sy' (ii!-4!/)(a!-2j)' (iB-4»» 
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10. 2a;'-2a; + 10V(2x*-5x + 6)=3x + 33; 

2x«-6x + 6 + 10V(2x»-5x + 6)=39 ; 
(2x2-5x + 6) + 10V(2{C*-5x + 6) + 25=.64; 
V(2x2-6x+6) + 5=±8; V(2««-5x+6)=3 or -13; 
2«*-5» + 6=9 or 169, etc. 

11. 3a*-6V(3«'-2aa; + 4) + 12=»2aa?+a* + 2a; 

3«2-2ax + 4~6V(3a;'-2aa; + 4)=a8 + 2a-8; 
(3aj«-2aa; + 4)-6A/(3a^-2aaj + 4) + 9=a*+2a + l; 
V(3««-2aaj+4)-3=±(a + l); 
3x*-2aa; + 4=(4 + a)* or (2-a)*, etc. 

12. a5^-aa; + a'-2V(«'-««+a^=-2a + a'; 

(a5^-aa; + a2)-2V(aj'-«a+a') + l«=a*-2a + l; 

V(a^-aa; + a2)-l=±(a-l); a^-aa;+a*=a« or (2-a)S ^^ 



CXXVIIL 



, 1 1 1.1? 54 49 ^^ 
3 ' 7 ' 9 ' 63' 63' 63' 

x + 3y g4-2y g^ + 4agy + 3y' 3^ + 40^ + 4;^ . 
^' a; + 2y' x + y ' (a; + 2y) (x + y) ' (x + 2y)(x+y)' 

x-Sy x-3y , x'-Txy+lOy' x'-7xy+12y' . 
^' x-4y' x-2y' (x-4y)(x-2y) ' (x-4y)(x-2y)' 

4. Let X be the number. 

Then ^=.4-; <wi+<^-2>c+cx; 
6 + x d ' 

c-a 

5. Let X : y be the ratio. Then 

{B2+y2=181 i x2+y*+2xy = 361 ) x+y = 19) x=10<ir9 
icy = 90jV+y«-2xy- 1 rx-y«±l Ky- 9orlO' 
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CXXIX 

r:y = 6:9=»2:3. 2. a;:y = 6:a. 

(a-c)a5 = (6 + (i)y > a;:y = 6 + d:a-c. 

x = (±V6-l)y; x:y = ±V6-l:l. 

x*-12xy + 363^ = 49|^; a-6y«=±7y; 
X aa I3y or - y ; a; : y » 13 : 1^ or, -1:1. 

Let 3x and 4a; be the numbers. Then 

3?+^=^; 7x25{B« = 50x7a;; a; = 2. 
9fl5* + 16? 50 

Hence the numbers are 6 and 8. 

[jet 6x and 7x be the numbers. Then 

^l±i?=l?; 78a;+156 = 84flj+144; 6a;=12; x = 2, eta 
7x+12 13 . . > 

Let 7x and 13x be the numbers. Then 20x = 100 ; x = 5, etc. 

Let X and y be the numbers. Then x* - y* = 48, and _^=:^ . 

x-y 1 

Hence x + y = 12x - 12y, or, 13y = llx. 
Thenx«-^^=48; 48x2=169x48; x = 13,etc. 

liet X be the yalue of a gold coin, and y the yalue of a silver one. 
Then 5x + 4y = 3x + 12y ; 2x = 8y ; x : y = 4 : 1. 

I^ X be the value of a gold coin, and y the value of a silver one. 
Then8x + 9y = 6x + 19y; 2x = 10y; y:x=Bl:5. 
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cxxx. 

248 ,3 14 48 

^* 3Tj? 05 + y 05 + y 

o'-6' + 26c-c' a + b-\-e ^ {a + b-c)(a-b + e){a + b+e} ^ 
^ a^-b^-2bc-i^^a + b-e'^(a + b + c){a-b-e)(a + b-c)* 

. (x + 2)(a; + 3) ^ v(y - 3) ^ (x + 2)y 
(y-3)(y-4)'^a;(a; + 3) (y-4)a; 



OXXXI. 



I. Let -^=X, then -^ = X. Then a « X& and e ■» X(2. 
a 

Then^"*"^ X6 + 6 X + 1 



and 



a X5 X ' 

c + d Xd + d _ X + l 
c "* Xd " X ' 



3. Let -?-=X, then 4-=X, Then a»X&, e>sX(2. 
Then«Jl^^=?^^=X.-l, 
and ^=^^Z^=X^-1. 

3. Let ^=X, then ^= X. Then Oi = X61, and Og « X&i. 
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4. Let a s &X and c « (2X. Then 

3a^ + o5 + 2y 3fe«X»+yX4-2y 3X« + X + 2 
3a»-26« *" 36^*-268 " 3X«-2 

3c^ + cd+2(P 3<PX« + (PX + 2(P 3X« + X + 2 
3c»-2<P " 3(PX*-2<P; "" 3X2-2 ' 

5. Let a a &X and c » (2X. Then 

o«+3afe + y &^»+36^ + 6« ^(X^+SX+J) _ 6^ 
c»+3c(i+(P''<PX»+3d2X + d8*(P(Xa+3X + l)""<P 

2a& + 3y 26^ + 3^ 6^(2X + 3)_6^ 
2c5+3?"" 2a5T3?'"(P(2X + 3) "" (P ' 

6. Let •^-s'X; then 4-=^ and -^ = X. 

a J 

Then a a ^X, c « (2X, e b/X. 

mu^,. mc-ne mdX-n/X ^ a 

- »^ \ »/ a^ 

♦* V »/ 

8. Let a •• bX, e = dX, « =/X. 

9. Let Oia&iX; Osa&sX; ai«B b^. 
la Let Oi = 61X ; Os a 6^ • a, = 6aX. 
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(a« + 62)(2«i)=-a6(2c» + 2(P); a^<A^\^ed^ah^^ah^\ 
a^od-ahd^^ahc^-l^ed; ad(ac-W)«6o(ac-6(i); 
then either adt^bo ; and therefore a : &»c : c2, 
or oc ~ 6(2aO ; and therefore ac^bd^ or, a : 6=c{ : c 

12. (a» + 6«)(c«-(P)-(a«-6«)(c« + (P); 

&c=a(i ; and .*. a : b^e : d. 

13. Let -2-»X and -7=X ; then a^bX and ca(2X. 

a 

mv„ (a + c)(a' + c«) (6X + dX)(&«Xg + (PX«) _ (& + (l)ffl+(P) 

14. Let OiSB&iXand OsBB&aX. 
Then^(^»'+^')= A^' + J*^'^ //Xjx.x-^ 



CXXXIL 

1. (a-6)ca=(6-c)6; ac-&c=6*— 6c; 00=6*; a:&B6:6. 

2. Let a=X& and c»X(2. 

Then (a' + 6')(a + 6) ^ (X«6« + y)(X6 + 6) _ (X« + 1)(X + 1) 
men -3 ^^ ^ , 

, ((^+cP)(e+d) (\^cP+d?)(}.d+d) (X« + 1)(X + 1) 
"^"^ c8 MP X5 

Aio/> U{mc^+nc^ 4,m6*X*+n<£*X* */\4_'x a 

3. Let a=b\ and c^elX. 
ma-n^ mbX — nh mk—n 



Then 
and 



ma+n& m6X + n& mX + n 

mo-nd mdk-nd _ mX-n 
«cTn3""mdX + twi ~ wiX + » * 
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\. (5a + 36)(7& + 3c) = (7a + 36)(56 + 3c); 

35a6 + 15ac + 2l6« + 96c=35a6 + 21ac + 156» + 96c; 662=6ac ; 

>. Let aib^eid, and suppose a to be the greatest of the four. 

Then *.* -^=^-1 and a is greater than &, c is greater than d, 
a 

and *.* —as—-, and a is greater than c, 6 is greater than d. 
c a 

Again, if a + 6 :m + n=m-n : a- 6, 

and a+b is greater than m + n 

m- n is greater than a-h 

.'. a+b+m-n is greater than m + n-^-a-b 

.*. 2b is greater than 2n; and .'. 6 is greater than n. 

5c (a;-l)(x + 2)=(»-2)(2a + l); »2 + a._2=:2xa-3x-2; a^=^4x; 
x=s4 or 0. 






^- x+i=^+i;x— T 



^. Suppose the bicycle went 6x and the tricycle 4x yards per minute. 
Then the tricycle had a start of 2x yards out of 1760 yards. 
Also the bicycle went 880 yards while the tricycle went 

1760 -2»- 176. .-. 1760 : 1760 -2x- 176=5 : 4 ; 

1760 X 4= (1584 - 2x) x 5 ; 10x=7920 - 7040, eta 

(i_^c a? (? a^-h^ _c^-d^ ^ 

,\ %Z^=^ ; and since 6* is greater than d^, 

.•. a* - 6^ is greater than <^-d^ 
,'. a' + cP is greater than 6^ + c^. 

:>, (10a + 6)(12c + (i) = (10c + d)(12a+6); 

120ac + 126c +10a(i+ 64= 120ac + 12ad + 106c + 6d; 2bc=^2ad 
be^ad; a:6=c:(2. 
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11. 2a;=3y, and xi/ = 600. 

Hence XX =:=600; x2=900; a=30, eta 
o 

12. Let-^=X; then — =X. 
Then (1.) « ^2> X 



a + 6 X6 + 6 X+1 

a-h \b-b \^c-\c X«-X 



a-c \b-c X^c-c X2-.1 X + 1 " 

(2.) (a2 + 62)(62 + c2)=(X26a+6a)(XV + c«) 
= X V(X« + 1) (X2c8 + c^ =XV(X« + 1)« 
(oft + 6c)2= (X6* + Xc2)a= (XV + Xc2)«= XV(X« + 1)*. 

13. Let a = h\ and c=(iX. 

O 

a a 

„ ah-bc—dx*\-{bc + dx) _^ a~6-c-f (&-fc) . 
bc + dx ™ & + C ' 

dc + da; 6 + c' ftc + da; 6 + c 

14. Let a=\bf and &=Xc. 

mu^^ a + mb Xb + mb X + «i. 

b + mc Xc-^-mc \ + m 



and 



b — mc \c-mc \-m 

2562 



-6« 



56 J *i. ^ a2-62 16 9 

15. «=— ; and therefore -, — 5o=^r=T9 =77- 

^ 4 ^+P 256^ , a 41 

16 

16. Let the sides be 2^x, 3|x, and 4x yards. 

Then 5jaj + 3ia5 + 4x=205 ; ^x-205 ; x=20, etc. 



KEY TO ELEMENTARY ALGEBRA, 213 

r. Let the sides be 3ac, 4b and hx. yards. 

Then 3aB+4a; + 5x=480 ; 12x=480 ; x=40, etc 

\ Let a + 6 be the greatest term of the proportion, then a - 6 is the least. 

Also, ±!i=£::-9. 

JJ + g 0,-0 

Hence (a+fe) - (p+g) „(Pzg)jl^) . 

Now j9 + 9 is greater than a - &. 

.'. (a+6) — 0> + 2) is greater than (p - g') - (a - 6). 
And .*. (a +6) + (a - 6) is greater than (p + 3) + (p - j). 

9. Let a; be the rate of the man's rowing, ^ the rate of the stream, 

in miles per honr. 
Then x+y» the maji's rate down stream, 
and X - y^ the man's rate up stream. 
Hence a5 + y:a5-y=5:3 ; 3a5 + 3y=5x-5y ; 4y=a;. 

Also ^+-??- = l2; ?? + ??=12; 16=12y; y=lj. 
x+y «-y ' 5y 3y 

10. Let C contain x pints of brandy and y pints of water. 

Then A contains » + y pints of water, and Bx + y pints of brandy. 
Hence when B and C are mixed, the mixture contains 2x + y 

pints of brandy ; 
and when A and are mixed, the mixture contains x pints of 

brandy; 
therefore 2x+y:x=9:l ; 2x + y=9»; y=7a;, eta 

n. Let X be the number of quarters ; y the price of each in shillings. 
Then selling price : xy=105 : 100 

/. l^l^=icy + 16x20; .'.0^-6400. 
100 

Againx(y+6)=a5y + 20y; /. x=4y. 
' Hence 4y«=6400 ; y*=1600; y =40; a= 160. 
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22. Let X be the price of the horse in pounds. 

Then since cost price : gain s 100 : gain per cent. 

.-. x:144-x=100:a; 

.•.a;8+100x= 14400; »2 + i00a; + 2500=16900 ; x=80. 

23. Let X be the cost of the goods in pounds. 
Thenx:96-x=100:x; «2+100a;=9600; x=60. 

24. Let X be the cost of the sheep in pounds. 
Thena;:24-a;=100:x; a:*+100x=2400; a;=20. 

25. Let the first crew row x yards, and the second y yards at each stroke. 
Then in 8 minutes the first crew row 320x yards, 

and in 8 minutes the second crew row 360^ yards. 

Also the second crew has 4x yards start. 

Hence 320x=360y + 4b; 316x=360y; 79a:=90y, etc. 

26. Let X be the rate of the fast train, y the rate of the slow train. 

Then 1®2 + ?2 = time for journey by slow train 

y y 

i^y + — = time for journey by fast train 
X y 

. 210 . 180^ + 15x^14,9. 14 . 12y+?^i4,9. 
y ' xy y xy 

Hence 14x9xx=(12y + x)xl4; 8x=12y; 2x=3y. 

Again x=y+ 15; .'. 2y + 30=3y; y=30 ; x=45. 

27. Let X be the worth of the article, y the selling price, in pounds. 
Then x:x-y=100:x 

. •. x2 = lOOx - lOOy ; ac^ - lOOx + 2500 = 2500 - lOOy. 
To obtain a real value for x, lOOy must not be greater than 2600 ; 
.*. y cannot be greater than 25. 

CXXXIIL 
I. Let -4=^ and JB=-J^• 
Then^=m-;-^=-•0; .'.A a: a 
C n 
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2. Let A^mB. Then p^=wi~ ; /. p^ oc ^ . 

3. lAtA^mB and C^buD. Then AO^mn,BD, eta 

4. 5:7=12:a;; 5a; =84, etc. 

y 2*2 y'2 y'^ 

6. x:y8»l:2x3; 6a;»y8; 6x4=yx2; y=12. 

^^.y ^4 4aj6y4aj 6x5 .3 

' z 3 ' 3 « ' 3 7 ' 14 

8. 3x J 6y : 6a I 3y »3l : 25 ; 76x : 125y = 165ir + 93y ; 32y = 80a;, etc 

9. Let JL=mB, andjB»-nO»; then:^=n08; A^^-^C^; 



m^ m' 






10. e:a;yB4:2; 30:3a;a2:l; x=:5. 

11. ^:JB=8:12; 12^-8JB; ^=|-J5. 

o 

12. a;*:y»s=9:64; 64fl?=9y'. 

^ V 27'27 y8' ^""^ 
14. a;8:y2=27:4; 4fl;8=27y2. 



/ 

4 



15. Let x=mz, and y«=— ; then xy^mn ; a;=T7iw. — . 

Z . y 

16. The area of a triangle ^^ (base x altitude). 

Let Oi, Os be the altitudes ; hiyba the bases of the triangles ; 
then c^hi^ajbtf or, Oi : 01=6^ : &i. 
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1 7. The area of a parallelogram a base x altitude. 

Let Oi, a% be the altitudes ; 61, h% the bases of the parallelograms. 
Then ai>x^ai>t \ or, Oi : Osag^ : 5^. 

18. Let y=!j?+iiM!+nx*. 

Then 6=»»+ m+ n) ^ 

c A v 5=m+3n) 

18=^ + 3m + 9n/ ' 

19. 10 X 27 : 9 X 9 X 10»2 x 27 : 3 x 3 x required height in feet. 

TT«;«>»f 9x9x10x2x27-. .^^ 
Height = -—r — 5= — - — -— ft.»18 ft. 
10 X 27 X 3 X 3 

20. Let ^, n, ly h represent the area of glass^ the number, length, and 

breadth of the panes respectiyelj. 
Then suppose g^mji^^ where m is a constant, 

n«B^ ' where p is a constant. 

l^i-i where a is a constant. 


1 12 

Then sr=m.^.i.^=mp3.p=wip3.-2=^.P 
.'. g varies as P. 



CXXXIV. 

I. a»2, d=3, »-l = 16 

«=2 + 16x3=2 + 48-6a 

3. a— 4, d=4, w— 1=49 

2=4 + 4 X 49=4+ 196=20a 



3. a=7, d=---, n-l=16 
4 

.»7 + lxl5=7 + ^=10| 
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.=^_|x 22=1-33- -34 



5- «'=-6'''-T-6=-3'*'"^=" 
6 1 ,, 5 H „6 

«-6— s^^'e— 3=-2-6- 

6. a=a-12, (i=4>n-l = 13 

a=- 12 + 4x13= -12 + 52=40. 

7. a=-3, (i=8, n-l=15 

a= -3 + 8x16= -3 + 120=117. 

ft r» ^-^ ^ ^-2 n-1 -1 ^ , ^ - 

o. a= .a= = — ,»— l=n-l 

n ' n n n 

n-1 1 , _. n-1 n-1 ^ 
z X (n-l)= =0. 

9. a=x2+2«y+y2^ (i= -2xy, n-l=n-l 

»=a?+2a(52(+y*-2a(52((n-l)={B2+y2_2(n-2)xy. 

10. a=:— -|-,d=. =-, n-l=n-l 

a + 6' a + b 

a-6 , 3an-26n— 3a + 26 3an-2&n- 2a + 6 

8 = r + s ^ = « 

a+6 a+6 a+6 



cxxxv. 

1. 2a=4, d=l, n=100 

«=122{2 + 99 X 1}=50 X 101=5050. 

2. 2a=4, d=2, n=50 

«=25{4 + 49 X 2} = 25 X 102=2550. 
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3. 2a«6, d=4, n=20 

«»10{6 + 19 X 4}«10 X 82«820. 

4. 2a=l,d=l,n-15 

5. 2a=-18, (i=:2, n=12 

«=6{-18 + 2xll}=6x4«24. 

6. 2a=|-,(i -i,n=17 



. 17( 5 1 _) 17 / 11\ 187 ,,1 

7. 2a=2, d=l, n=n 

,=|{2 + lx («-!)}- !-.(» + 1). 

8. 2a=2, d=3, n^n 

,=|{2 + 3(«-l)}=|(3«-l)-?^. 

9. 2a=2, (2=7, n=n 

, =1 {2 + 7 (n- 1)} =|(7«-5)-2!!!z^. 

,0. 2a=^('*-^),d=-I,«»n 



n n 



n ( 27J— 2 w-1 ) n n-1 n — 1 



__w ( 27£-2 n-1 ) 
- 2 ( » n ) 



CXXXVI 
I. -14=100 + 19(1; 19(2= -114; (2- -6. 



2. ..=. + 50(2;50(2=.2.;(2=-^ 
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3. 5i-=-4- + 48d;48d=6; <^=A.• 
'^ 2 2 8 

4. -2l4-=-4- + 24d; 24d=-21; d=--|^. 

4 4 8 

5. -20=-10 + 6d; 6d«-10; d=-2. 

6. = 150 + 90<i;90d=-150;<i=-A. 

3 



CXXXVII. 

I. (1.) a + 58d=70 



a + 58d=70) ^, , , 

a + 65<i=84r' ^''='^' <J=2;a=70-116=-46. 

(2.) + 19^=93-356) .. „, „. „„, „„ „,. , 

a+20i=98-376l"'='*-'^' « + 95 -386 =93 -366, etc 

(3.) o+ d=-i- ) 64a + 54i=27) o 

, M' a + 64i = 5-8p53a=21-2;a=i-. 
a+64(J=5-8) "Tu™. oo; 

(4) o+ d= 4) 86a + 86d= 344) „. „„, 

« + 86d= -30 1 : a + 86<i= - 30 1 ^ 86a=374 ; a=4-4. 

2. (a + 2c?) + (a + 7<;0=31 ) 2a+ 9ci=31 ) _ 
(a f 4^ + (a +'9(^=43 J ' 2a + 13ci=43 )' «-3, a-2. 

Hence sum of 10 terms = 5 {4 + 27} = 155. 

3. a + (a + ?(?) = ) 2a + 2d=0) ,_.« ^_ « 
(a + <f) + (a + 6(i=40p2a + 7d=40r ' 

7 7 

Hence sum of 7 terms™-^- •{ - 16 + 48} = — x 32= 112. 

2 2 

4. a + 3(i=24 ) , ^ 
a + 4(i=33K ' 

Hence the 100th term is -3 + 99x9= -3 + 891»88a 
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5. 302=6 + (n-l)x3; 300=3»; n=:100. 

6. «-y I 32-i- + 19 X 32- I =10 X 20 X ?|?=6433| 

7. FromihefonniiLis«(a+»)^ 
si=(l + 10^ 2e|^ 2704s. =£135.41. 

8. (1.) 41st tenn»- 6 + 9x40=355 

Sum =(-5 + 355)x^ = 7l75. 

(2.) 41st term =4a* - 4a« x 40= - 156a« 
Sum = (4a« - ISGa^) x ^ == - 3116a*. 

(3.) 41st term =l+a + (4 + 2a;)40=161+81x 
Sum =(l+a; + 161 + 81a;)xM=3321 + l681a; 

(4.) 4lBt term = - 4i. + 3^ x 40= 119-|- 
Sum = (-4l + 119l)x|=2357i-. 

(5.) 4l8t term =-L + 4-x40=8^ 

4 5 4 

9. (1.) a=1002; (l=-8; nth term =a + (w-l)<J 

2=1002 -8(w-l); 8n=1008; n=126 
\S(5V «= (12^2 + 2) X 63=63252. 

(2.) 186=-6 + 8(n-l); 8n=200 ; »=26 
«=(-6 + 186)x^=2250. 
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(3.) -72-3a; = 2-l-a;-l-7a;(n-l); l-7n=76-5; n=46 
s = (2-6x - 72-3a;) 5< ^ = " 1570-5aj. 

(4) -24=^-(n-l)xl5^=24|;n=99 



-a-) 



.= ,^_24|xf=-:*f?=-H63i. 



(6.) 139(1 -m)=ift-l + (n- 1)2(1 -m); 139=-l + 2(»-l); 
»=71 

«= {m- 1 + 139(1 - m)} x ^ =4899(1 - ift). 

(6.) a;-2=x + 264-(n-l)x4; 4»=2 + 258; n=66 
«={»+254+a;-2}^=66a; + 8190. 



cxxxvin. 

:. 18=3 + 5(2 ; (2»3 ; means are 6, 9, 12, 15. 

I. -2=2 + 6d;(i=-|-; means are ll, |. ,0, - |., -ll 

J. |_=3 + 4d;(i=-^; means are 2A,i|.^l^. 

L i-=— + 5d: d=----; means are :^ , -?, ^, ii. 
^32 30 15 ' 30 ' 5 ' 30 



CXXXIX. 

:. n = m+4i; e?=^i:i?:; means are ^^!±^, eta 



2 &}n + 3 

5. m-l«m + l+6d; (2—--- ; means are — -- , eta 

o 
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1 5ti*4- 1 

3. n'+ 1 =- n' + 54 ; (i =■— ; means are — - — , eta 

4. ac^ - v* » ac^ + y ' + 44 ; 4=»--^; means are — JtlL,etc. 



CXL. 
I. a«lx2«-64. 2. «»4x3»=.4x 19683=78732. 

3. 2=5 X 48-327680. 4. a=8 x (^-IV*=I^ = ^7=— 

^ \2/ 2" 2" 2048 



5. 2=2x38=13122. 



1 410 

6. 8 =i-x 410=^=47=16384 
64 4** 



7. «=-g-X 



2 / 1\« -2 -1 1 



(-ij 



3x2« 3x2* "96* 



OXLL 
,. ^^ 2(2^-1) ^2(32768- 1)=65634 



2. ,=l(3!:il) = Z?»z2=364. 

3-1 2 



_a(x»-l) 



X 

, (<^'-^{^q:^7-^ S (a«-g«)5l-(a + flc)M 
' J__j "(« + «)« ( l-a-aj ) 



« + « 

^ (g-g){l-(a + g) ^ 
(a+a;)^(l-a-x) 



;...T^.7(2.-i). 
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8 



^ 5{(^2)8-l} 5(l-256) _ _425. 



-2-1 



<= 



-ll(-i)'--! -li-ris-i 



-¥-» 



43 
96 



1^ 
128 
3^ 
2 



__4 / 1^\ 
~ 9 '^ V 128/ • 



CXLII. 



2 2 



2. «= 



'4 



_4 
3 



«=' 



1- 



3 3x9^27 

1 "" .8 8 



9 



4. s=s 



2 
3 



■4 



4^ 
3 



«= 



3 

4 



'4 



3x3 1 

'4x2 8 



6. «= 



1 

2 



'4 



1x3^3 

2x5 10 



8 8x12 q8 



^-I2 



1-1 2 -^4 
3 



^ 64 64x4_^_l 
4 



10. «= 



2a^ 16x* 



1 + 



8x2 



a' 



i2. 8 = 



1_ 

10 



'4 



9 
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X 

13. » 



1+x *+y 

1 

14. «-86<-^U86xJ[,=|^. 

i, Li 9s ^ 

100 



ic ,»A + A + -1_4. ^5 100 _ 5 4 49 
^* 10 100 1000 '^••' 10 J^ 10 90 90 

10 

36 



16 8 36 36 8 1000 8 36 ^46 

* "10 1000 100000 10 1 ° 10 990 56* 

100 



OXTJTL 

1. 243=3/* ; /*=81 ; /=3, etc. 

2. 1024=1 x/»;/«=.4«;/=4, eta 

3. 16=lx/*;/*=16;/=2,etc. 

^ 243 1 -< « 243 . 3 .^ 
^•64"2-^-^'-^*=32"'/"2-''*^ 

CXLIV. 

I. (I.) «={16+7(12-.l)}x^=93x6=65a 

(2.) «= {232 - 8(10 -l)}x^= 160x6 =800. 



(3.) .= A-T 
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■^8 



(5.)«=jl-^13-l)jx^=(-13) 



13^ 169 



2 2 

665 133 






2430 486 
3 



1189 



(7.).= |l-|x28}x|=(-41)x|= 
(8.).= {V%-|x7}x44^x4=4. 

1^ 

/OX 3 13, 

3 

(11.) The common factor = -^6-4-^= -^= -VlO 

* v5 v3 

3 
^^-{(-VIO)^-!} ^3,{ioooo,i} _ 999 V3 

'" -Vio-i '"V5{-Vio-i}"' V5(Vio+i)* 

n9W=_5J_2L_J.- 2/55 + 2«\ 3157 



80 



2. Let the series be a, a/, a/^, a/^, a/*. 
Thenaxa/xa/«xa/3xa/*=32; ayw«25; a/2=2. 

3. 6=^ and 6'=V(ac) 

•'y~2V(ac)' 

p 
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4. The arithmetic mean is — - ; the geometric is V(^)« 

Now since the square of every number is jMMt^iM 
{is/a-»Jhy is greater than 
a - 2 />J{ab) + his greater than 0. 

/. "?^-— is greater than fj{ab), 

5. a+(a + (i) + (a + 2(i)=12; 3a + 3(£=12 ; a + d=4. 
Also, a + 6c? =12. Hence 4c?=8; <i=2; a=2. 
Then sum of 6 terms ={4+10} x 3=42. 

6. Let/ be the common factor : of =6 and af^^c 

7. 2nx — ^x^; l=sc^: a;=±l. 

271 

8. 2n + ^=2j,;y=«+l. 

3*— 1 80 

9. The sum of the geometric progression is — — - or — - or 40. 

«5 "~ 1 2 

The sum of the arithmetic progression is {8 + 4{n - 1) }— . 

Hence 2ii + 211^=40 ; n^ + w=20 ; whence n—4. 

10. The first term is 1, the constant difference 1. 

Hencel53={2 + (7 + w-l)}-t??'; 306 = (8 + »)(7 + w) ; 

n2+15n=250; n=10. 

1 1. Let n be the number of terms. 

Then {2 + 2(w- l)}-^=2nx-^=n« 

12. Let the series be a, a + cZ, a + 2d, a + Zd,a + 4d. 

Then 5a+10d— 95; and .•.a + 2<i=19. 
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396 = 47» + 13n* ; whence n = 4 

4. 'Let lOOx + \^ + 2 be the number. 

Thenx + z=2y (1) 

and 122£±12y±5^ 107 ; or lOOx - 97y - 10&-0 (2) 

and 100x4-10^ + 8-396=1002 + lOy + x. (3) 

From (3) 99x- 396=992 ; or x- 2=4. 

From this and (1) x=y + 2 and 2=y - 2. 

Hence from (2) lOOy + 200 -97y-106y + 212-0. 

Thus y=4,x=6, 2=2. 

5. In any geometrical series a, af^ etc. 

the (p + g)th term is a/***""* 
the (p - g)th term is a/**"'"^ 
the pth term is a/^ ~ \ 

Hence mn=a/P*«"^xa/p-«-i=oy*-«-(a/^-i)« 
.•.a/>»"i= V(mn). 

6. Let X and y be the numbers. Then 

x-«»48 N 

^ / . x-y=48 ) x-y=48) 

?-+y-V(xy) + 18 j'x + y-2Va:y=36 5 Vx-Vy= 6)' 
diyiding, Vx + Vy=8 ; hence 2Va:=14 ; V*=7 ; x=49 ; y=l 

7. 11 = 1 + 4^; 4rf=10; c?=4» eta 
' 2 



8. 2748 = {-068 + (n - 1) x -0004} x -^ ; 5*496 = •0676n + -000411' ; 
54960 =4n« + 676n; n^ + 169n= 13740 ; w=60. 

a -l=l + 10cf; 10rf=-2;c^=^-i., eta 

o 
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2*— 1 
The VOXEL of n tenns is — — - =2*- 1. 



20. The (n+ l)th term is 2». 

"2-1 

21. Sum of the /if«f » terms =^i — ^^ . 

r~l 

Sum of the second p tenns «= — ^ — ^^-i . 

r-1 

Sum of the iSlwrdi p tenns s — ^ — I— i, and so on, the sums form- 

r-1 

ing a geometric series whose common factor is r^. 

22. {a'-2d) + {a'-d)+a + {a + d) + (a + 2d)=65 ) 

6a=55 ) 

^9 ,,v JO »,r.ir ^ J a=ll ; a=4, etc. 

23. Let the series be a, a/, a/^, a/^, a/*. 

a/*-a:a/3-a/=:10:3 ) 3/*-3=10/»-10/) ^ 
af+af=2aj ] ' l+/2=2a J ' 

3(/*-l) = 10/(/2-l) ) . 3(/2 + l) = 10/ (1) ) , 
l+/2=2a J ' l+/2=2a (2)) ' 

from (1) we find /=3 ; and then from (2) a=5, etc. 

24. This is explained in Art. 472. 

25. Let 100a; + 10t/+« be the number. Then 

x + y + z=13 

100a; + lOy + 2 + 792 = lOOaj + lOy + X 
From the third equation we get a -2= -8. 
Hence x^ - 2xz + 2^= 64. 
But 4.r2 =42/^ 

.-. (a; + 2)2= 64 + 41/2. 

Also 05+2=13 -y 
.-. (13-2/)2=64 + 42/2. 

Hence we get t/=3 ; a\id tYi^Ti x=\ ^.i\^a=^ 
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5. Let a; be the increase per cent. Then the population oi' any year 
is times the population of the preceding year. 



Hence 10000 x /'l^tfV^ 14641. 

Take the fourth root of each side ; then 
10x1^1^=11; 100+a;=110; a;=10. 



CXLV. 

I. First insert two arithmetic means between -— and — 

6 24 

24 6 24 ' 24 

Hence the arithmetic means are — and — 

8 12 

.*. the harmonic means are 8 and 12. 

7 13 2 11 
Hence the arithmetic means are — j --.,—., — 

15 30 5 30 
.'.the harmonic means are — » — > — > — - 

3.|=3 + 4«i;4d--|;<i=-^. 

29 11 5 
Hence the arithmetic means are — - > — > — - 

12 6 4 
.*. the harmonic means are 5^ > ry > — • 

4* 18=3 + 6c?; 5c?=15; <i = 3. 

Hence the arithmetic means are 6, 9, 12, 15 

.'. the harmonic means are --> --> — > — . 

6 9 I'i \^ 
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5- ^~^™'o'» *^*^ ^® ^^® *® insert five arithmetic xDeans between 
- 1 and 2. 

2-:-l + 6(f:6c?=3;rf=i.. 

2 

Hence the arithmetic means are -->> 0, _, 1, A 

2 2 2 

.'. the harmonic means are - 2, od, 2, 1, — • 

3 

6. -2=2 + 6€f; 6rf=-4: rf=-A. 

' 3 

Hence the arithmetic means are -^> --■» o ~-~9 --— 

3 3 ' 3 3 

.*. the harmonic means are — , — ,<», ----» --?-. 

4 2 2 4 

^ 23 1 ^ ^ , ^ , 21 , 1 
7- -6=T + ^^>^^'16'^=2- 

Hence the arithmetic means are — > — - j i- , — , ±i , 1? 

6 3 6 3 6 3 

.*. the harmonic means are—-, — , — , — , _, ^. 

5 4 11 7 17 10 

8. 1 = 1 +(n + lM; ^^ 2^'3y 
3t/ 2x "^ ^ 6a:y(»+l) 

First arithmetic mean is 1 + 2^-3y ^3gy + 3y + 2x - 3y 

2x 6xy(H + 1) 6xy(» + 1) 

3ny + 2a; 
6x2/(?i + 1) 

Second arithmetic mean is ^^V^^^ + ^"^^ ^3.y+4x>3y 

6x^(11+1) 6xy(n+l) 6x2/(h + 1) 



nth arithmetic mean jal. 2g - 3y 27ia; + 3y 

3y 6a:y(n+l) 6xy(?i+l) 

Hence the harmonic means are l^^i?±l) , _65|Kw+l)_ , 

3?iy + 2x 3ny + 4x-3y 

6a:y(n-f 1) 

2na; + 3y ' 
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9. Let — and — be the second and third terms. 
» y 

Then 2, op, y are in arithmetic progression. 

Hence 2 + y=2x 



and 4 



+ -L + i.=ii f' 2 "^ a ''■2X-2 12 

« y 12) 



^^pli^=A. 36a;-24=10a;2-10a;; 10a;2-46a;- -24 ; 
2x2-2x 12' ' ' 

hence we find a;=4 or — - , and .'. y=6 or--—. 

5 5 

The arithmetic progressions will therefore be 
-4, -2, 0, 2, 4, 6, and |., ^, ^, 2, 1,-i. 

.-. the harmonic progressions are 

1 1 111,66515'5 

"T' ""2'"''1"'T'"6""'3i'24'l7'T' "3' "T 

0. Let % and y be the numbers. Then 

"ly- V(xy) + 13 (1) ; and ^{^)^^- + 12 
^ X + y 

^=V(xy)-i2 (2). 

x + y 
Multiply (1) by (2) ; xy=xy + ^{xy)- 156. 

Hence Mj(xy) ==156 ; from this and (1) we find a; =104, y=234. 

1. 26=a + cand — + -_=A 

ode 






2mn 1 1 

2. x= — — ; + 



m + n* x-m x-n 2mn 2mn 

- m n 



m+n m+n 



m 
mn 



+ n m + n _ m + n { 1 L ^ — ''"''^^— J_ JL 

-m^ mn-n^~~n-m\ m n ) ~ win- ~m h 
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y=.^_ I 2fla=72-22y + 2y« 

Now (»+2)y=2aML 

.*. (ll-y)y=72-22y + 2y'; whence y=» 3. 

Then x+2=>8, and as8»12 ; whence a;~2, z»6. 

14. — , — , — are the oth, oth, and rth terms of an aritlunetio 
X y 2 ^ ' » 

progression, suppose a^a-^d,, . . . 
Then —-a+Q?-!)^ ] J--.JL„(p-r)(l 



X 



l-a+(j-l)(l 



X z 



« y 

i=a + (r-l)dj |-^-(5-l>)d 
Hence z-ac8=(p-r)aB8d ^ 

y-2=(r-g)yad>; 

x-y=(g[-i?)»y(i'^ 
adding 0=»(p-r)a»d + (r-g')y8rf + (3[-l>)xyd 
0= (|> - r)a» + (r - g)y2 + (g[ -p)xy. 

15. , . - , are in A. P. 

a+6 6+c c+a 

6c a& ea 6c 



6+c a+6 c+a 6+c 

6'c-a6g ^ c^-6c» h\c-a) ^ G^(a-b) 

(6 + c)(a + 6) (6 + c) (c + a) ' ^'^^ a + 6 "" c + a 

•. 62(c2 - a^=^c^ia^ - h% or, 26V=.a262 + aV 
a^ c^ tr 



Again, ^ , ^% ^ are in A. p. 
" ' 2a6 26« 2<» 



KEY TO ELEMENTARY ALGEBRA. 233 



, fe + c a-\rh c-ha h + e 
"be ab ac be 

. JL+J__i._JL=-L+JL-.JL-.J_ 

" c b b a a. e c b 

112 
.*. — + -r-= — ; ••• b, a, c are in H. P. 
c b a , 



5. (1.) When c is the arithmetio mean between a and b. 
a + 6,- a + 6 _, 
2 .2 5a + 6 a + 56 

a + b , a + 6 a-6 6-a 

— ;; — a 



2 2 

5a+6-a~56 4a-46 



«4. 



a-b a-b 

(2.) When c is the geometric mean between a and b. 
ij(ab) + 2a V(a6) + 26 

Va(V6 + 2Va) V6(Va + 2^6) _ aV5 + 2a^a - b^a - 26^6 
" ^b{^a-^b) ^a{^a - ^b) ^(flb).Wa-^b) 

^2a + 26 + 3y(a6) ^^ ^j^^^ ^^ ^ ^ ^^^^ ^j^^ 2V(a6), 

(3.) When c is the harmonio mean between a and 6. 

2a6 ^ 2ab ^^ 
in^'^'^^ ^i::rb'^'^^ ^ 4ab + 2a^ ^ 4ab + 2b 

2ab , 2ab ^ ab-b^ ab-a^ 
-6 r-a 



a+6 a + 6 

4a26 + 2a3- 4^6*-* - 26^ 2*2 + 6a6 + 26^ 
db{a -b) ab 

Now a* + 6* is greater than 2a6 
/. — IS greater than — -r — , or, than 10. 



-I 
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CXLVL 

1. n.(ii-i;=12x 11 = 132. 

2. nJn - l).(ii - 2) = 16 X 15 X 14=3360. 

y »/»-l).(ii-2).>-3;=20x 19x18x17=116280. 

4. »/n - 1 ). (» - 2) (» - 3) (li - 4) = 8 X 7 X 6 X 5 X 4 = 6720. 

5. Number of letters is 11, and three are twice repeated, 

111 
.*. number of pennatations = 1 a 7a~| =4989600. 

6. n.(n-l) . . . (n-7;=8x7x6x5x4x3x2xl=40320. 

7. n.(n-l) ...(»- 9)= [10=3628800. 

8. (L) The number of signals in which we have 3 flags of different 

colours is 6.4.3=60. 

(2.) When 2 flags in a signal are of the same colour, suppo^ 
red; we can put 4 different colours with these, and each 
of the resulting signals may be arranged in 3 different 
ways, that is, with both the red first, or both last, or one 
first and one last. Thus we shall have 12 different signals 
with two reds. Similarly we shall have 12 different 
signals with two of each of the other 4 colours. 
.*. we shall have 5 x 12 or 60 in all. 

(3.) When we have 3 of the same colour, we shall have 5 different 
signals in all. 
/. total number = 60 + 60 + 5 = 1 25. 

9. Number of permutations = -j^-^— 5— =2520. 



10. n:w(n-l)(w-2) = l:20; 
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1 1, m^i^ - 1) (w- 2) : (m + 2) (m+ l)w= 1:5; 

5m.(m - 1) (m - 2) = (m + 2) (m + l)m ; 
5m2-15m+10=m'^ + 3m + 2; m=:4. 

12. Number of letters is 7, and therefore the number of permutations 

in which cd, stand first=l 5=120. 



1 3. Number of letters is 9, one of which is repeated twice, one three 

times, and one four times. 

19 
.*. Number of permutations = 10 fo m ^^ x 4 x 7 x 5=1260. 

14. In Conceit we have 7 letters, one of which occurs twice, 

17 
.*. number of permutations =-7^=2520. 

In Tcdavera, 8 letters, one of which is repeated three times, 

18 
.*. number of permutations =-7^=6720. 

In Calcuttaf 8 letters, 3 of them repeated twice, 



Q 

.*. number of permutations = ^ '— — -=5040. 
^ 2x2x2 

In Fropositioiif 11 letters, 2 repeated twice, 1 thrice, 
.*. number of permutations = \'o~r o' iq =1663200. 



In Mississippi, 11 letters, 2 repeated 4 times, 1 twice, 

111 
.'. number of permutations =[-j-t 7" iq =34650; 



CXLVII. 

,. ,,0,^10-0 X 99x98x97^33^^^^^ 
1x2x3x4 



^ r\ 6x5x4x3x2 « 
1x2x3x4x5 
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3. Leave out a, and find how many combinations can be formed out 

of the remaining 9 letters, 4 at a time 

^9x8x7x6x5 .^gg with each of which a wiU combine 
1x2x3x4x5 

to form a word of 5 letters. 

19 X 18 X 17 

4. Out of the 19 consonants we get — - — - — -— combinations of 3, 

° 1 x2x3 

19 X 18 X 17 

then — — X 6 =» number of ways in which we can get 

1x2x3 ^ ^ 

3 consonants and 1 vowel, and each combination of 4 letters 

admits of [£ permutations. 

.-. number of words =1^:^^ x 6 x 1 4= 116280. 

J ».(n-l)(^-2)(n-3) .n^Cn^.ig.g. („-2)(»-3)-90; 

n=12. 

, n.(n-l)(n-2)(n-3)(n~4) 18 n.(n-l)(ii-2) . 
1.2.3.4.5 " 5 ^ 1.2.3 ' 

(n-3)(n-4)=18x4; n«12. *^ 

7. Number of words =i^^^ x ^ x [5 =816000- 

I 

8. Number = ^^:^i;^?'^'f'^ >< rll >^ 1 9 -3353011200. 

1.2.0.4.0.0 I.Z.0 — 

9. « (n - 1)(«- 2) =!K!LzIigzMLz3) K 6 ; 6(«-3)=24 ; 

w-3=4; n=7. 

10. Taking the coins singly, by twos, by tl^es, and so on, 

numberof combinations =6 + ^ + ?^ + ?:5i:? + ?M3i2 + l 
numuer ui cuiuum*t ^^^.1 1.2.3 ^ 1.2.3.4 ^ 1.2.3.45 

=6+15 + 20+15 + 6 + 1=63. 

11. ^«(y»'--l)(^~2)^425xn; (n-l)(n-2)=2550; hence n= 52. 

l.iU.O 
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12. Number -i^l^ x )^^!^^ 123200. 

1.2.3 1.2.3 

13. (1.) The number is ^^^^'^'^^^^ ^ 376992. 

1.2.3.4.5 

(2.) He will go out with as many different parties as can be 
formed by taking 4 out of 35. 

.-. he goes with 35.34.33.32 ^^g3gQ 

1.2.3.4 



CXLVIII. 
\»i 1.2.3 

1.2s 1.2S.O 1.2.0.4 1.2.3.4.5 

= 6« + 66«c + 156V + 206^c» + 156 V + 660* + c«. 

+ .j!|!|44|a6« + 6^^ = a^ + 7a«6 + 21a66« + 35a*63 + 35a86* 
1.2.3.4.5.0 

+ 2iei266 + 7a6« + 6^ 
A «i8_L Q/»7if; . 8'7 A o . 8»7.6. - « .8.7.6.5 . . . 8.7.6.5.4 o « 

8.'ff6.5.4.3 «^ 8.7.6.5.4.3.2 y « 
■*■ 1.2.3.45.6*^ "^ 1.2.3.4.5.6.7^ ^ 

=05^ + 8fl5^y + 28a;«y2 + 55356^3 + 7()a4y4 + 56a5Y + 28a;Y + 8an/7 -f 3^^ 

5. 5* + 4.53.4a + i?.52.42a2 + ^.5.4%3 + (4a)* 
= 625 + 2000a + 2400a' + 1 280a' + 256a*. 



+ (6c)« « o" + 5a»6c + 1 0a«6 V + I0a*6»c» + 6a«5 V + 6» A 



6. (»«)»+ 6(a»)«.6«+?J(a')».(6«)» +2J|(a^» (6e)»+ j|||aW 
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CLI. 

1. The 8th term of (1 +a;)ii is ll^^^^fl^.x^^SSOx^. 

1.2.O.4.5.0.7 

2. The 5th tenn of (a«- 6«)i« is .l^^i^.(a8)i2-6-»- 1.(^2)4=495^16.68. 

3. The4thtennof(a-6)i<»is -122:|!^.ai«>-*+^68= -1617()0a«^6'. 

4. The 9th tenn of (2a6 - cd)" is li^?:!?:!^?^^ 

1^3.4.5.6.7.8 

= 192192a866c8d8. 

5. The 9th tenn of (a-6)w is 16'15.14.1?.12.11.10.9,^ig-94i y 

1.2.3.4.5.6.7*8 

= 12870a868. 

6. The 5th term of (a* + 6*)8 is §:Z:?:^.(ai)8-6+i.(5l)4= 70aiH. 

7. The 10th tenn of (a-6)W is - 19.18.17.16.15.14.13.12.11 10 y 

^ ^ 1.2.3.4.5.6.7.8.9 

= - 92378aiW 

The 11th tenn of (a - h^^ is therefore 92378a»&io ^ 

8. The 7th tenn of (a + a;)" is lM|4^;f^|^-a^^=1716aV. 

1.2.3.4.5.6 

The 8th tenn of (a + a;)" is therefore 1716aV. 

9. The coefficient of the rth tenn of (a + a;>* is ^'(^-l)'«-(W'-r+% 
^ ^ ' 1.2 . . . (r-1) 

and the middle tenn of (a + sc)** is the (271 + l)th. 

.-. Ck)efficient _ 4rt.(4n-l) .. . (4r^-2n-l + 2) 

1.2 .. . (2n+l-l) 

^ 4w.(4n-l) . . . (2yt+l) 
"^ 1.2 ... 2» 
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4?i>(4w-l) . . . (2yt+l) 2rt.(2n-l) . . . 1 
" 1.2 ... 271 ' 1.2 ... 2w 

4n.(4n-2) . . . 6.42 (4n-l)(4n-3) . . . 5.3.1 
*"2n.(2n-l) . . . 3.2.1 ' 1.2.3 . . . 2n 

=2.2. . . to 2n factors. (^^-\Hf"^^'o''-^'' 

1.2.3 . . . 2n 

«b2*» 1'3.5 . . . (4n-l) ^ 
" ' 1.2.3 . . . 2» 



^. The middle tenn is the (2» + 2)th. 

.-. Coefficient ,(4H + 2)(4>t + l) . . (4n+2-2»-2+2) 

1.2 .. . (2»H-2-l) 

^ (4n + 2).(4n+l) . . . (2 n + 2) 
"" 1.2 .. . (271 + 1) 

(4fi+2)(4/i)(4fi-2)...(27i + 4)(2ii + 2) (471+ l)(47i-l)... (271+3) 
^ (2?»+l)(2n)(27i-l)...(7i + l) * 71.(71-1). ..2.1 

.2.2. . . to (n+1) factors. (^ + ^)(^-,^) ' ' ' (^^+^) 

^ ' W.(7l-1) ... 2.1 

_£»-M (2n + 3)(27i + 5) . . . (4fi-l) (471+1) 

^ ' 1.2 ... 71 



CLII. 



...a..KH.. Jft-)a-t 

2 1.2 L2:3 ^ 

■ , Ki-)(T-')(i-») ,. 

^' 1.2.3.4 ^ 



Q 
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, . 2 .3^3 V , 
^^+3«+ 1.2 «* 


2/2 
^3\3 


1.2.3 


— u* 






_ 2a «» 4a«_ 
3 9 81 

1 












3--i'4^4i 




3\3 


1.2.3 


• 




,f(i-)(T- 

"^ 1.2.3.4 


^){\- 










-at+^. ^.-,.^^. 


lOaJ* 


■ 









3af 9al 81al 243aV 



..„i(H.« ja--)ft-') 



1.2 (^)'-^ 1.43 '(^>* 






i.a3.4 

1 + 3J — ■ — + — — — • 

2 2 8 



-'{■-^^■(£)'- ''^^"i'F^"% 



54 



f. ^1 ( . . 4 a:* . 5(5 V a:i. 5A5 ^(5 ^ j xf 

^ ""^ I ^+v^"^ — 1:2 — s+ 1:2:3 ^ 

5 25 125 
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7- ^ T+ — n — "^ 1:2:3 "^ 



ia-0(4-)tt-) 



1.2.3.4 

, _ gj^ g* g^ 5g^ 
T T 16 128 



ac8 



3 ^ 1.2 * 1.2.3 * 

, 7a2 14a* 14a« 
3 9 81 



4 32 128 



10. x* 



5 3 2y 2(2 ^) 4f 2 (2 yj^'V 8y» ) 
f^ 2'3a;2'*" 1.2 *9g* 1.2.3 2^3 



^-^^£-^5& 



"• -^ e''^ 1.2 ^ 1.2.3 *^ 

, __ 5 60 35 ^ 
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...4„M;0..KI-0(l-').. 



L2 Lis 



2a a> 4a< 

1 + + 

3 9 81 



^""""V^T-Z^ — Eg — ;?+ EsLS •;? 



,i(hi)(i:!)(i:!) ■> . 

L2.3.4 'tf* J 

« g x* 5x» lOag* 
3al 9al'*"81al 243aV* 



^(4-0 t(t-0(t-«) 



K^O(^^)(i-«) 



1.2.3.4 

i+x-i* + .'^-5f*. 

2 2 8 



('*a+ 1.2 •U/' * 1:2:3 U 



) 



6 54 



( 5 a4 1.2 ai"*- 1:2:3 ^ 






k 



-«»+i..a-A.*i- ^a-A.rf + ^.a-lJ.xf. 



126 
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. (4) • H) • (4) ■ (4) 



1.2.3.4 



1 g* , 3ig* 5g^ 35x8 
2**" 8 16 128' 



. 1^1^ H- (~'^) • ('^)^- ("'^) • ("^) • ('^) a. 



1.2 •" 1.2.3 



. (-1) ■ (-I) ■ (-1) ■ (-!)_■ 

^ 1.2.3.4 ^ 

-^3x2 15^ 353J6 3i5a;8 

""^■^T-^-r"*"T6~"^T28" 



^ 5 *^ 1.2 ^iS**" 1.2.3 x^*) 



5 25 125 



(-t)-(-I) H)-(-I)-H) 
,K)-(-l) •(-!)• (4) 



1.2.3.4 ^^ 



:l_X+___+_. 



1.2.3 ^ ) 



± a^ 3a!*_ 5a^ 
a""2a? 8a« 16a' 
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CLIIL 

(-2)(-2-l)(-2-2)(-2-3),«^^.a,^3^,_^3^.6a«. 
1.Z.0.4 

1*2 1.2.3 

1.2.t>.4 
, l + -. + (-^)-(-S) ^ (-4). (-5). (-6) a* 

<■ . . 5x* Sac' 

1. i+-T+ (-2)-(-3) «* (-2). (-3). (-4) «». 

(-2). (-3). (-4). (-5) a!«_ 3s» x» 6a!« 
TIZA l6-^^*^T + ¥ + l6' 

5. a-iO-(-6)a-".2aiH- (~°](~^V «.4»'- (~°)-(~fn-7) ,a-i«.at» 

+ (-^)-(-6)-i-7)-(-V". 16^ ' 
1.2.3.4 

-a-w+ iOa-% + 60a-iV + 280a-". 03 + 1120a-i8a^. 

1.^ l.^.«> 

^1 6xi 21^1 56x^ 
? ai af "^ 

CLIV. 

^ 1:2 'i^:^ 
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, H)-H)-(-l)-(4) 



1.2.3.4 



■ 2 8 16 128 ' 



. ^^l^Sc\)\-^)^_ (-1) • (-4) • (4)^ 



1.2 •" 1.2.3 



, (-l)(-l)-(4)-(-l) ,. 

1.2.3.4 
, . 3x2 , i5gjj4 35a^ 3153^ 

2 8 16 128 



V 5 x6 1.2 ^■*' 1.2.3 x") 



5 25 125 



(-t)-(-I) (4) -(-I) -(-4) 



. (4) -(4) -(4) -(4) 



-16a;* 
1.2.3.4 



1 ^_^3a;2 5x3 35a4 
2 2 8 



5 



••-l'-il*tMi).| 
, (4)-(-l)-(-l) A 

1.2.3 ^ ) 



-_L _a^ 3a^ ^^ 
* ""a"2a? 8aS 16a' 
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\ Z V 1.2 a* 

1.2.3 "c?) a"3a^'*"9a^ Sk 



CLV. 



^ ' 1.2 .. . (r-1) 

1 '2 . . . (r-1) 

2. The rfch term is (-l)'"* • ^^S^} ' ' '/^V/V "'. 

^ ' 1.2 .. . (r-1) 

3. The rth term is (- ly^ - ^A' ' ' ^1^"% ^^'' • a^"'. 

1.2 . . . (r — 1) 

4. The rth tennis ff '"^V'r ? • (Sx/®"' • (Sy)*""*- 

l.z . • . (r — 1) 

5. The rth term is (-2) • (-3) • • • (-2-r+2)^-.^ 

1.2 ,. . (r-1) 

6. The rth term is ^'l ' " ^J^'^^l • CSxY'^ 

1.2 .. . (r-1) "^ ' 

7. Th« rUi term ia i— -l-^-llA— ^ •«'-> 

1.2 ., . {r-1) 
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_ ) 1.3.5 . . . (2r-3) j X {^'^ 

1.2 .. . (r-1) 

_ L3.5 . . . (2r-3) /^.V'^ 
1.2 .. . (r-1) ' \^) 

8. The rth term is (-I)''-* • ^ — ^ , ^ / \ ^^ • ai-*-*V-i 

^ ' 1.2 .. . (r-1) 

^ ^ 1.2. . . (r-l> V«/ 

^,Xf-x . 1.2.6... (3r-7) . ^j . /^V"^ 
^ ^ 1.2 .. . (r-1) W 

_ 1.2.5...(3r-7) ^^ /^-^Y"'. 
1.2 .. . (r-1) \ 3a/ 

9. The rth term is ± — ^^ J ^-Af^ i - {2xY"^ 

1.2 . . , (r — 1) 

J7.9...(2r + 3)}x(iy"' 

_J i V£/_. (2xY-i 

1.2 .. . (r-1) ^^ 

_ 7.9 . . . (2r + 3) . 1 
L2...<r-1) ' 

3 /3^X /3^^^K 

la Therthtennis^ ^ .o A,^ L(a?)'i'^''^.{x^-'^ 

1.2 . . . (r— 1) 

/IV"^ 
{3.^ 



L7. . . (4r-5)}x(-^y . ,_! 

1.2 .. . (r-1) •*' 'VaV 



3.7 .. . (4r-6) a-f /^\ 
" 1.2 . . . (r-1) '¥=^' \a) 



X X^"^ 
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II. The (r+l)th term is ^ ' ' ' (^ + ^-^) af 

Lm^ » a » T 

_ 3.4 . . . (2+r) (r+l)(r+2) 
.2 . . . r 2 



i(i..) . . . (!.,-.),._„ 



12. The (r + l)th tenn is ^^-^ ^ ^^= ^(4a;)« 

{1.3. . . (2r-l)}x(-i-y 

1.2... r ^ ' -(^^^ 

^1.3 . (2r-l) (2^), 

1.^ • • • 1^ 

13. The (r + l)tli tern is 2^-(2'--l) ■ ■ ■ (r+l)^ 

X«^ • • • 1^ 

2r.(2r-l) . . ■ (r+l).r.(r-l) ... 2.1 , 
(2r-l).(2r-3)...3.1 2r.(2r - 2) . . . 42 ^ 
(2r-l)(2r-3) ... 3.1 2'.(|r) 

k IT"*' 

1. 3.5... (2r -l) (g^x, 
1.2.3 . . . r "^ ' 

14. Coefficient of ai'*» in (1 +x)«*i is (" + 1-M"-!) • • • (»-r+l) 

Xt^mO • • • ^1^ ^ ly 

Coefficient of of in (1 + «)* is ^'(^"^) • ' ' (^"'"*'^> . 

1.2.3 . . . r 

Coefficient of af+i in (1 + a;)" is ^'^?7^^ ' 'Z ^^7^^ • 

1.2 .. . (r + 1) 

•KT (n+l)n(n-l),..{n-r+l) n.(n-l).. .{n-r+l) n + 1 

1.2.3. . . (r+1) " 1.2 ... r '7+1 

w.(n~l) . . . (n-r+1) / n~r \ 

" 1.2 . . . r 'V^ + r + 1/ 

^n .(n-l) . . . (n-r+l) n.(n-l) . . . (n-r ) 

■ 1.2 ... r 1.2 ... (r + 1) 
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J- A A 

1.1./ l^.f.l^ 

16. ^ ^ ;of. ^ .{flF^-'^A-W'^^'^^^. 



M 4 


1.2.3.4 


. •« 


^.W-*.( 


1 


13 5 


7 


9 11 13 


2 


2 2 2 


2 


2 2 2 



128 



'7- ,oa^,^«7ft . (a«)*-».(2x^« 



1.2.3.4.6.6.7^ 



128 



18 TO.(>»+1) . . . (m + 8) -i»tg)i9 
1.2 ... 9 * •" • 



1.2 ... 6 



(l-m)(l-2m) . . . (l-5m) l-ew 
1.2 .. . 6.m« '"^ 



CLVL 

I. y3i=yf27 + 4)=3(i + iy 

-»i>4A4-i-(i-)- 



729 
64 



19683 



24 3 \3 / V3 V \3 7 -531441^ J 



4 16 320 2560 

27 2187 531441 43046721 "*" ' 

3 + ^^=3-1413749 .... 
43046721 



• • • 
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i .yi08=y(128-20)=2(l-Ay 

( 7 32 2 1\1 Vl024 

-i-f(l-')(H 



32768 

625 



+ a-T'(y"*0'(T-^)'(y"^) 1048576 

^oii 5 75 1625 40625 ) 

"" ( 224 50176 11239424 2517630976 ' ' ' * } 

_ g 5 56197120 + 3763200 + 364000 + 40625 ) 
\ 2517630976 ] 

_^( 60364945 \ 2457266031 ,^53.. 

"" \ - 2517630976/ " 1 25881 5488 "^ ^^^^"^ 

3. V260=y(243 + 17)-3(i + ^y 

(^5 243^2 5 \5 / 

+i.±.fi-iVa-2V^?i?-l 

6 5 \5 / \5 / 14348907 3 

_o 5 17 578 29478 ) 

( ^"^1215 1476225**" 1793613375 ' ' ' ' J 

_^ 5 , . 25095825-702270 + 29478 ) 

""^X^^ 1793613375 J 

-a.i 



289 

59049 



, . 24423033 ) ^ . 24423033 ^.o^nftA 

^ ■*" 1793613375 J "^ ^'*" 697871125"'^ ^"^ 



4. V31=V(32-l)=2(l-^^y-2{l4.3^ 

^ 2 5 \5 / 1024 6 5^5 / \6 / 327 

+aT{i"0'("S""^)(i"^) ioSsTS--- ! 



32768 



KE Y TO ELEMENTAR Y ALGEBRA, 2 5 r 





( 160 


1 

12800 


3 21 




t • ■ 


* 




4096000 655360000 ' 




_o [ 4096000 + 51200 + 480 + 21 
( 655360000 


) 








.2 1 1 4147701 ) ^ 
( 655360000 J 


=-1-98734 . . . 














CLVIL 








I. 


23561 

42513 

645325 


2. 


3074852 
4635628 
1247153 




3. 


358423 
267862 




80451 




1045032 


10070344 




4. 


211010 
124321 


5. 


67264 
675 




6. 


1456 
6451 




31134 


354604 


1456 








513354 






6523 








434070 






11312 




61117344 


13101 




14332216 


7. 


5)243012 




8. 


6)3756025 




31450 rem. 2. 






522256 rem. 1. 


9- 


25 40|05|44(4112 lo. 


6 1 68 98^1(2437 




24 






4 







12l\ 


140 
121 


1221 \ 


1505 
\ 1221 


12222 


\ 24444 

\ 24444 



44\ 


168 


\ 


154 


483 \ 


1498 


\ 


1209 


4867^ 


. 28«<1 




\ 2%ai 
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CLVIII. 



I. 7 




1828 



261-1 



37-2 



5-2 



0-6 



2. 6 \ 1820 
6 \ 303-2 




3. 12 \ 43751 
12 \ 3645 -« 



12 
12 
12 



303-9 



25-3 



2-1 



0-1 



0-2 



4. 5 \ 3700 
5\ 740-0 




0-1 



7. 7 \ 790168 
7 1 112879-5 



16125-4 



2303 - 4 

329-0 

47-0 

6-5 



5. 2 \ 7631 
2 1 3815-1 



1907 - 1 



953-1 




6. 12 \ 215855 



0-1 



" 


17987- 


-« 


" 


1498- 


-« 


12 1 
12 


i 124- 
10- 


-i 

-4 



0-t 



8. 4 \ 34002 



' v 


'4334- 


-1 


\ 


1043- 


-2 


\ 


122- 

1 


-0 


4 
4 


\ 2- 


-1 
-1 



0-2 



0-6 
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9. 12 V 8978 



12 \ 816-2 



12 \ 76-1 

12 \ 6-t 



0-6 



12. 4 



4 \ 5056 




4\ 1165- 


■0 


' 4 \ 214- 


-3 


4^ 36- 


-1 


4\ 6- 


-3 


41 1- 


-2 



0-1 



10. 12 \ 3256 



12 \ 166-4 



12 \ 11-1 



0-8 



13. 7 \ 654321 





«0738- 


-5 


' 


16e3e- 


-3 


' 


2858- 


-3 


'\ 


478- 


-0 


A 


7.. 


-3 


7 


"■ 


-4 


7 


'• 


-6 



0-1 



CLIX. 



II. 81 37704 




0-6 



14. 11 \ 2304 



11 \ 104-t 



11 



2-7 

0-2 



;^X6 = l+0 

36 



.*. '41 is the result 



6»,«9 9»,^8 8»,^1 

nx7=3+u' n'^^=^+n' u'^^-^+p' 
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2 ^ , . 3 3 ^ ,^10 
.*. result is *i6235504S. 



3- 


9 \ 23 

9V2-6 

\0-2 
6 1 1820 


•125 
9 






1-125 
9 


.'. result is 25-1 


4. 


1-125 
•3376 

e 


~ 




el 303-2 
el 50-3 

e \ 8-2 

e\ 1-2 

0-1 






2-0250 

e 






0-1500 
6 


.*. result is 122 




0-9000 
6 






5-4000 
6 





2-4000 



5. 2x« + x* + 2a3 + 5x2 + 4x + 2-1748e=0; 

(a; - e) (20* + 13(b5 + 80x2 + 4853; + 2914) =0 ; 
.-. »=e. Hence the scale is senary. 

6. x« + 7x5 + 4x* + 6x3 + 3jc2 + 6 -511173=0; 

(x - 8) (x5 + 15x* + 124x3 + 998a^ + 7987x + 63896) = ; 
.*. xs8. Hence the scale is octenary. 
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7. (1.) Let N be the number, and suppose 

^=a.lO* + &.10*"i+ . . . +m.lOO+jp.lO + g. 
TheniV'=a(10*-l) + &(10*-i-l)+ . . . +m(100-l) 

+|?(10-l) + (a + 6+ . . . +m+p + g). 
Now all the expressions 10* - 1, 10*-i - 1 ... 10* - 1, 10 - 1 

are divisible by 10 - 1, or 9, and therefore by 3. 
Hence N is divisible by 3, if a + 6+ . . . +m + p + gbe 

divisible by 3. 

(2.) Let JV=a.lO* + 6.10~"i+ . . . + m.lOO +|?.10 + g. 
Now 100 and all its multiples are divisible by 4, 
.'. ^ is divisible by 4 if l()p + g be divisible by 4. 

(3.) Let^=a.lO* + &.10*-i+ . . . +m.lOO+p.lO + g. 
Now 1000 and all its multiples are divisible by 8, 

.*. ^ is divisible by 8 if 100m + l(>p + g be divisible by 8. 

(4) LetiV=a.lO* + 6.10*~i+ . . . +m.lOO+jp.lO + g. 

Now 10 and all its multiples are divisible by 5, 
.*. N is divisible by 5 if g=6 or ^=0. 
(5.) Let N be the number, |>», |?._i, . . . i!>4> JPs, Pa? JPu the digits. 

Then N^fx + 10.^ + lOOp, + lOOOp* + . . . + 10*-^i?«_i + 10*^ 

=i>i-JP8+JP8-JP4+ . . . +(-l)*.l>« 

+^2(10 + 1) +i>»(102 - 1) +jp4(103 + 1) + . . . + p.{10* - ( - !)»»}. 

Now 10 + 1, 102 - 1 ^ ^ ^ are all divisible by 10 + 1, or 11, 
.'. ^is divisible by 11, if (pi+i?8+ . • • )- (l>2+P4 • . .) 
be divisible by 11. 

8. Let ii^—ajf^ + 6.r»" ^ + . . . + m»i^ + jt?r + g, 

thenn=a + r6+ . . . +m.r*~2+|>.r*"^ + g.r*. 
TheniV-n=a(i*-l) + 6.(r»"i-r)+ . . . -mif^-r^ 
_^(irfi-i _ |.) _ qj^ _ 1)^ ^ii(j each of the factors r* - 1, 
r»~i - r . . . r*~2 - r^, r*"^-r, r*-lis divisible by r - 1 ; 
.'. ilT- n is divisible by r - 1. 
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I. 31651553 

47505855 
6-6879746 
2*6150026 

T-2187180 



CIX 

2. 4-6843785 
5*6650657 
3*8905196 
3*4675284 

77074922 



3. 2-5324716 

3*6650657 

6-8905196 

•3156215 

2*4036784 



4. 2-483269 
3-742891 



4*740378 



5. 2*352678 
5*428619 



2-924059 



6. 5*349162 
3*624329 



3-724833 



7. 2-4596721 
3 

5-3790163 



8. 7-429683 
6 

^-578098 



9. 9-2843617 

7 

62-9905319 



ro. 316-3725409 



i\6- 



2-1241803 



II. 6\ 14-432962 



;\i4^ 



3*738827 



12. 9\ 4-53627188 



1-61514132 



CLXL 

I. Log 128= log 2^=7 log 2=2-1072100. 

Log 125= log i^= log 1000- log 8=3- log 2» 

8 

= 3-3 log 2=3- -9030900 = 2-0969100. 
10000 



Log 2500= log 



= log 10000- log 4=4-2 log 2 



«4- -6020600=3-3979400. 



100 



2. Log 50= log i^« log 100- log 2=2- -3010300=1-6989700. 

Log -005 = log -A- = log 10 - log 2 - 3 = - log 2-2 =3-6989700. 
Log 196 = log (49 X 4) = 2 log 7 + 2 log 2=2-2922560. 
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3. Log 6= log 3+ log 2=77815ia 
Log 27=3 log 3=1-4313639. 

Log 54= log (27 X 2) =3 log 3+ log 2=17323939. 
Log 676= log (9 X 64)=2 log 3 + 6 log 2=2760422a 

4. Log 60= log (2x3x10)= log2+ log3+ log 10=17781513. 

Log -03= log A= log 3 - 2=-477l213 - 2=2-4771213. 
100 

Log 1-05= log~5=log|i= Iog3+log7-log2-l = -0211893. 

Log -0000432= log- ,J:L^JL =4 log 2 + 3 log 3 - 7=5-6354839. 

10000000 * 

5. Log •00075=log75 - 5= log 3 + log 25 - 5 = log 0^ + log 25-5 

=^ {log 18 - log 2} + log 100 - log 4 - 5. 

2 :• 

=4 {1-2552725 - '3010300} + 2 - -6020600 -^ 

= -4771213 - -6020600 - 3=4-8750613. 
Log 31*5= log (21x3x5)-l= log 21+ log 3 + 1- log 2-1. 

= log 21 +-^ {log 18 - log 2} - log 2 

= 1-3222193 + -4771212 - '3010300= 1*4983105. 

6. Log 2= log ~=1- log 5 = -3010300 

Log -064=log. -^=6 log 2-3=6-6 log 5-3=2-8061800 
Log jgj*=l(60log 2-20 logs) 

« y (30 - 30 log. 5-10 log 5) = -i (30 - 27*9588000) 
„-^ (2-0412000) --2916000. 
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7. Log 5=»log ^=1- -3010300= -6989700 

log •125 = log r|L=3 log 6 -3=2-0969100 -3 =1-0969100 
^ 1000 

Log (5!!\'^=log 5H-log 2tt=log 5«-log 21 

-61og5--|log2-6 Gog 10-log2)-|-log2 
-4-1938200 - -8027467=3-3910733. 

8. -2,0,2; 1,0,-1. 

9. 1593 is greater than lO' and less than 10*; characteristic 3; 
1593 is greater than 12^ and less than 12^ ; characteristic 2. 

10. J-8; J=28; 2?«'=28; 2y=3, eta 

11. (a) log 2=i. log 4= -3010300. 

Log 25= log 100 -log 4=2- -6020600=1-3979400 

Log 83-2=log (80 X 1*04)= y log 4 + log 10 + log 1-04 

= -9030900 + 1 + -0170333 = 1-9201233. 

Log (•625)T*. = -^^jlog625-logl000|=ji {2log25-3| 

-jiQ{2logl00-2 1og4-3J=jLJ4-l-2041200-3J 

- - -0020412=1-9979588. 

(6) Log (l-04)<»w=6000 log 1-04=6000 x -0170333 
-102-1998000 ; .'. number of di^ts is 103. 
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2. (a) Log 5 = i log 25=: -6989700 

Log 4=2 -log 25 =-6020600 

Log 51-5=log 5 + log 10-3=-6989700 + l-0128372=l-7118072 

Log (•064)t*«= jl^ j log 64- log 1000 | = ^L j 3 log 4-3 j 

=~q| 1-8061800-3 I =--0119382=T-98806ia 

(6) Log (l-03)«»=600 log 1-03=600 x -0128372 
= 7-7023200 ; /. number of digits is 8. 

[3. Log 7623=2 log 3 + 2 log 11 + log 7 . 

= -9542426 + 2*0827854 + -8450980=3-8821260 

Log ^=log 7 + log 11 -log 3 - log 100 

= -8450980 + 1-0413927 - '4771213 - 2=1-4093694 
Log 5|9=log 3 -log 11 -2 log 7 
= -4771213 - 1-0413927 - 1-6901960=3-7455326. 
14. (1.) a; log 4096= log 8-« log 64; 4a; log 8= log 8 -2a; log 8; 

(2.) (2-5)* =6-25 = (2-5)2; /. »=2. 

(3.) (06)* =m ; a; log (06) = lag m 

.•.a;= ^Qg^ 

log a + log 6 

(4.) a;(m log a + 2 log 6) = log c, eta 

(5.) 3a; log a + (4 - a;) log 6= (2a; - 1) log c 

x(3 log a - log 6-2 log c) = - 4 log 6 - log c, etc. 

(6.) a; (log d+m log 6) = log c - 3a; log c 

a; (log a + m log 6 + 3 log c) = log c, etc. 
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CLXII. 



1. P(l+r)»=2P; (l+r)*=:2; ^l + -L^* = 2; 

log 2 _ '3010300 _^.g 

• log 104- log 100 "•0170333" * 

2. P(l+r)n=2P;(l + A)*=2; 

. log 2 _ -3010300 _gg,. 

••"^ logl-03"-0128372"'^* * * ' 

. A4.i2.V=2- n= ^^^2 _ '3010300 __y.gyg, 

^- V^^IOOJ ^' "" b^-'04l3927"^^^^^ • • • 

4. fi + AV=3;n=-,i?iA-='l^Ii?l?=22-5 nearly. 
^ V^^lOO/ * log 1-05 -0211893 r 

5. P(l+r)*=2P; .'. n= , ^^^ ^ , 

log (l+r) 

P(l + 2r)«»=2P ; /. m= , ^?j^ \ , 
^ log(l + 2r) 

" w " log (1 + 2r) ' 
Now 1 + 2r is less than (1 + r)* 

.-. J^ i8 greater than -M±!0 , or, ,^°g(^,Y\ . or, 
n log (1 +r;*' ' 2 log (1 + r)' ' 

6. 1000(1 +r)*= 1800; A+^-^yzsl'S 

.-. n log 1'05= log 1-8; nJ^^^^^^Vi nearly. 
® * ' -0211893 ^ 



,or,^. 



7. P(l+r)2n=2P; (l + A^'"=2 



...2n=,-M|-==S^=23-449... 
log 1-03 -0128372 

.•.n= 11-724 .... 
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3, Waterloo Place, Pall Mall. 
July, 1879. 

(J^ucational O3otft0 

PUBLISHED BY 

Messrs. RIVINGTON 

NEW BOOKS in Preparation and in the Press 

THE ANTIQUITIES OF GREECE 

Translated from the German of G. F. Schoemann, 

By E. G. Hardy, M.A., late Fellow of Jesus College, Oxford ; 

and 
J. S. Mann, M.A., sometime Scholar of Exeter College, Oxford, 

2 Vols. 8vo. \Vol. L just ready. 

This Transladoa is intended to make known the best and most recent results of Germa* 
research on the whole public and private life of the Greeks. No English book or the 
subject is at once so exhaustive and searching. The original is distinguished by its 
interesting style, continuous treatment* and judicious arrangement ; it not only describes 
Greek institutions, but traces their rise historically, and explains them in th<i light of 
Greek ideas and theories. The book will, it is hoped, become a standard authority for 
English, as it is for German, Scholars. It is peculiarly adapted for use at the Universities, 
and also for the Upper Forms at Schools* while it should not be unwelcome to the genaial 
literary public. 

VOLUME L contains (i) Homeric Greece, (2) Historical Greece. His- 
torical Greece is divided into the three following divisions : — 

Part I. — General Characteristics of the Greek State. 

Difference of race — Idea and conditions of the State— Chief forms of constitution— 
The citizens and the labouring classes — System of public discipline, &c., &c. 

Part II. — Historical Statements with respect to the 
Constitutions of particular States. 

Monarchy — Oligarchy — Lawgivers — Tyrants. — Democracy — Theoretical Re- 
formers — Party struggles, &c., &c. 

Part III. — Description of Principal States in detail. 

Political, social, military, and financial condition of Sparta, Crete, and Athens 



I'oiiticai, social, miutary, and nnancial condition ot aparta, v^rete, and Ataens. 
Sparta: Spartiatae — Helots— Legislation of Lycurgus — Military system— Hellenic 

Btlicy, &C. Athbns: Land and People — Solonian legislation — Development of 
emocracy — Slave&^Financial system— Judicial system, &c 



VOLUME II. will contain: Part I. — International Relations. 
Part II. — Greek Religion. 

LONDON, OXFORD, AND CAMBRIDGE. 
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New Books in Preparation and in the Preaa— continued, 
A Second Latin Writer. 

By George L. Bennett, M.A., Head-Master of the High School^ 
Plymouth^ late Assistant-Master at Pugby School, 

This work, in continuation of the First Latin Writer, will give hints 
on writing Latin Prose for boys aboat to commence the rendering of 
continuous passages from English Authors into Latin. There will be 
a large collection of Exercises, graduated according to their difficulty, 
with Notes. See page i8. 

A First Greek Writer. By Arthur sidgwick, M.A., 

Assistant-Master at Rugby School, and late Fellow of Trinity College^ 
Cambridge. See page 2S. 

Homer's Iliad. 

Edited J with Notes at the eftd for the Use of Junior Students, by 
Arthur Sidgwick, M.A., Assistant- Master at Rugby School, and 
late Eellow of Trinity College, Cambridge, 

Small Svo. See page 34. 

Books HI. and IV. 

Caesar. De Bello Gallico. Books I • to III. 

Also Book I. separately. 

Edited by J. H. Merryweather, M.A., and C. C. Tancock, 
M.A., Assistant- Masters at Charterhouse School, 

Small Svo. See page 19. \yust ready, 

A Primer of Greek Syntax, 

By the Editors of the ** Primer of Greek Accidence^'* See page 26. 

History OF the Romans to the Establishment 

OF Imperialism. 

By J. S. Reid, M.L., Classical Lecturer at Christ s College, Cam- 
bridge, 

This work is intended to be used by the higher Forms in Public Schools, 
and by Junior Students in the Universities. It aims at exhibiting in 
outline the growth of the Roman national life in all departments. Military 
history will not be neglected, but attention will be particularly directed 
towards the political and social changes, and the development of law, 
literature, religion, art, science, and social life. Care will be taken to 
bring the whole narrative into accord with the present state of knowledge, 
and also to present the facts of Rcxnan History in a form likely to interest 
the Students for whom the work is intended. See page 9. 
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New Books in Preparation and in the Press — continued. 
A Practical Greek Method for- Beginners, 

Being a graduated application of Grammar to Translation and 
Composition. By F. Ritchie, M.A., and E. H. Moore, M.A., 
Assistant- Masters at the High School^ Plymouth, 

See page 26. [Part I. nearly ready. 

The aim of this book, which is at once a Grammar and Exercise Book, 
is to secure an Uniform method of teaching Grammar, and to afford 
abundant practice in inflexions, &c., at the timef the Grammar is being 
learned. 

Part I. contains the Substantives, Adjectives, Pronouns, and Regular 
Pure Verbs with Exercises (English-Greek and Greek-English), in- 
troducing the main rules of Syntax of the Simple Siehtence. 

Part II. contains the remaining Classes of Regular and Irregular Verbs, 
with consecutive pieces for Translation, introducing progressively the 
Syntax of the Compound Sentence. 

. r 

A Short History of England for Scjjpols. 

By F. York-Powell, M.A., Lecturer at Christ Churchy and Pt^lic 
Examiner, Oxford, With Maps and Illustrations. 

See page 12. [In the Press. 

This book is intended to fill a place which is n6t precisely taken by any existing School 
History. Its aim will be to give a brief and correct, but as far as possible interestin|;, 
account of the main points of importance and leading characters of each reign, as well as 
to convey some notion of the chief social and domestic features .of the principal epochs, 
&c., and it is intended for the use of scholars in the middle and upper forms of schools 
who, while they have outgrown the stage at which Primers are useful, are not yet able 
to cope with larger and more complete Histories. The want of this class of book has been 
long felt by teachers and examiners ; and while engaged in the preparation of the work, 
the Author has had the benefit of practical advice from several schoolmasters who were 
anxious for the appearance of such a book as he is here attempting to supply. 

While working on the lines of Mr. Bright's excellent History of England, to which 
this is indeed in some sort an Introduction, the Author has of course gone over the 
ground afresh, writing wherever he was able, from the original authorities ; he has also 
by the aid of typical illustrations, maps, plans, tables, &c., endeavoured as far as he could 
to appeal to the eye on behalf of a subject which should above all others be vividly 
. pictured by learners if they are ever to remember or understand it. 

A Chronological Handbook of English History. 

A Framework for use in Class-teaching and Lecturing. 

By Arthur H. D. Acland, M.A., Christ Church, Oxford, an. 
Cyril Ransome, M.A., Merton College, Oxford; Professor of Modern 
Literature and History, Yorkshire College, Leeds, 

See page 11. [In the Press. 
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New Books in Preparation and in ilie P^ress — cmdnuetL 

Xenophon's Agesilaus. 

EdiUd by R. W. TAYLOR, M.A., Htad-Master of Keify Cottege^ 

Tavistock, 

The Merchant of Venice. 

Edited by the same. Forming one of the volumes of the ** Ettgby 
Plays of Shaksperer See page 6b 

Scott's Rokeby. 

Edited by the same. Forming one of the volumes of the** English 
School-Classics:^ 

Arnold's Practical Introduction to Greek 

Prose Composition. 

By Evelyn Abbott, M.A., LL.D., Fellow and Tutor of Balliol 
College^ Oxford, A New and Revised Edition, See page 32. 

Thc Political Speeches of Demosthenes. 

Translated into English, with Introductions and Appendices. 
By Evelyn Abbott, M.A., LL.D., Fellow and Tutor «f BalUol 
College^ Oxford, 

^An Easy Greek Reading Book. 

By C. Hepworth Gibson, M.A^ Assistant-Master at Merchant 
Taylor^ School, See page 35- 

The Elements of Physical Geography. 

By H. G. Seeley, F.R,S., Professor of Geography at Kings 
College^ London, 

Romeo and Juliet. 

Edited by Rev. Charles E. Moberly, M. A., Assistant- Master at 
Rugby School. Forming one of the volumes of the ** Rugby Plays of 
Shakspere:^ See page 6. 

Oliver Cromwell. 

By F. W. Cornish, M.A., Assistant-Master at Eton College, 
Forming one of the volumes of ** historical Biographies,^ See page 1 1. 

The Roman Revolution. From b.c. 133 to the 

Battle of Actium. 
By Henry F. Pelham, M.A., Fellow of Exeter College, Oxford, 
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KEYS 

KEYS marked A are published to the following Educational 
Works for the use ef Tutors only. They can only be obtained 
by direct application to the Publishers, who will send a printed 
Form, to be filled up by the Tutor requiring the Key, They 
cannot be supplied through Booksellers. 

NctttPrk* 
j\ «f the Key. 

s. d. 

Bennett's First Latin Writer . . . , , . .50 

— ^— Easy Latin Stories for Beginners 5 <^ 

Gepp's Arnold's Henry's First Latin Book , . . ,50 

' Exercises in Latin Elegiac Verse So 

Sidgwick's Greek Prose Composition . . . . ^ .50 

Arnold's Henry's First Latin Book . . . . . .to 

-^— — Supplementary Exercises . . . . , .16 

■ Second Latin Book 20 

First Verse Book ........ i o 

■ Latin Verse Composition . . . , , .20 

■ Longer Latin Exercises. Part II. . . , . a 6 
• — Latin Prose Composition. Part I. . . . .16 

■ First Greek Book . . , . . . .16 

— — ^— — Greek Prose Composition. Part 1 16 

Sargent and Dallin's Materials and Models for Latin Prose 

Composition. Latin Version. Sixty Selected Pieces. 5 o 
Sargent and Dallin's Materials and Models for Greek Prose 

Composition. Greek Version. Selected Pieces. . 7 6 

B 
JKrys to the following are sold to the Public without restriction : 

s. d. 

Arnold's First German Book 26 

Second German Book .......10 

First French Book .26 

First Italian Book . 16 

First Hebrew Book 36 

Smith's (J. Hamblin) Elementary Algebra 90 

Arithmetic . . . . . , . .90 

Statics and Hydrostatics .60 

Trigonometry .76 

— — Latin Prose Exercises . . . . . .50 

The above-mentioned Keys are published at nstt prices, and no reduction is made to 
Tutors. 
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ENGLISH 

SELECT PL A YS OF SHAKSPERE 

RUGBY EDITION 

With Introduction and Notes to each PJay. 
Small 8vo. 

• ■ 

As You Like It. 2j. 
Macbeth. 2j. Hamlet. 2s.td, 

King Lear. 2j. 6^. Romeo and Juliet. 

With Notes at the end of [In preparation, - 

the Volume. 

Edited by the Rev. Charles E. Moberly, M.A., Assistant-Master 
at Rugby School, and formerly Scholar of Balliol College, Oxford, 

CoRIOLANUS. 2j. 6^. 

Edited by Robert Whitelaw, M.A., Assistant-Master at Ru^ 
School, formerly Fellow of Trinity College, Cambridge, 

The Tempest. 2j. 

Edited by J. Surtees Phillpotts, M. A., Head-Master of Bedford 
Grammar School, formerly Fellow of New College, Oxford, 

With Notes at the end of the Volume. 

The Merchant of Venice. 

Edited by R. W. Taylor, M. A., Head-Master of Kelly College, 
Tavistock, and late Fellow of St, John's College, Cambridge, 

With Notes at the end of the Volume. 

[In pTiparaHoH, 

I W ■ ■ ^^M^.^^' ■■ ■- I ■ ^^^— ^^M^^.^ MM w^^^^^^^^^mm ■■■■MM ■ ■ ■ ■ ■ I ■ I »^^i^M^— ^^»^^^^^ 
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The Rudiments of English Grammar 

and Composition. 

By J, Hamblin Smith, M.A., of GonvilU and Cuius College^ 
and late Lecturer at St. Peter's College^ Cambridge, 

Crown 8vo. 2s, 6d, 



** Though prepared specially for the re- 
quirements of the University of Cambridge 
in the local examinations, this grammar is 
well worthy of the attention of all who are 
engaged in the teachmg of English. '* 

Glasg^ow Herald. 

" The book is simplv and intelligently 
written ; it contains nearly all that a young 
student should know, and it is full of well 
chosen examples from English classics to 
illustrate the difTereut subjects treated/' 

Spectator. 

•' This work is very elementary, but, 
like all Mr. Hamblin Smith's useful books, 
wonderfully lucid. It should well fulfil its 



design as a text-book for the local exam- 
inations. We are pleased to note the varied 
and tasteful selection of the illustrative 
quotations.'* — Oxford and Cambridge 
Undergraduate^ youmal. 

" We have here the most difficult study 
in the English language and what is usually 
the dryest reduced to language so simple 
that the smallest child, even before it learns 
to read can understand the parts of speech 
of the tongue it articulates, and rendered 
so interesune as entirely to remove the 
stigma of dullness." 

Cambridge Chronicle. 



The Beginners Drill-book of English 

Grammar, 

Adapted for Middle Class and Elementary Schools. 
By James Burton, T.C.D., First English Master in the High 
School of the Liverpool Institute, 

Small 8vo. \s. 6d, 

Contents: — I. Analysis of Simple Sentences: — On the Simple Sentence — Classifi- 
cation of Words — Change of Words from one Class to another—Order of Words and 
Breviation of Sentences — Order of Proceeding in Analysing Simple Sentences. II. In- 
flexion :— Use of Inflexion and Compounding — Inflexion of the Noun — Inflexion of the 
Pronoun — Inflexion of the Verb— Tables of Verbs — Inflexion of the Adjective and Adverb. 
III.^ Syntax : Analysis of Complex Sentences :— Elementary Rules and Cautions- 
Indirect Objects — The Complex Sentence with the Indicative Mood — The Complex Sen- 
tence with the Subjunctive Mood. IV. The Alphabet : — Analysis of English Speech- 
sounds— Insufficiency of the English Alphabet. Appendix: — Examples of Analysis and 
Parsing — Exercises — Examples of Additional Exercises. 



Short Readings in English Poetry. 

Edited by H. A. Hertz. 

Small 8vo. \In the Press, 
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ENGLISH SCHOOL-CLASSICS 

With Introductions, and Notes at the end of each Book, 

Edited by FRANCIS STORR, M.A., 

CHIBP MASTER OF MODERN SUBJECTS AT MERCHANT TAYLORS' SCHOOL, LATB SCHOLikB 
OP TRINITY COLLEGE, CAMBRIDGE, AND BBLL VNIYBXSITV SCHCXJiS. 

Small ^o, 

THOMSON'S SEASONS : Winter. 

With Introduction to the Series, by the Rer. J. Franck Bright, M.A^ Fdlow of 
University College, and Historical Lecturer at Balliol, New, and University CoUtges, 
Oxford ; Late Master of the Modem School at Marlborough College, m. 

COWPER'S TASK. 

By Francis Storr, M.A., Chief Master of Modem Subjects at Merchaat Taylors' 
School. Of. 

Part I. (Book I.— The Sofa ; Book II.— The Thnepiece) yi. Part II. (Bottk III. 
—The Garden ; Book IV.— The Winter Evening) orf. Part III. (Book V.— The 
Winter Morning Walk ; Book VI.— The Wmter Walk at Noon) ^, 

COWPER'S SIMPLE POEMS. 

By Francis Storr, M.A., Chief Master of Modem Subjects at Merchant Taylors' 
School. 

SCOTT'S LAY OF THE LAST MINSTREL. 

By J. SuRTEES Phillhotts, M.A., Head Master of Bedford School, ffmnerly 
Fellow of New College, Oxford, ax. id. 

Part I. (Canto I., with Introduction, &c.) ot^ Part II. (Cantos II. and III.) Oif. 
Part III. (Cantos IV. and V.) ^ Part IV. (Canto VI.) grf. 

SCOTT'S LADY OP THE LAKE. 

By R. W. Taylor, M. A., Head-Master of Kelly College, Tavistock ; late FeUow of 
St. John's College, Cambridge, ax. 

Part I. (Cantos I. and II.) ^. Part II. (Cantos III. and IV.) ^ Part III. 
(Cantos V. and VI.) grf. 

NOTES TO SCOTT'S WAVERLBY. 

By H. W. Eve, M.A., Head-Master of University College School, London. i«.,or 
with the Text, ax. td. 

TWENTY OP BACON'S ESSAYS. 

By Francis Storr, M.A., Chief Master of Modem Subjects at Merchant Taylon' 
SchooL zx. ' 

SIMPLE POEMS. 

Edited by W. E. Mullims, M.A., Assistant-Master at Marlborou^ CoHq^e. &iC 

SELECTIONS PROM WORDSWORTH'S POEMS. 

By H. H. Turner, B.A., late Scholar of Trinity College, Cambridge, u. 

WORDSWORTH'S EXCURSION : The Wanderer. 

By H. H. Turner, B.A., late Scholar of Trinity College, Cambridge, xs, 

MILTON'S PARADISE LOST. 

By Francis Storr, M.A., Chief Master of Modem Subjects at Merdiaot Taylors' 
School. 
Book I. 9(/. Book II. ^ 

MILTON'S L* ALLEGRO, IL PENSEROSO, AND LYGIDAS. 

By Edward Storr, M. A., late Scholar of New College, Oxford, xx. 
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ENGLISH SCffOOL'CLASSICS—coTL^dxiixtd. 

SEIiSCTIONS FROM THE SPECTATOR. 

By Osmund Airy, MA., Assistant-Master at Wellington College. z«. 

BROWNE'S RELIGIO MEDICI. 

By W. P. Smith, MA., Assistant-Master at Winchester College. z«. 

GOLDSMITH'S TRAVELLER AND DESERTED YILLAaE. 
By C. Sankby, MA., Head-Master of Bury St. Edmund's Grammar School, zx. 

EXTRACTS FROM GOLDSMITH'S VICAR OF WAKEFIELD. 
By C. Sankby, MA., Head-Master of Bury St. Edmund's Grammar SchooL zx. 

POEMS SELECTED FROM THE WORKS OF ROBERT BURNa 
By A. M. Bbll, M.A, Balliol College, Oxford, sx. 

MACAXTLAY'S ESSAYS. 

MOORE'S LIFE OF BYRON. By Francis Storr, M.A. ^iL 

BOSWELL'S LIFE OF JOHNSOH. By Francis Storr, M.A. ^i, 

HALLAM'S CONSTITUTIONAL HISTORY. By H. F. Boyd, Ute Scholar of 
Brasenose College, Oxford, zf. 

SOUTHEY'S LIFE OF NELSON. 

By W. £. MuLUNS, M.A, Assbtant-Master at Marlborough College, ax. 6d. 

CRAY'S POEMS, JOHNSON'S LIFE, AND SELECTION FROM 
QUAY'S LETTERS. 
Edited by Francis Storr, M.A., Chief Master of Modem Subjects at Merchant 
Taylors' SchooL u. 

\* The General lutrodmctiou te Series will be found in Thomson's Wintbs. 



HISTORY 

History of the Romans to the Establishment 

OF Imperialism. 

By J. S. Reid, M.L., Classical Lecturer at Chrisfs College^ Cam- 
bridge. 

This work is intended to be used by the higher Forms in Public Schools, 
and by Junior Students in the. Universities. It aims at exhibiting in 
outline the growth of the Roman national life in all departments. Military 
history wHI not be neglected, but attention will be particularly directed 
towards the political and social changes, and the development of law, 
literature, religion^ art, science, and social life. Care will be taken to 
bring the whole narrative into accord with the present state of knowledge, 
and abo to present the facts of Roman History in a form likely to interest 
the Students for whom the work is intended. \In preparation, 
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HISTORICAL HANDBOOKS 

EdiUdby 
OSCAR BROWNING, M.A^ 

FBLLOW OF KIUG'S COLLBGB, CAMBUOGB. 

Crown Sva 

English History in the XIVth Century, 

By Charles H. Pkarson, M.A., Head-Master of the Presby- 
terian Ladie/ College^ Melbourne^ late Fellow of Oriel College^ Oxford, 

y.6d. 

The Reign of Lewis XI. 

By P. F. WiLLERT, M.A., Fellow of Exeter College^ Oxford. 

With Map. y.6d. 

The Roman Empire, a.d. 395-800. 

By A. M. Curteis, M.A., Assistant-Master at Sherborne School^ 
late Fellow of Trinity College, Oxford, 

With Maps. 3^. 6d, 

History of the English Institutions. 

By Philip V. Smith, M.A., Barrister-at'Law ; FelUm of Kin^s 
College^ Cambridge, 

Second Edition. 3^. 6^. 

History of Modern English Law. 

By Sir Roland Knyvet Wilson, Bart, M.A., Barrister^at-Law; 
late Fellow of Kittys College, Cambridge, 

3J. td. 

History of French Literature. 

Adapted from the French of M. Demogeot, by C. BRIDGE. 

3J. 6d, 

The Age of Chatham and Pitt. 

By Sir W. R. Anson, Bart., M. A., Fellow of All Souls' Collegt, 
Oxford. [In Preparation, 
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HISTORICAL BIOGRAPHIES 

Editedby 
THE REV. M. CREIGHTON, M.A., 

LATB PKLLOW AND TUTOR OP MBRTON COLLBGB, OXFORD. 

With Maps and I^lans. Small 8vou 

Now ready, 
SIMON DE MONTFORT. By M. Creighton, M.A. 2j. d</. 
THE BLACK PRINCE. By Louise Creighton. 2j. 6^. 
SIR WALTER RALEGH. By Louise Creighton. With Portrait 

THE DUKE OF WELLINGTON. By Rosamond Waite. With 
Portrait, "^s. 6d. 

THE DUKE OF MARLBOROUGH. By Louise Creighton. With 
Portrait. 3^. 6d. 

OLIVER CROMWELL. By F. W. Cornish, M.A.. [In preparation. 



History of the Church under the 

Roman Empire, a.d. 30-476. 

By the Rev. A. D. Crake, B.A., Chaplain of All Saints School^ 
Bloxham, 

Second Edition, revised. Crown 8vo. 7x. W. 

A Chronological Handbook of Eng- 
lish History, A Framework for use in Class- 
teaching and Lecturing. 

By Arthur H. D. Acland, M.A., Chritt Churchy Oxford; and 
Cyril Ransome, M.A., Professor of Modern LUerature and History^ 
Yorkshire College^ Leeds, [In the Press, 

A History of England for Children. 

By George Davys, T>.T>., formerly Bishop of Peterborough. 
New Edition. i8mo. is, 6d. 
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With ntnnerotts Maps and Pkuis. Second Edition^ Revised^ Crewn 9ra 

A History of England. 

By the Rer. J. Franck Bright, M Jl., Fdlm» <^ Unhnrsify CMgt^ 
and Historical Lecturer otBalliol^ New^ and Universiiy CoUege^ OxftrS; 
UUe Master of the Modem School at Marlborough College, 

Period I. — ^Medlcval Monarchy : The depArtmre of the RomMO, to 
Richard III. From a.d. 449 to A.D. 1485. Secoad Editiom, Revised 
4^. 6d, 

Period II. — Personal Monarchy : Henry VIL to James XL Fiom AJBk 
1485 to A.D. 1688. Second Edition, Revised. $s. 

Period IIL — Constitutional Monarchy : William and Mary, to the 
present time. From A.D. 1689 to A.D. 1857. SeccHid Edition^ Revised. 

^s,6d, 

{See Specimen Page opposite^ 

A Short History of England for 
Schools. 

By F. YoRK-PowELL,. M.A.» Lecturer at Christ Chureh^ and 
Public Examiner^ Oxford, With Maps and Illustrations^ 

[M ike Press, 

This book is intended to fill a place which is not precisely take» by any 
existing School History. Its aim will be to give a brief and correct, but 
as far as possible interesting, account of the main points of importance and 
leading characters of each reign, as well as to convey some notion of the, 
chief social and domestic features of the principal epochs, &C.,. and it is 
intended for the use of scholars in the middle and upper forms of schods 
who, while they have outgrown the stage at which Primers are useful, are 
not yet able to cope with larger and more complete Histories^ The want 
of this class of book has been long felt by teachers and exammers ; and 
while 'engaged in the preparation of the work, the Author has had the 
benefit of practical advice from several schoolmasters who were anxious lor 
the ap]>earance of such a book as he is here attempting to supply. 

While working on the lines of Mr. Bright's exceUent History of England, 
to which this is indeed in some sort an Introduction, the Author has of 
course gone over the ground afresh, writing wherever he was able, from 
the original authorities ; he has also by the aid of t3rpi€a) fllostrations, 
maps, plans, tables, &c., endeavoured as far as he could to appeal to the 
eye on behalf of a subject which should above all others be vividly pictured 
by learners if they are ever to remember or understand it. 
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1825] THE TURKISH QUESTION 1397 

state of things was for the moment crossed by the death of Alexander 
(Dec. 1, 1825). The view which his successor Nicholas would take 
became in the last d^ree important ; Canning, with great wisdom, 
ehose Wellington — opposed indeed to his policy, but personally 
acceptable to tlie Russian Czar — as his special ambassador to take the 
royal congratulations upon the new Emperor's accession, and to con- 
Jfcinue the negotiations if possible. The appomtment met with 
universal approbation ; eVen Mettemich believed that in the hands 
of Wellington the question must be settled in accordance with his 
views. It was with much surprise and anger that the Turks and 
Austrians heard that, on the 4th of April, an arrangement had been 
arrived at between the Courts of England and Russia. p,otoeoi 
Taking advantage of the very moderate claims of the iMtwem 
(Greeks, who demanded no more than to be placed on Bun!*, 
the same footing as the Danubian Principalities, re- -^v^^*^ 
maining as self-governing but dependent vassals of the Turkish 
Qovemment, the English minister had succeeded in procuring the 
«ignature .of a protocol embod3ring a plan for peaceful interven- 
tion. 

The cause of Greek independence had already excited enthusiasm 
In England, many volunteers had joined the armies, »i.ti—f«n i 
and money had been subscribed for them. In this JSepwSiiiat 
enthusiasm Canning in his heart fully joined ; from i& snciuid. 
early youth one of his favourite dreams had been the independence 
of that race to which as an ardent lover of the classics he felt he owed 
AO much. But, true Jbo his principles, and determined to maintain the 
strict neutralily of England, he had done his best to check any active 
assistance to the insurgents. According to his view it was necessary 
that England should intervene with clean hands, and as the friend 
of both parties. He was also in constant dread of the watchfulness 
of his Tory enemies, fearing lest any sign of too great favour to 
Russia should enable them entirely to thwart his plans. Neverthe- 
less the knowledge of the approaching intervention gave a great im- 
petus to thefeeling in favour of Greece in England, and men and money 
were poured in considerable quantities into the peninsula. Lord 
Cochrane, the most dashing and adventurous of English sailors, had 
joined the insurgents with an American frigate, General Churchill 
took command of their armies, yet their, destruction seemed immi- 

[English History— J. F. Bright. See p. i2,\ 
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The following Schools, amongst many others, ose this Series: — £ton: 
Harrow : Rugby : Winchester : Charterhouse : Marlborough : Shrewsbury} 
Cheltenham : Clifton : City of London School : Haileybury : Tonbndge i 
Fettes College, Edinburgh: H.M.'s Dockyard Schools, Sheemess and 
Devonp>ort : Hurstpierpoint : King William's College, Isle of Man : Brad- 
field College, Reading : St. Peter's, Clifton, York : Birmingham : Bedford: 
Felsted : Christ's College, Finchley : Liverpool College : Windermere 
College : Eastbourne College : Competitive College, Bath : Brentwood : 
Perse School, Cambridge : Queen's College, Cork. Also in use in the 
Royal Naval College, Greenwich : H.M. Training Ships : the Owen's 
College, Manchester : Harvard College, U.S. : the Grammar and High 
Schools of Canada : Melbourne University, Australia : the other Colonies : 
and some of the Government Schools in India. 

OPINIONS OF TUTORS AND SCHOOLMASTERS. 



" A person who carefully studies these 
books will have a thorough and accurate 
knowledge of the subjects on which they 
treat."— A^. A, Morgan, M.A., Tutor of 
Jesus College^ Cambridge. 

"We have for some time used your 
Mathematical books in our Lecture Room, 
and find them well arranged, and well cal- 
culated to clear up the difficulties of the 
subjects. The examples ako are numerous 
ana well-selected."— ^.^. Ferrers, M.A., 
Fellow and Tutor of GonvUle and Caiut 
College, Cambridge. 

" I have used in my Lecture Room Mr. 
Hamblin Smith'stext-books with very great 
advantage." — James Porter, M .A., Master 
of St. Peter's College, Cambridge. 

** For beginners there could be no better 
books, as I have found when examining 
different schools."— >4 . JF. IV. Steel, M.A , 
Fellow and Assistant-Tutor of GonvUle 
and Cains College, Cambridge. 

** I consider M r. Hamblin Smith's Mathe- 
matical Works to be a very valuable series 
for beginners. His Algebra in particular 
I think is the best book of its kind for schools 
and for the ordinary course at Cambridge." 
F. Pattrick, M.A ., Fellow and Tutor 
of Magdalen College, Cambridge. 

** The series is a model of clearness and 
insight into possible difficulties."— ^^w. J, 
F. Hlake, St. Peter's College, Clifton, York, 

** I can say with pleasure that 1 have 
used your books extensively in my work at 
Haileybury, and have found them on the 



whole well adapted for boys." — T^iMCM 
Pitts, M.A., Assistant MaiAemaHud 
Master at Haileybury CoUe^e, 

"I can strongfy recomm^d them all* 
W. Henry, Mu4., Sub- Warden, 
Trintiy College, Glenalnumd, 

** I consider Mr. Smith has suppfied a 
great want, and cannot but think ^at his 
works must command extensive use in good 
schools." — J. Henry, B^^ H*ad-M aster, 
H.M. Dockyard School, Skeermest, ami 
Instructor of EngSMters, R.N. 

" We have used your Algelna and Trigo> 
nometry extensively at this Sdiool fiom 
the time they were first puUished, and I 
thoroughly agree with every mathematical 
teacher I have met, that, as school teM- 
books, they have no equals. We are introf 
ducing your Euclid gradually into the 
Schooi.*^-^Rev.B.Edward€s,sen., MaihS" 
matical Master at tht ColUge, Hurst" 
pierpoint, Sussex. 

** I consider them to be the best books 
of their kind on the subject which 1 have 
yet seen."— 7«xAm> Jones, D.C.L., Head- 
Master, King Wmiam*t CdUgt, IsU tff 
Man. 

** I have very great pleasure in express- 
ing an opinion as to the value of these books. 
I have used them under very di£fbrent dr- 
curastances, and have always been satisfied 
with the results obtained." — C. H, W. 
Biggs, Editor of tk* * Educational Timesf 
and the 'Monthly Journal qf Education,* 
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Elementary Algebra. By j. hamblin smith, m.a., of 

Gonville and Caius College, and late Lecturer in Classics at St, Peter's 
College, Cambridge, 
Small 8vo. y. Without Answers, 2J. 6^. A Key. Crown 8vo. 9J. 

Exercises on Algebra, ^^j. hamblin smith, m.a. 

Small 8vo. 2j. dd, (Copies may be liad without the Answers.) 

Algebra. Part II. ^j' e. j. gross, m.a., Feii(m of con- 

ville and Caius Coeglle, Cambridge, and Secretary 'to the Oxford and 
Cambridge Schools Examination Board, 

Crown 8vo. 8j. 6</. 

Kinematics and Kinetics. ^j/E. j. gross, m.a. 

Crown 8yo. S-f* ^» 

Geometrical Conic Sections. 

By G. Richardson, M. A., Assistant-Master at Winchester College, 
andlcUe Fellow of St, john^s College, Cambridge, 

Crown 8vo. s^, 6d, 

A Treatise on Arithmetic. ^^yj.HAMBUN smith, m.a. 

Small 8vo. Jj. 6</. (Copies may be had without the Answers.) 

A Key. Crown 8vo. gj. 

Examination for Tbachbrs' Cer- 
tificates : Suggestions from Dr. 
McLbllan.— '* I therefore recommend all 
intending candidates to read carefully 
Hamblin Smith's Arithmetic. Some of 
this Author's works are already well and 
favourably known in Ontario ; the Arith- 
metic b one of the most valuable of the 
series. It explains and illustrates the Uni- 
tary Method, showine how the elementary 
principles of pure science, without being 
disguised in multitudinous perplexing 



' Rules/ can be applied to the solution of 
all^classes of questions. 

" If then candidates master (as they can 
easily do) the method of this book, and 
apply it to the excellent examples which 
the Author has supplied, and to those qu^- 
tions set from time to time by the Central 
Committee, there will be fewer failures at 
the next examination." — Extract from 
Letter of Dr. J. A. McLellan^ Senior 
High School Inspector for Canada^ to the 
" Toronto Mail^ November 22, X876. 

Elements of Geometry. By j. hamblin smith, m.a. 

Small 8vo. 3J. 6d, 

Containing Books I to 6, and portions of Books 11 and 12, of 
Euclid, wi3i Exercises and Notes, arranged with the Abbreviations 
admitted in the Cambridge University and Local Examinations. 

Books I and 2, limp cloth, is, 6d,, may be had separately. 

" Euclid's Axioms will be required, and no proof of any proposition will be admitted 
which assumes the proof of anything not proved in precedine propositions in Euclid." — 
Extract Jrom the Regulations /or thf Cambridge Local and Schools Examinations for 
1877. 

The effect of the above regulation is that the method of proof given in Mr. Hamblin 
Smith's Geometry satisfies the requirements of these Examinations. 
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Trigonometry. By j. hamblin smith, m.a. 

Small 8vo. 4r. 6^. A Key. Crown 8to. 7j. 6^ 

Elementary Statics. -«> the same. Smaiisvo. y. 
Elementary Hydrostatics, -ff^' the same. Smaiism 31. 
A Key TO Statics and Hydrostatics, CrownSvo. 61. 
Book of Enunciations for Hamblin Smith's 

Geometry, Algebra, Trigonometry, Statics, and Hydro* 
STATICS. Small Sva \$, 

An Introduction to the Study of Heat. By 

J. Hamblin Smith, M.A., of GonvilU and Caius CoUigt, and late 
Lecturer in Classics at St, Peter's College, Cambridge. 

Small 8vo. 3/. 

Contents, 

General Effects of Heat — Thermometry — Expansion of Gases — Ezpaa- 
sion of Solids — Expansion of Liquids — Calorimetry — Latent Heat — 
Measure of Heat — Diffusion of Heat : Radiation — Conrection — Con- 
duction — Formation of Vapour, Dew, &c, ; Trade Winds, Ebullition, 
Papin's Digester, Spheroidal Condition — Congelation — Measurement 
of Work — Mechanical Equivalent of Heat — Miscellaneous Exercises — 
Appendix — Index. 

[This Edition is adapted for the requirements of the following examinatioiis : — 
Csunbridge University^ Cooper's Hill Entrance, Army, Woolwich, Science and Aft 
Department, Oxibrd and Cambridge Local, Oxford and Cambridge Sdioolsy Civil 
Service, &c.3 



The Principles of Dynamics. An Elementary 

Text-book for Science Students. By R. Wormell, D.Sc.^ MJL, 
Head'Master of the City of London MiddU'Class School, 

Crown 8vo. ts. 

Arithmetic, Theoretical and PracticaL 

By W. H. GiRDLESTONE, M.A., of Christs College, CeiMridge^ 
Head-Master of Sunningdale Preparatory School, and formerfy 
Principal of the Theological College, Gloucester, 

New Edition, Revised. Crown 8vo. 6^. M 
Also a School Edition. Small 8vo. 31. 6^. 
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An Easy Introduction to Chemistry. 

Edited by the Rev. Arthur Rigg, M.A., andVfKLTiE.K T. Goolden, 

B. A., Lecturer in Natural Science at Tonbridge School, 

New Edition, revised. With Illustrations. Crown 8vo. 2J. 6^ 

jHL Years JjOtany. Adapted to Home and school use. 

By Frances Anna Kitchener. 
Illustrated by the Author. Second Edition. Crown 8vo. 5j. 

Notes on Building Construction. 

Arranged to meet the requirements of the syllabus of the Science and 
Art Department of the Committee of Council on Education, South 
Kensington Museum. Medium 8vo. 

Part I.— FIRST STAGE, or ELEMENTARY COURSE. 

With 325 woodcuts, loj. dd. 

Part IL—COMMENCEMENT OF SECOND STAGE, or AD- 
VANCED COURSE. With 277 woodcuts, lOr. ^, 

Part III.— ADVANCED 'COURSE. With 188 woodcuts. 21J. 

These notes are intended to furnish a Student with information amply sufficient to 
enable him to pass the Honours Examination of the Science and Art Department, as far as 
a knowledge of Building Materials is concerned. They have, however, been extended 
somewhat beyond what is actually necessary for the mere student, by the addition of 
tables and information of a practical nature, which it is hoped may be useful to young 
Engineers, Architects, and others engaged in the design and erection of structures of 
different kinds. They deal with the nature, characteristics, qualities, and defects of the 
Materials used in Building and Engineering Works, and they describe the methods of 
examining and testing such materials. The information given is limited as far as possible 
to that re(|uired by an Engineer, Architect, or Builder, .in order to select and understand 
the materials with which he has to deal. It was originally intended to include in Part III. 
the information regarding Stresses in parts of Structures, Foundations, Scaffolding, 
Travellers, &c., required for the advanced course. The bulk of the volume, however, 
renders it necessary to reserve these subjects to another Part, which will contain as far 
as possible all the remaining information that is required for the Science Examinations in 
Building Construction. — Extract from Pre/ace to Part III, 

Report on the Examination in Building Construction, held by the Scibncb 
AND Art Department, South Kensington, in May, 1875. — ** The want of a text-book 
in this subject, arranged in accordance with the published syllabus, and therefore limiting 
the students and teachers to the prescribed course, has lately been well met by a work 
published by Messrs. Rivingtons, entitled * Notes on Building Construction^ arranged 
to meet the requirements of the Syllabus of the Science and Art Department ^ the Com- 
mittee of Council on Education, South Kensington.' 

(Signed) H. C Seddon, Major, R.E." 
yune x8, 1875. {Instructor in Construction and Estimating at the 

School 0/ Military Engineerings Chatham.'] 
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First Latin Writer. 

Comprising Accidence, the Easier Rules of Syntax illustrated by 
copious Examples, and progressive Exercises in Elementary Latin 
Prose, with Vocabularies. 

By George L. Bennett, M.A., Head-Master of the High School^ 
Plymouth ; formerly Assistant- Master at Rugby School^ and Scholar 
of St, John^s College^ Cambridge, 

Crown 8vo. 3^. 6d, 
A Key for the use of Tutors only. Crown 8vo. ^s. 

Contents* 

Preface— Accidence— ExERCisBS on the Syntax (270): The Simple Sentence; 
The Compound Sentence : Adjectival Clauses, Adverbial Clauses, Substantival Clause^' 
Latin-English Vocabulary — English-Latin Vocabulary. 

** I have prepared the * First Latin Writer ' in the hope that it may prove helpful to 
those who agree with me that it is quite useless to attempt the difficulties of the Compound 
Sentence before the Simple Sentence has been thoroughly mastered. The Accidence and 
Syntax rules are on the fines of the ' Public School Latin Primer ' ; I have attempted to 
make them easier for beginners, but little explanatiop has been given, as the rules are put 
shortly in plain English. I have not been able to make the disconnected sentences illus- 
trating the Syntax Rules interesting, but I hope the large collection of pieces for 
translation into Latin will prove so. Difficulties of rare occurrence have been avoided as 
much as possible "•— Extract frotn the Preface, 

"The book is a perfect model of what a Latin Writer should be, and is so graduated 
that from the beginning of a boy's classical course it will serve him throughout till tho 
end as a text-book for Latin prose composition. The exercises, too, are so interesting 
in themselves, and take up the different idiomatic peculiarities in such an easy and 
natural way that the pupil almost insensibly come<« to be master of them, without having 
them glaringly thrust upon him in little detached sentences, which, when mixed up in a 
narrative, he fails, of course, to recognise. We cannot speak too strongly of this little 
work, and we say to every classical teacher, if you introduce this work into your junior 
class, you will require no other work throughout till you come to the fifth or sixth form^ 
and perhaps not even then. The book has our unqualified approbation. We ought to 
mention, fur the sake ul those who may think of using the work, that there are two sets 
of vocabularies, which obviate the necessity of having recourse to any Latin dictionary." 
— Schoolmaster. 

« 

First Latin Exercises. 

Being the Exercises with Syntax Rules and Vocabularies from a 
**First Latin Writer." 

By George L. Bennett, M. A., Head-Master of the High School^ 
Plymouth, Crown 8vo. 2s. 6d, 
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A Second Latin Writer. 

By G. L. Bennett, M.A., Head- Master of the High School^ Plymouth, 
.This work, in continuation of the First Latin Writer, will give hints on 
writing Latin Prose iol Boys about to commence the rendering of con- 
tinuous passages from English Authors into Latin. There will be a large 
collection of Exercises, graduated according to their difficulty, with Notes. 

[/« preparation, 

Rasy Latin Stories for Beginners. 

By Of. L. Bennett, M. A., Head-Master of the High School, Plymouth. 

With Vocabularies and Notes. Forming a First Latin Reading Book 
for Junior Forms in Schools. 

New Edition, Revised. Crown 8vo. 2s, 6d, 
A Key for the use of Tutors only. Crown 8vq. $s. 

'• These stories are various and amusing, Latinists we do not remember to have 

and the grammatical, geographical, and seen." — Scotsman. 

historical notes on them are, as far as we " We can most cordially recommend, 

have tested them, careful and judicious." Mr. Bennett's little book to all who are cn- 

Saturday Revifw. g?^ed in imparting a knowledge of the ele« 

*A 9iore attractive book for very young ments of Latin." — LiverpoolWeglUy Album, 

Caesar. De Bello Gallico. Books I. 

to III, Also Book I. separately. 

Edited, vnth Preface, Introductions, Maps, Plans, Grammatical^ 
Historical, and Geographical Notes, Indices, Grammatical Appendices^ 
dr'c, by J. H. Merryweather, M.A., and C. C. Tancock, M.A., 
Assistant Masters at Charterhouse School, [^ust ready. 

Small 8vo. 

Basy Exercises in Latin Prose. 

By Charles Bigg, D.D., Principal of Brighton College. 

Small 8vo. is, 4^. 

Latin Prose Exercises. 

For Beginners, and Junior Forms of Schools. 

By R. Prowde Smith, B.A., Assist.-Master at Cheltenham College, 
New Edition. Crown 8vo. 2j. td. 

1 

Henrys First Latin Book. 

By Thomas Kerchever Arnold, Nf.A. 
Twenty-fourth Edition. i2mo. 3^. Tutor's Key. u. 
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A mold's Henry s First Latin Book, 

A New and Revised Edition. l2mo. 3^. 
By C. G. Gepp, M.A., Head Master of King Edward VL School, 
Stratford-upon-Avon; Author of ^^Progressive Exercises in Latin 
Elegiac VerseP 

A Key for the use of Tutors only. Crown 8vo. 5x. 
[See Specimen Page opposite.^ 

"Whatever may be thought of this work as compared with previous editions, the 
editor ventures to claim for it the merit of greater simplicity of arrangement. The foot- 
nates, which have been reserved mainly fur explanauons of technical words, are fewer, 
and less crowded with matter ; the familiar finger-posts exist no longer ; the subtle dis- 
tinction between numerals above the line with a curve and those without a curve has 
been abandoned ; while a glance at the Table of Contents will show that a de&iite plan 
has been followed in the order of the Exercises, the object being to keep in view the 
sCem-formation of words. 

*' The principal novelties in the present edition are the following :— References have 
been made throughout to the ' Public School Latin Primer,' the phraseology of which 
is generally adopted ; the formation of words from the Stem is taught from the first ; the 
constructions of the Cases and of the Verb-Noun are fully treated ; the Exercises have 
been almost entirely re-written, and are longer ; anecdotes, fables, &c., have been in- 
serted into the passages for translation into English ; some fifty test Exercises have been 
added ; and lastly, a General Index has been carefully compiled, by which the search for 
particular rules or constructions will be greatly facilitated." — Extract frotH the Preface. 

Contents. 

Cases in Latin and English— On forming the Accusative Case— On the Gender of 
Substantives — The Genitive and Dative Singular — The^ Ablative Singular — The Plural 
Number — On forming Three Tenses in First Conjugation — Accusative with Transitive 
Verb — On forming Three Tenses in Second Conjugation— On forming Three Tenses in 
Third Conjugation—On forming Three Tenses in Fourth Conjugation — Supplementary 
to the foregoing Exercises — ^The Passive Voice (A-verbs and E-vcrbs)— 'The Passive 
Voice continued (Consonant and U-verbs, I-verbs) — On forming the Perfect, Pluperfect, 
and Future-Perfect Indicative Active. (Adjectives in -jt, -«j, -rs) — ^The Comparative 
and Superlative of Adjectives. {^Acer^ Unus\ — ^The Infinitive — ^The Infinitive continued. 
Sum^ Possufftf Voh. (The Prolative Infinitive) — The Infinitive continued. Gerunds. 
(Personal and Demonstrative Pronouns) — The Gerundive. Gerundive Attraction. 
{Dative after A^ent) — The Supines. Eo. [Ne — ^uidem) — The Participles. Periphras- 
tic Conjugation— The Perfect and Pluperfect Passive. Deponents— The Accusative and 
Infinitive— The Relative Pronoun. Copulative Verbs— The Reflexive Pronouns. I^, 
Idem — ^The Subjunctive. Ut and N6 expressing Purpose. {Consecution of Tenses)'^ 
The Subjunctive continued.^ Ut expressing; a Consequence.* (Quis, oute, quid) — The 
Imperative. Ne in Prohibitions— The Indefinite Pronoun Quis — Cum (Quuni). {Inter- 
rogative Sentences) — Impersonal Verbs — Apposition. Summus, Imus^ etc. (Conditional 
Sentences) — The Accusative. Place. Space. Time. Double Accusative. Prepositions 
—The Genitive {Subjective Genitive) — The Genitive continued {Objective (xenitroe), 
Miseret, paenitet, etc. — The Dative — ^The Dative continued. Impersonal Construction— 
The Ablative. Quasi-Passive Verbs — The Ablative continued— TYw^, Price — ^The Abla- 
tive continued. Place. (The Locative)— The Ablative Absolute— Ablative of the thing 
compared. Quam in Comparison — Ablative denoting Amoimt of Difference. Tanto — 

?uanto: eo — quo) — Translation of 'May,* * Might,' * Ought' — Ut, N6, with Verbs of 
'earing — Quin. Quominus — Interrogatives. Direct Questions. Indirect Questions. 
Double Questions — Some Conjunctions always found with the Subjunctive— Oui with 
the Subjunctive — ^Transitive and Intransitive Verbs— Various uses of Q\n~^Either—or, 
Whether — <7r— Participial Constructions — Conjunctions. 

Memorabilia — Supplementary Exercises (65-112) — DifTerences of Idiom— Table of 
Synonymes — Questions on Syntax — Appendix— Vocabulary I., English-Latin— Vocabu- 
lary II., Latin-English — General Index. 
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85—38] The Ablative Singular. 11 

LESSON 5. 

The Ablative Singular. 

35. The following are the Ablative endings of the 
^ live declensions in the Singular Number. 

L 11. IIL lY. V. 

-a -5 -e(-i) -ii -e 

Nonns which make Ace. in -im, and neuter nonns 
ending in e, al^ ar, have Ablative in -i For list of nouns 
and exceptions, see Appendix, IV. 

The Ablative is formed in each declension by add- 
ing the endings according to the rule given in 15, 
16, and 29. 

36. The most common signs of the Latin Ablative 
. case are hy, with, from. There are, however, many 

other signs, e.^., at, in, for, of than, upon, which will 
be noticed hereafter. 

37. The following Prepositions, governing the 
Ablative, are used with Substantives which signify 
persons or living beings ; viz., a (or ah before a vowel), 
meaning by; ct^m, meaning with (= together with) ; 
and a (ab), e (or ex before a vowel), meaning from 
(Appendix, XXIII, /3). 

* By * is the proper sign of the Ablative of the Ageni * or 
*doer/ whether & person or a living being. The Agent is 
never put in the Ablative without the Prep, a or ab, 

* With * is the proper sign of the Ablative of the Instru- 
ment, or * thing by means of which * anything is done. The 

' Ablative of the Instrument is put without a Preposition. 





Exercise 6, 




sa 


Vocabulary 5. 

Cm, PI. 




hrother^ 

exile, 

labour. 


frater, ixatRum. 
exsul, exsuLum. 
labor, labdRum. 




[Gepp's Arnold's First Latin Book. See p. 2a] 
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A Practical Introduction to Latin 

Prose Composition. 

-^^ Thomas Kerchever Arnold, M.A. 

Eighteenth Edition. 8vo. 6j. 6^/. Tutor's Key. i j. &/. 

Arnold's Practical Introduction to 

Latin Prose Composition. 

A New and Revised Edition. 8vo. 

By George G. Bradley, M.A., Master of University College^ 
Oxford^ and late Head' Master of Marlborough College, 

A Key for the use of Tutors only. \In preparation. 

Exercises on the Elementary Prin- 
ciples of Latin Prose Composition. 

With Examination Papers on the Elementary Facts of Latin Acci- 
dence and Syntax. 

By J, Hamblin Smith, M.A., of Gontnlle and Caius College; and 
late Lecturer in Classics at St, Peter's College, Cambridge. 

Crown 8vo. jx. dd, 
A Key for the use of Tutors only. Crown 8vo. ^s. 

Progressive Exercises in Latin 

Elegiac Verse. 

By C. G. Gepp, M.A., Head Master of King Edward VI. School, 
Stratford-upon-Avon, 

Fourth Edition, Revised. Crown 8vo. y. 6d. Tutor's Key, 5j. 

A First Verse Book. 

Being an Easy Introduction to the Mechanism of the Lfttiir Hexa- 
meter and Pentameter. 
By Thomas Kerchever Arnold, M.A. ** 

Eleventh Edition. i2mo. ix. Tutor's Key, u. 
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TAe ^neid of Vergil. 

Edited, with Notes at the end, by Francis Storr, M.A., Chief Mas* 
ter of Modem Subjects at Merchant Taylors^ School, 

Crown 8vo. 
Books I. and II. 2J. 6^. Books III. and IV, \In preparation. 
Books XI. and XII. 2s, 6d, 

"Altogether/his taste and judgment thus has performed the task with more thsm 

far give earnest of a strong editor of the ordinary skill But the great ipent 

Mti^A."-^aturday Review. of this little book is in the number of appo- 

*' This is a very complete, scholarly, and site quotations from modem authors, which 

convenient edition of the i^neid, and we are adduced to illustrate Virgil's thoughts 

have pleasure in recommending it to the or style of expression There is a 

notice of teachers." — Educational Times. piquancy about such notes as this which 

"To produce a good school edition of cannot £ail to be attractive to school- 
Virgil is now not difficult, but Mr. Storr boys." — Athenaum. 

Stories from Ovid in Elegiac Verse.. 

With Notes for School Use and Marginal References to the Public 
School Latin Primer. 

By R. W. Taylor, M.A., Head- Master of Kelly College^ Tavistock^ 
and lat€ Fellow of St. John^s College^ Cambridge, 

New and Revised Edition. Crown 8vo. y, td. 



Eclogce Ovidiance. 



From the Elegiac Poems. With English Notes. 
By Thomas Kerchever Arnold, M.A. 

Fourteenth Edition, Revised. i2mo. 2j. 6</. 



Cicero de Amicitia. 



Edited, with Notes and an Introduction, ^ARTHUR SiDGWiCK, M.A., 
Assistant-Master at Rugby School^ and late Fellow of Trinity College^ 
Cambridge, 

Small 8vo. 2s, 

Contents. 

Introduction : Time and Circumstances — Dedication — Scheme of the 
Dialogue— Characters of the Dialogue: The Scipionic Circle — Pedigree of 
the Scipios — Conspectus of the Didogue — Analysis. Laelius De Amicitia 
— Notes — Scheme of the Subjunctive— Notes on the Readings— Indices. 

"No volume on our list is more valuable than Mr. Sidgwick's edition of Cicero's 
treatise ' De Amicitia/ prefaced by a review of the circumstances and scheme and 
interlocutors of the dialogue, a conspectus and analysis of the same, and ah excellent 
appendix on the scheme of the subjunctive, which cannot fail to be useful to schoolboys 
and students. The 'De Amicitia' is just the work to be placed in a youn^ student's 
hands for translation and retranslation ; and Mr. Sidgwick's explanatory and illustrative 

notes are calculated to fix its matter in the memory We can strongly recommend 

this in every respect well-furnished edition." — Saturday Review, 
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Cicero de Senedute, with Introduction 

and Notes. 

Forming a Volume of Arnold's School Classics. 

l2mo. 2s, 6d. 

Classical Examination Papers. 

Edited^ with NoUs and References, by P. J. F. Gantillon, M.A., 
Classical Master at Cheltenham College, 

Second Edition. Crown 8vo. 7^. 6^. 
Or interleaved with writing-paper, half-bound, lor. ^d. 

Elementary Rules of Latin Pronun- 
ciation. 

By Arthur Holmes, M. A., late Senior Fellow and Dean of Clare 
College, Cambridge, 

Crown 8vo. On a card, ^ 

Outlines of Latin Sentence Construc- 
tion. 

By £. D. Mansfield, M.A., Assistant-Master at Clifton College. 

Demy 8vo. On a card, is. 

Materials and Models for Latin 

Prose Composition. 

Selected and arranged by J. Y. SARGENT, M.A., Fellow and Tutor 
of Hertford College, Oxford; and T. F. Dallin, M.A., Tutor ^ laU 
Fellow, of Queen* s CoU^e, Oxford, 

New Edition, re-arranged, with fresh Pieces and additional References. 

Crown 8vo. 6j. 6</. 

Latin Version o/{6q>) Selected Pieces from Materials 
and Models. 

By J. Y. Sargent, M.A. 

Crown 8vo. %s. 
May be had by Tutors only, on direct application to the Publishers. 
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Selections from Livy^ Books viil. 
and IX. 

With Notes and Map. 

By ^, Calvert, LL.D., St, JohtCs College^ Cambridge; and 
R. Saward, M.A., Fellow of SL JohrCs College^ Cambridge i Assistant' 
Master at Shrewsbury School, 

Small Svo. 2j. 

Cornelius Nepos. 

With Critical Questions and Answers, and an Imitatiye Exercise 
on each Chapter. 
By Thomas Kerchever Arnold, M.A. 

Fifth Edition. l2mo. 41. 

Terenti Comoediae. 

Edited by T, L. Papillon, M.A., Fellow of New College, 

Crown Svo. 

Andria et Eunuchus. With Introduction on Prosody. 4J. 6d, 
Or separately, Andria. With Introduction on Prosody. 3J. 6d, 
Eunuchus. 3^. 

yuvenalis Satirae. 

Edited by G. A. SiMCOX, M.A., FeUorvo ofQueen^s College^ Oxford. 
Thirteen Satires. 

Second Edition. Crown Svo. 5^. 

Persii Satirae. 

Edited by K, Pretor, M.A., of Trinity College, Cambridge. 

Crown Svo. 3*. 6</. 

Horati Opera. 

By J. M. Marshall, M.A., Under-Master at Dulwich College, 
Vol. I.— The Odes, Carmen Seculare, and Epodes. 

Crown Svo. 7j. (id. 



Taciti Historiae. 



Edited by W. H. SiMCOX, M.A., Fellow of Queen^ s College, Oxford, 

Crown Svo. 6j. 
Books I. and II., 6j. Books III., IV., and V,, 6/. 

1 . ■ ■■ . . . . ,0. 
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GREEK 

A Primer of Greek A ccidetice for the 

Use of Schools. 

By Evelyn Abbott, M.A., LL.D., Fellow and Tutor of BalUol 
College^ Oxford; and E. D. Mansfield, NLA., Assistant- Mast^ at 
Clifton College, With a Preface by John Perciyal, M.A., LL.D., 
President of Trinity College^ Oxford] late Head- Master of Clifton College, 

Second Edition, Revised. Crown 8vo. 2s, 6d, 
{See Specimen Page opposite.) 

'* A glance at the book will show that the Editors, remembering how important it is 
that the early training should run on the same lines as the l%her studies that axe to 
follow, have kept stesuiily in view its preparatory character. They have at the same 
time bestowed much pains on making it as clear and intelligible as possible, whilst they 
have given special prominence to the laws that regulate the changes of sound. The 
learner's attention is also specially drawn to the Stem-theory, particularly in dealing with 
the various parts of the Verb and their relation to each other, and in the classification ot 
the Irr^ular Verbs."— jffjr/mc/yrww M* Preface, 

A Primer of Greek Syntax, 

By the same Editors. \In preparation, 

A Practicdl Greek Method for 

Beginners. 

Being a graduated application of Grammar to Translation and Com- 
position. 

By F. Ritchie, M. A., and E. H. Moore, M.A., Assistant-Masters 
at the High School^ Plymouth, [Nearly ready. 

The aim of this book, which is at once a Grammar and Exercise Book, 
is to secure an uniform method of teaching Gramm'ar, and to alTord 
abundant practice in inflexion, &c, at the time that the Grammar is being 
learnt. 

Part I. contains the Substantives, Adjectives, Pronouns, and Regular 
Pure Verbs with Exercises (English- Greek and Greek-English), intro- 
ducing the main rules of Syntax of the Simple Sentence. 
Part II. contains the remaining Classes of Regular and Irregular Verbs, 
with Consecutive Pieces for Translation, introducing progressively 
the Syntax of the Compound Sentence. 
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DECLENSION OF SUBSTANTIVES. 



36. 



SECOND DECLENSION. 
O STEMS. 



# 


SiMPLS. 




% 


CONTBACTHn. 


Stem. 
Enol. 


X070, 

apeecK 


VTJO-O, 

isUind, 


yoke. 


voo, 

mind. 


^crreo, 

bone. 


Sing. 
Nom. 


6 \6yos 


^i^(ro£ 


t6 Cvyov 


6 voos 


• 

vovs 


TO 6aT€OV OOTOVV 


Voc, 


X(5y€ 


i^(r€ 


(yyov 


VO€ 


vov 


otrreov oarrovv 


Ace, 


\6yov 


vTitrov 


Cvyop 


voov 


vovv 


oarreov oarovv' 


Gen. 


\6yov 


vfia-ov 


(vyov 


v6ov 


vov 


6<rr€ov ocrrdD 


Dot. 


X<$y^ 


vtia-tj^ 


Cvy^ 


v6<^ 


v^ 


oorrid^ otrr^ 


Dual 














N,V,A. 


\6y<a 


pri<r» 


Cvy& 


PO<A 


van 


6aT€oi> 6aT& : 


Q,D. 


\6yoiv 


vfitrow 


(vyolv 


POOIV 


volv 


6aT€0lV OOTOiV 


Plur. 


■ 




- 








N, V. 


Xdyoi 


vrjfroi 


Cvyd 


voot 


vol 


ooTea oara 


Ace, 


\6yovi 


vfi<rovs 


Cvyd 


voovs vovs 


» ' > ' »» 


Oen. 


XrfyoftV 


vr\(Tv>v 


(vyS>p 


votov 


vS>v 


6<rr€Civ ooT&v 


Dot. 


\6yoi$ 


vri<rois 


Cvyols 


voots 


vois 


oantois ofTTols 



Examples. 

SiMPLB. — tivOpwTros, 6, man; oTkos, 6, house; j^vXov^ rS^ wood. 
CoNTR. — ttXovs, 6, voyage ; Kavovv, ro, basket, 

Obs, 1. In the neuters, nom., aoc, and voo. are always the 
same; and in the plural these cases always end in ou The 
contraction of oa-rka into ouTa is irregular, cp. 11, 

Obs, 2. The following words are feminine : — 660s, wq^y; v^o-os, 
island; voa-os^ disease; fipocfos, dew; ctttoSos, ashes; \^9<^9, 
oebhle; ufiTrcXos, vine; yvdOos^-jaw ; rjir€tpos^ continent; and 
some others. . . 

f Primer of Greek A.cciiiY.T!iCTL. See-^^ifo^ 
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A First Greek Writer. 

By Arthur SiDgwick, M.A., Assistant-Master at Rt^by Schotl^ 
and late Fellow of Trinity College^ Cambridge. 

[In preparaHoH. 

An Introduction to Greek Prose 

Composition^ with Exercises. 

By Arthur Sidgwick, M.A., Assistant-Master at Rugiy School^ 
and late Felhw of Trinity College^ Cambridge, 

Second Edition, Revised. Crown 8vo. 51. 

A Key for the use of Tutors only. 5x. 

(See Specimen Page opposite.) 

Contents. 

(l) Notes on Constructions : Preliminary — Final Sentences — Deliberative 
Sentences — Conditional Sentences — Indefinite Sentences — Oratio Obliqua 
— Consecutive Sentences — Limitative Sentences — Temporal Sentences — 
Casual Sentences — Concessive Sentences. (2) Notes on Idiom: Pre- 
liminary — Abstract and Concrete — Tense — Negatives — Connection — 
Tenses — Attraction — Participles — Middle Voice — Metaphors — 175 
Exercises. Lists : Pronouns, &c — Conjunctions — Participles — Prepositions 
•^■Scheme of Subjunctive — Optative — Index of Moods. Vocabulary, &c 



SCENES FROM GREEK PL A YS 

RUGBY EDITION 

Abridged and adapted for the use ofSchools^ by 

ARTHUR SIDGWICK, M.A., 

ASSISTANT-MASTBR AT RUGBY SCHOOL, AND LATB FELLOW OP 
TRINrrV COLLBGB, CAMBRIDGE. 

Small 8vo. \s. 6d, each. 

Aristophanes. 

THE CLOUDS. THE FROGS. THE KNIGHTS. PLUTUS. 

Euripides. 

iphigenia in tauris. the cyclops. ion. 

ELECTRA. ALCESTIS. BACCHiE. HECUBA. 
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MISCELLANEOUS. 101 

trace of anything artificial, except perhaps in the orators : 
and even there the art is shown as much in the extreme 
naturalness of the order as in anything else. 

The considerations therefore that determine the order of 
words are chiefly the following : clearness : emphasis : 
neatness and euphony. 

Clearness is the chief thing. Let the words come out ill 
tiieir natural order, but so that there be no ambiguity. In 
a Latin sentence you have to think about bedance and 
point and marshalling of verbs and so forth : in Greek it 
is best to be not hampered by rules for order, but to strive 
simply to say what you mean, and let it come out in the 
most natural way ; and above all, to be clear. 

An extremely good test for Greek prose composition is 
to leave it for a bit after writing, and then read it all over 
like a new piece. If you are stopped for an instant by not 
seeing the meaning, or are for an instant misled, then be 
sure there is a blemish in the order or clearness of the 
writing. 

A common mistake for beginners to make in Greek 
is to be artificial in the arrangement of sentences : to 
start with some theory, as for example that notion 
(derived from Latin) that all verbs must be at the ends 
of the clauses. And so if they get a sentence to translate 
like this : — 

' * He said he would kiU all who did not do what he 
ordered,' 

They will produce the following obscure passage : 

oStos, otl irivras, ot fxfi oirep iccAeiioi bp<a€v, iiTOKTevc^ 
t4>rj, which is perfectly correct in Grammar, but the ord^ 
is dreadful^ with that heavy sediment of verba at the end. 

[Introduction to Greek Phosr— Sido^ic;^ See-^.a^^ 
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Stories in Attic Greek. 



Forming a Greek Reading Book for the use of Junior Forms in 
Schools. With Notes and Vocabulary. 

By Francis David Morice, M.A., Assistant- Master at Rugby 
School; and Fellow of Queen* s Colk^e^ Oxford, 

Crown 8vo. 3^. bd, 
{See Specimen Page opposite,) 

crontmt0* 

Hints to Beginners^How to look out words in a Vocabulary — Stems — Augments^ 
Temporal Augments — Compound Verbs — Changes of Prepositions in Compound Verbsf— 
Special Irregularities — List of Changes of Prepositions in Composition — Hints on Con- 
ttruing-'Structure of Sentences— Conjunctions, &c— Stops — Pronouns— Articles: (x) 
Marking subject ; (a) Words placed between Article and Noun ; (3) Repetition of 
Article ; (4) Article with a Participle ; (5) Article equivalent to a Possessive Pronou4 ; 
(6) Article with Inlinicive — 250 Stories — Notes — ludex to Stories — Vocabulary of Proper 
Names— General Vocabulary. 

" The plan of the book is admirable. . . best-read Attic writers, and carefully adap* 

. . The learner is assisted by a number of ted to the end in view, and others * appear 

ingenious devices. The augments and now for the first time in a (^eek dress.' 

prepo.Nitions in the text are divided from The whole have been arranged on the inro- 

.the stem by hyphens, so as to make the grcssive principle, «o that the learner is 

words easy to look out. The text is pre- gradually led on from simple and easy to 

ceded by admirably prepared Hints to more complicated and difficult construe- 

Beginners, which tell the learner in easy tions. Such, indeed, is the interest of the 

language all he need know about stems, stories that it would be more correct to say 

augments, compound verbs, proper names, that he is lured on. The text is beautifully 

&c. Ihe Hints on Construing are excel- printed, and has the characteristic feature 

lent, and are the best remedy against the of separating by a hyphen the preposition 

use of a translation. ^ The Vocabulary at and the augment from the verb to which 

the end of the book is full of instruction, they are prefixed — an arrangement which 

'and the notes are sufficient and clear. will greatly facilitate the use of the vocabu- 

Such a book, thoroughly mastered, should lary. The vocabularies and notes are all 

•lead the learner by easy steps from his that could be desiied ; and the practical 

grammar to his Thucydides." — Academy. * Hints to Beginners * on 'the right methods 

" The idea is a good one, and it has been of using the vocabulary and of construing, 

admirably carried out. Of the stories, some if attended to, will save the learner much 

have been judiciously selected from the useless and troublesome research." 

Scotsman, 

The A nabasis of Xenophon. 

Edited^ with FrefacCy Introduction^ Historical Sketchy Itinerary^ 
Syntax Rules^ Notes^ Indices^ Vocabularies^ and Maps^ by R. W. 
Taylor, M.A., Head-Master of Kelly College^ Tavistock^ and late 
Fellow of St. JohrCs College^ Cambridge. 

Crown 8vo. 
Books I. and II. jj-. dd. Books III. and IV. jj. 6^. 

A Short Greek Syntax. 

Extracted from **Xenophon's Anabasis, with Notes." 

By R. W. Taylor, M.A., Head-Master of Kelly Coll^e^ Tazfistoch. 

Crown 8vo. gd. 

LONDON^ OXFORD, AND CAMBRIDGE. 



GREEK.] EDUCATIONAL LIST. 31 



36 EASY GREEK STORIES. 

THE DOLPHINS. 

82. Koipavo^ 6 MiXiqaio^ dXiea^f rivas; etSe irore, 
B€X<f>2va Tft) hiKTVfp Xa^dvra^, kolI /leWovrd^ avrov Kara' 
KO'>^eiv. 7rpo<;-€X6(ov ovv tovtoi^ apyvpioi/ e-SiSov, Kai 
irpLa/jbevo^ rov heK<filva a(f>'rJK€V avrov irdXiv 6t9 rriv 
OaXaaaav. fiera he ravra ifkovv iroiovfievo^ Koipavo^ 
vavdyca e-'XprjaaTO. koI 01 fiev aXKoL iraure^ air-e-irviyii'' 
aav rov Be Koipavov he\^L<; airpoo-SoKr^TO)^ irapa-yevo* 
fievo^ €-a(oae. yqpaaa^ Be varepov o avdpcoiro^ ev rij 
eavTOv Trarpthb e-TeXevrrjaev. t) Be eKtjyopa avrov ev avrw 
ra> aiyiaXo) Kara rv^rjv e-yevero, e-tjyavr] ovv ev exeivy 
rrj '^f^epif 7r\r]6o<f iroXv BeX(l)iva)v ev tcS Xifieviy ovv- 
aKoXovOovvrcov Tot9 rov ve/cpov €K-<l>epovaiv^ coaei aw 
€K-(p€p6vrcov avrov, Kal auy-KXaiovrmv. 

THE BELL-TOWER. 

83. ^v TTore ev iroXei rivl kcoScov ev wvpy^ ava^ 
Kp€/jba(T6ei<;. vofjLo<; Be e-yevero ex iraXaiov rol^ rroXi/rav^ 
rov<; aScfCov ru iraQovra^ 7rpo<;-ievat exelae, Kai ro airaprov 
eTTL-cnrav, ixrre rov Konhtova Ktvovfievov '>^o<\>elv, erreira 
he e-heu rov<; ap')(ovra<; avv-ep^eadai ev6v^ ei^ ro BcKaarrj" 
pLov, Kai ro Trpayfia axovaavra^; hiKa^eiv. 

av6p(07ro<; Se ri^ r&v iroXir&v nrirov e^ayv, rovrov ovk 
TjOeXe yrjpaaavra rpe(f>eiv, aXXa Xvaa^ avrov arro rrj^ 
<l)arv7)<i air-r/kao'ev. irXavfOfievo^ ovv 6 Imro^ rrepL rraaav 
r7]v ttoXlv t€Ao9 €^9 rov irvpyov e<f>-iKero: irpo^'eXdayv Se 
evravOa irpo^ rrjv Ovpav^ . Kai ro airaprov Hiav, rjp^aro 
avro rpeoyeiv Sea Xt,fiov, 6 Be kwScov evOv^ e-'^oif>ri<Tev% 

84. a-vv-adpoiadevre^ roivw eU ro BiKaaTrjpu)V oi 
ap'xpvre^ e-KeXevov rov ahiicrjBevra rrap-Uvat Kara rov 

[Stories in Attic Greek — F. D Morice. 5a^.7JS\ 
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Elements of Greek Accidence. 

By Evelyn Abbott, M.A., LL.D., Fellow and Tutor of BalUol 
College^ Oxford^ and late Assistant- Master at Clifton College, 

Crown 8vo. 41. 6d, 

Selections from Lucian. 

With EngUsh Notes. 

By Evelyn Abbott, M.A., LL.D., Fellow and TSitor of BalUol 
College^ Oxford^ and late Assistant- Master at Clifton College. 
Second Edition. Small 8vo. Jx. (hL 

Zeugma; or^ Greek Steps fromPrimer 

to Author. 

By the Rev. Lancelot Sanderson, M.A., Principal of Elstree 
School^ late Scholar of Clare College^ Cambridge; and the Rev. F. B. 
Firman, M.A., Assistant-Master at Elstree School^ late Scholar of 
Jesus College^ Cambridge, 

Second Edition, Revised. Small 8vo. is. 6d, 

A Practical Introduction to Greek 

Prose Composition, 

By Thomas Kerchevsr Arnold, M.A. 
Twelfth Edition. 8vo. 5j. 6d?. Tutor's Key, u. 6</. 

Arnold's Practical Introduction to 

Greek Prose Composition. 

By Eyelyn Abbott, M.A., LL.D., Fellow and Tutor of Balliol 
College^ Oxford, 

A New aijd Revised Edition. 8vo. \In the Press, 

The First Greek Book. 

On the plan of Henry^s First Latin Book, 
By Thomas Kerchever Arnold, M.A. 

Sixth Edition. i2mo, 5j. Tutor's Key, ij. 6rf. 

A Practical Introduction to Greek 

Accidence. 

By Thomas Kerchever Arnold, M.A. 
Ninth Edition. 8vo. 5^. 6^. 
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The A ntiquities of Greece. Translated 

from the German of Q.Y , Schoemann. 

By E. G. Hardy, M.A., late Fellow of Jesus College^ Oxford^ and 
J. S. Mann, M.A., sometime Scholar of Exeter College^ Oxford, 

2 Vols. 8vo. [ Vol, I, nearly ready, 

VOLUME I. contains (i) Homeric Greece, (2) Historical Greece. His- 
torical Greece is divided into the three following divisions : — 

Part I. — General Characteristics of the Greek State: — DifTerence of 
race. — Idea and conditions of the State — Chief forms of constitution — The citizens 
and the labouring classes — System of public discipline, &c., &c. Part II. — 
Historical Statements with respect to the Constitutions of particular 
States : Monarchy — Oligarchy— Lawgivers — Tyrants — Democracy — Theoretical 
Reformers — Party struggles, &c., &c. Part III. — Description of Principal 
States in detail: Political, social, military, and financial condition of Sparta. 
Crete, and Athens. Sparta : Spartiatae — Helots — Legislation of Lycurgus — Military 
system — Hellenic policy, &c. Athens : Land and People — Solonia'n legislation- 
Development of Democracy — Slaves — Financial system — Judicial system, &c. 

VOLUME II. will contain : Part I. — International Relations. 
Part II. — Greek Religion, 

A lexander the Great in the Punjaub. 

Adapted from Arrian, Book V. An easy Greek Reading Book. 

Edited^ with Notes and a Map^ by the Rev. Charles E. Moberly, 
M.A., Assistant' Master at Rugby School^ and formerly Scholar oj 
Balliol College, Oxford, 

Small 8vo. 2s, 

Stories from Herodotus. 

The Tales of Rhampsinitus and Polycrates, and the Battle of Mara- 
thon and the Alcmaeonidae. In Attic Greek, 

Edited by ^. SuRTEES Phillpotts, M.A., Head- Master of Bedford 
Grammar School; formerly Fellow of New College, Oxford, 

Crown 8vo. is, 6d, 

lophon: an Introduction to the Art 

of Writing Greek Iambic Verses. 

By the Writer of' Nuces " and ** Lucretilis,'* 

Crown Svo. 2s, 
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Homers Iliad. 

Edited^ with Notes at the end for the Use of Junior Stiidents^ by 
Arthur Sidgwick, M.A., Assistant- Master at Rugby School, and 
late Fellow of Trinity College^ Cambridge. 

Small 8vo. 

Books I. and II. 2s, 6d, 

Books III. and IV. [In preparation. 

Contents : — Preface— Introduction — The Language of Homer— The Dialect — Forms 
— Syntax — General Text, Books I. and II. — Notes— indices. 

**Mr. Arthur Sidgwick's edition of syntactic, of the Homeric dialect. Ap- 

Books I. and II. of the ' Iliad 'is a volume, pended are copious explanatory and 

for its size, well equipped with every kind illustrative notes, which ought to make 

of legitimate help to young Homeric stu* the learner's path as easy as it is at all 

dents; we must espec'ally mention the de&irable. In these notes the scholar's 

pains he has taken m clearing away the attention is kept constantly directed to the 

difficulties of the strange and epic forms of Homeric deviations from the standard 

words by bringing them together and Attic forms. The geographical and my- 

enclosing them in brackets, his almost thological information conveyed in these 

excessive liberality in the matter of ' In- notes is minute and accurate. The work 

dices,' and his practical supersession of a is also furnished with several Indices, 

separate lexicon or dictionary."— 6'0/«r- which will- enable the learner with the 

dav Review. greatest ease to turn up any word or pas- 

'Mr. Sidgwick has converted the first sage to which he may have occasion to 

two books of Homer's 'Iliad' into an refer. A short but interesting introduction 

excellent school book. The text, printed gives a summary of what is known of the 

in clear Greek type, is broken up into Uterary history of the Homeric poems, an 

small sections, each with an appropriate outline of the story of the 'Iliad,' and a 

heading. Prefixed is a detailed account descriptive catalogue of the Homeric 

of the distincdve forms, both verbal and deities." — Scotsntan. 

Homer without a Lexicon^ for Be- 
ginners. 

ILIAD, Book VL 

Edited^ with Notes giving the meanings of all the less common words, 
by J. SURTEES Phillpoits, M.A.» Head Master of Bedford Grammar 
School, formerly Fellow of New College, Oxford, 

Small. Svo, 2s, 

Homer for Beginners. 

ILIAD, Books I.— III. With English Notes. 
By Thomas Kerchever Arnold, M.A. 

Fifth Edition. i2mo. y, 6d, 

The Iliad of Homer. 

With English Notes and Grammatical References, 
By Thomas Kerchever Arnold, M.A. 

Fifth Edition. i2mo. \2s, 
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The Iliad of Homer. 



From the Text of Dindorf. With Preface and Notes. . 

By S. H. Reynolds, M.A., Fellow and Tutor of Brasenose College^ 
Oxford, 

Books I. — XIL Crown 8vo. dr. 



A Complete Greek and English 

Lexicon for the Poems of Homer and 
the Homeridce. 

By G. Ch. Crusius. Translated Jrom the German. Edited by 
T. K. Arnold, M.A. 

New Edition. i2mo. 9J. 

An Elementary Greek Grammar. 

By J. Hamblin Smith, M.A., of Gonville and Caius College^ and 
late Lecturer in Classics at St. Peter's College^ Cambridge, 

Crown 8vo. 4^. 6d, 

A n Easy Greek Reading Book, 

By C. Hepworth Gibson, M.A., Assistant-Master at Merchant 
Taylors^ School, \In preparation, 

Xenophons Memorabilia. 

Book I., with a few omissions. Edited^ with an Introduction and 
Notesy by the Rev. C. E. Moberly, Assistant' Master at Rugby School, 
and formerly Scholar of BalUol College, Oxford^ 

Small 8vo. zs. 

Classical Examination Papers. 

Edited, with Notes and References, by P. J. F, Gantillon, M.A., 
Classical Master at Cheltenham College, 

Second Edition. Crown Svo. 7j. 6^. 
Or interleaved with writing-paper, half-bound, los, 6d, 
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Materials and Models for Greek 

Prose Composition. 

Selected and arranged by J. Y. S ARGENT, M. A., Fellow and Tutor 
of Hertford College, Oxford; and T. F. Dallin, M.A,, Tutor^ late 
Fellow, of Queen'' s College^ Oxford. 
Second Edition, containing Fresh Pieces and additional References. 

Crown 8vo. 5j. 

Greek Version of Selected Pieces from Materials 

and Models, 

By J. Y. Sargent, M.A. 

Crown 8vo. yj. (id. 
May be had by Tutors only, on direct application to the Publishers. 

Herodoti Historia. 

Edited by H. G. Woods, M. A., Fellow and Tutor of Trinity College^ 
Oxford, 

Crown 8vo. 
Book I. 6j. Book II. 51. 

Isocratis Orationes. 

Edited by John Edwin Sandys, M.A., Fellow and Thtor of 
St, JohrCs College^ Cambridge, and Public Orator of the University, 

Crown 8vo. 

Ad Demonicum et Panegyricus. 41. 6rf. 

Demosthenes. 

Edited, with English Notes and Grammatical References^ by Thomas 
Kerchever Arnold, M.A. 

i2mo. 

Olynthiac Orations. Third Edition. 31. 
Philippic Orations. Third Edition. 41. 
Oration on the Crown. Second Edition. 4/. 6d, 

Demosthenis Orationes Privatae. 

Edited by Arthur Holmes, M. A., late Senior Fellow and Dean of 
Clare College^ Cambridge^ and Precuher at the Chapel Royal^ Whitehall, 
DE Corona. 5.. Crown 8to. 
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Demosthenis Orationes Publicae. 

Edited by G. H. Heslop, M.A., late Fellow and Assistant-Tntor of 
Queen* s College^ Oxford; Head-Master of St, Bees, 

Crown 8vo, 

OlYNTHIACS, 2J. 6d, \ - r\ xt y ^j 

Philippics, 3^. / °^» ^^ ^"« Volume, 4r. 6^. . . 

De Falsa Legatione, 6s, 

Sophocles. 

Edited by T. K. ARNOLD, M.A., ARCHDEACON PAUL, and Henry 

Browne, M.A. 

' i2mo. 

AjAX. 3j. Philoctetes. 3j. CEdipus Tyrannus. 4*. 

Sophoclis Tragoediae. 

Edited by ^ C Jebb, M. A., Professor of Greek at the University of 
' Glasgow^ late Fellow and Tutor of Trinity College^ Cambridge, 

Crown 8vo. 
Electra. 3j. 6d, AjAX. 3/. dd, 

Aristophanis Comoediae. 

Edited by W. C. Green, M.A., late Fellow of Kings College^ 
Cambridge; Assistant- Master at Ru^ School, 

Crown 8vo. 
The Acharnians and The Knights. 4^. 
The Clouds, y, 6d, The Wasps, y. 6d, 

The Acharnians and The Knights, revised for Schools, 4/. 

An Introduction to Aristotle s Ethics. 

Books I. — IV. (Book X., c. vi. — ^ix. in an Appendix). With a Con- 
tinuous Analysis and Notes. Intended for the use of Beginners and 
Junior Students. 

By the Rev. Edward Moore, B.D., Principal of S, Edmund Hall^ 
and late Fellow and Tutor of Queen^s College^ Oxford, 

Second Edition, Revised and Enlarged. Crown Svo. los. 6d, 

Aristotelis Ethica Nicomachea. 

Edidit, emendavit, crebrisque lods parallelis e libro ipso, aliisque 
ejusdem Auctoris scriptis, illustravit Jacobus £. T. Rogers, A.M. 
Small Svo. 41. dd. Interleaved with writing-paper, half-bound. 6j. 
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Thucydidis Historta. Books I. and II. 

Edit€d by Charlbs Bigg, D.D., iate Senior Student and Tutor of 
Christ Churchy Oxford; Principal of Brighton College. 

Crown 8vo. 6x. 

Thucydidis Historia. Books III. and IV. 

Edited by G. A. SiMCOX, M.A., Fellow ofQueen^s College^ Oxford, 

Crown 8vo. dr. 

Selections from Aristotle s Organon. 

Edited by John R. Magrath, D.D., Provost of Queen's College^ 
Oxford, 

Second Edition. Crown 8vo. jx. td, 

A Copious Phraseological English- 

Greek Lexicon, 

Founded on a work prepared by J. W, Fradersdorff, Ph.D., late 
Professor of Modem Languages ^ Queen's Collet Belfast, 

Revised^ Enlarged^ and Improved by the late Thomas Ksrchever 
Arnold, M.A., and Henry Browne, M.A. 

Fifth Edition. 8va 2ls, 

Madvigs Syntax of the Greek Lan- 
guage, especially of the A ttic Dialect. 

For the use of Schools. 
Ediud by THOMAS Kerchever Arnold, M.A. 
Second Edition. Imperial i6mo. %s, 6d, 

Recommended by the Cambridge Board of Classical Studies for the 

Classical Tripos. 

Notes on the Greek Text of the Acts 

of the Apostles. 

By J. Hamblin Smith, M.A., of Gonville and Casus College^ 
Cambridge, 

Crown Svo. 41. dd. 
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The Greek Testament. 

With a Critically Revised Text ; a Digest of Various Readings ; 
Marginal References to Verbal and Idiomatic Usage ; Prolegomena ; 
and a Critical and Exegetical Commentary. For the use of Theo- 
logical Students and Ministers. 
By Henry Alford, D.D., late Dean of Canterbury, 
New Edition. 4 vols. 8vo. I02J. 
The Volumes are sold separately, as follows i-^ 
Vol. I. — The Four Gospels. 2&f. 
Vol. II. — Acts to 2 Corinthians. 2\s, 
Vol. III. — Galatians to Philemon, i&r. 
Vol. IV. — Hebrews to Revelation. 32^. 

The Greek Testament. 

With Notes, Introductions, and Index. 
By Chr. Wordsworth, D.D., Bishop of Lincoln. 
New Edition. 2 vols. Impl. 8vo. 6af. 

The Parts may be had separately, as follows :— 
The Gospels. i6j. 
The Acts. Sj. 
St. Paul's Epistles. 23J. 
General Epistles, Revelation, and Index. i6j. 

Notes on the Greek Testament. 

By the Rev. Arthur Carr, M.A., Assistant- Master at Wellington 
College^ late Fellow of Oriel College, Oxford. 

THE GOSPEL ACCORDING TO S. LUKE. 

Crown 8vo. 6j. 
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CATENA CLASSICORUM 

Crown 8vo. 

SopJioclis Tragoediae. By r. c. Jebb, m.a. 

THE ELECTRA. y, 6d, THE AJAX. y. 6d. 

yuvenalis Satirae, By G. a. Simcox, m.a. <^, 
Thucydidis Historia, — Books L & II. 

By Charles Bigg, D.D. dr. 

Thucydidis Historia, — Books III. & IV. 

By G. A. Simcox, M.A. dr. 

Demosthenis Orationes Publicae. By g. h. heslop, m.a. 

THE OLYNTHIACS. xs.U. \ . ^ „ , .^ 

THE PHILIPPICS. 3J. / °^» ^" ^"® Volume, 4^. bd, 

DE FALSA LEGATIONE. 6j. 

Demosthenis Orationes Privatae. 

By Arthur Holmes, M.A. 
DE CORONA. 5J. 

Aristophanis Comoediae. By w. c. Green, m.a. 

THE ACHARNIANS AND THE KNIGHTS. 4J. 
THE WASPS. 3J. ed. THE CLOUDS, y, ed. 

An Edition ofTHB Acharnians and thb Knights, revised and especially adapted 
for use in Schools. 4/. 

Isocratis Orationes. By John Edwin Sandys, m.a. 

AD DEMONICUM ET PANEGYRICUS. +r. td. 

Persii Satirae. By a. pretor, m.a. y. 6d, 

Homeri Ilias. By S. H. Reynolds, M.A. 

BOOKS I. to XU. 6j. 

Terenti Comoediae. By t. l. papillon, m.a. 

ANDRIA AND EUNUCHUS. With Introduction on Prosody, ^.dd. 

Or separately, 
ANDRIA. With Introduction on Prosody, y, 6d, 
EUNUCHUS. y. 

Herodoti Historia. By h. g. woods, m.a. 

BOOK I., 6x. BOOK II., y, 

Horati Opera. By J. M. Marshall, M.A. 

Vol. L— the ODES, CARMEN SECULARE, and EPODES. ^s. 6d, 

Taciti Historiae. By w. h. Simcox, m.a. 

BOOKS L AND II., 6j. BOOKS III., IV., and V., 6s. 
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DIVINITY 

MANUALS OF RELIGIOUS 
INSTRUCTION 

Edited by 
JOHN PILKINGTON NORRIS, B.D., 

CANON OF BRISTOL, AND BXAMINING CHAPLAIN TO THE BISHOP OF MANCHESTER. 

Three Volumes. Small 8vo. 3x. dd, each. 

Or each Book in Five Parts. is, each Part 

** Contain the maximum of requisite in- " Carefully prepared, and admirably 

formation within a surprising minimum of suited for their purpose, they supply an 

space. They are the best and fullest and acknowledged want in Primary Schools, 

simplest compilation we have hitherto ex- and will doubtless be in great demand by 

amined on the subject treated." the teachers for whom they arc intended.** 

Standard, Educational Times, 

The Old Testament. 

By the Rev. E. I. Gregory, M.A., Vicar offfalberton. 

Part I. The Creation to the Exodus. Part II. Joshua to the Death 
of Solomon. Part III. The Kingdoms of Judah and Israel. Part IV. 
Hebrew Poetry— The Psalms. Part V. The Prophets of the Captivity 
and of the Return — The Maccabees — Messianic Teaching of the Old Testa- 
ment 

The New Testament. 

By C. T. Winter. 

Part I. St. Matthew's Gospel. Part II. St. Mark's Gospel 
Part III. St. Luke's Gospel. Part IV. St John's Gospel Part V. 
The Acts of the Apostles. 

The Prayer Book. 

By John Pilkington Norris, B.D., Canon of Bristol t ^c. 

Part I. The Catechism to the end of the Lord's Prayer — The Order 
for Morning and Evening Prayer. Part IL The Catechism, concluding 
portion — The Office of Holy Baptism — The Order of Confirmation. 
Part III The Theology of the Catechism— The Litany— The Office of 
Holy Communion. Part IV. The Collects, Epistles, and Gospels, to be 
used throughout the year. Part V. The Thirty-Nine Articles. 
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The First German Book. 



By T. K. Arnold, M.A., and^, W. Fradersdorff, Ph.D. 
Eighth Edition. lamo. ^s, 6d, Key, 2j. 6d, 



Lessings Fables. 



I 



Arranged in order of difficulty. A First German Reading Book. 
By F. Storr, M.A., Chief Master of Modern Subjects in Merchant 
Taylors^ School^ and late Assistant- Master in Marlborough College, 

Crown 8vo. 2s, 6d. 

CoNTBNTS :— Introduction— Book I., 29 Fables— Book II., 30 Fables — ^Book III., 

30 Fables — Notes — VocabuIar>'. 

" Few words are necessary to explain the plan on which this little book has been com- 
posed, the objects which it is intended to serve, and the way in which it is meant to 
be used. 

" I have for several years taken Lessing's Fables as a first German reading-b6ok. 
The simplicity of the subject-matter and the language, the shortness of the fables, one 
or more of which can be read through at a sitting, and, not least, the excellence of the 
style, an excellence which young boys are quite capable of appreciating, seemed to 
recommend the book as the best possible German primer. The chief drawback I found 
in using it was the unequal difficulty of the fables, the first book, as it happens, contain* 
ing by far the hardest. This I have sought to remedy by rearranging them approximately 
according to their difficulty. 

" Most teachers will agree that the chief stumbling-block in the way of learning Ger- 
man is the disproportionate time that a beginner takes in looking out words. I need not 
here vindicate the principle of Glossaries versus Dictionaries. If any are still uncon- 
vinced, let them read the preface to Mr. Quick's Companion to Wilhelnt Tell, or, better 
still, let them give the glossary system a trial for a single term. 

" In so short a volume I have not thought it necessary to adopt Mr. Quick's charmingly 
simple but (for the composer) repulsively laborious plan of giving each word in the order 
of the text. Whenever I thougnt the beginner would be likely not to know what to look 
out in the glossary I have helped him in a note. 

" In the glossary I have been careful to give in each case the primitive meaning of a 
word as well as the special meanings which occur in the text. As to etymology, I have 
added cognate English words, except when they were too obviotjis to require notice, or 
too remote to come home to an average schoolboy. Quite apart from the value of the 
knowledge for itself, I have found by experience that etymology is an invaluable aid to 
a boy's memory in German almost as much as in French. By these additions, no less 
than by its omissions, I hope that the glossary will prove more serviceable to the school- 
boy than the ordinary dictionary. 

' The work is meant to be a first German reading-book. Directly a boy has learnt the 
article, the indicativ es of sein^ habeny and loben^ and perhaps the adjective, I would set 
him down to the Fables. Let him pick up the grammar as he^ goes along, and as he 
requires it, instead of wasting his energy in what must be a distasteful, and what will 
seem to him an unpractical, study." — Extract front the Preface, 
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FRENCH 

The Campaigns of Napoleon. 

The Text [in French) from M. Thiers' ** Histoire de la Rhohiiion 
Fran^aise,^* and **Histoire du Consulat et de P Empire,^* Edited, with 
English Notes, for the use of Schools, by Edward E. Bowen, M.A., 
Master of the Modern Side, Harrow School, 

With Maps. Crown 8vo. 

Arcola. 4j. 6^. Marengo. ^,ed, 
Jena. y,ed. Waterloo. 6s, 

Selections from Modern French 
Authors. 

Edited, with English Notes and Introductory Notice, by HENRI VAN 
Laun, Translator of Taints History of English Literature, 

Crown 8vo. 3J. dd, each. 
HONORE DE BALZAC. H. A. TAINE. 

La Fontaines Fables. Books I. and II. 

Edited, with English Notes at the end, for use in Schools, by 
Rev. P. Bowden-Smith, M.A., Assistant- Master at Rugby School. 

Small 8vo. 2s, 
Books IV. to VI. in the Press. 



The First French Book. 

By T. K. Arnoi n, M.A. 

Sixth Edition. i2mo. 51. 6^. Key, 2s, 6d, 
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MISCELLANEOUS 

A^ Home and Abroad ; or^ First 

Lessons in Geography. 

By J. K. Laughton, M.A., F.R.A.S., F.R.G.S., Mathtmatical 
Instructor and Lecturer in Meteorology at the Royal Nazfid College. 

Crown 8vo. jj. td. 

The First Hebrew Book. 

By T. K. Arnold, M.A. 

Fifth Edition. lamo. 7x. td. Key, jj. td. 

The Choristers Guide.' 

By W. A. Barrett, Mus. Bac Oxon., Vicar-Choral of St. PauPs 
Cathedral^ Author of ** Flowers and Festivals ^^^ &*c. 
Second Edition. Crown 8vo. 2s. 6d. 

An Introduction to Form and In- 

strumentation, for the use of Beginners 
in Composition. 

By W. A. Barrett, Mus. Bac Oxon., Vicar-Choral of St, Pauls 
Cathedral, Author of '^ Flowers and Festivals^'^ '* The Chorister's 
Guide f" S'c. 

Crown 8vo. 2s, 6d. 
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Sidgwick (Arthur), Greek Plays . ^ 

Gredc Ph>se Compositicm • s8, 99 

Homer's Iliad, Books L-nr. . a, 34 

First Greek Writer ... 3, 98 

— Cicero de AmidtiA ... 33 

Simcox (G. A.), Juvenal . • . . 35, 40 

— Thucydides • • . 38, 40 

Simcox (W. H.), Taatus . . . . 95, 40 
Smith (J. H.), Arithmetic and Key 

- — ■ Elementary Algebra • 

Key to Algebra . . 

Enunciations ... 

■ Exercises on Algebra. 

Hydrostatics and Key 

^^—- Geometry • • . • 

Statics and Key . • 

TrigiMiometry and Key 

English Grammar . 

— Latin Prose Comp. , 

Key to ditto . . . 

Greek Grammar . , 

Notes on the Acts . 

' Study of Heat . . 

(P. B.), La Fontaine's Fables 

(Philip v.), English Institutions 



(R. Prowde), Latin Prose Ex. 

Sophocles, by T. K. Arnold . 

byR.C.Jebb . . . 

Storr (F.), English School Classics 
■ Vergil's Aeneid . . 

■ Lessing's Fables. • 

Tacitus, by W. H. Simcox . . 
Taylor (R. W.), Stories from Ovid 

■ Merchant of Venice • 

— — — Anabasis of Xenophon 

A Short Greek Sjmtax 

Xenophon's Agealaus • 

Scott's Rokeby . • . 

Terence, by T. L. PapiUon . . 
Thiers' Campaigns of Napoleon 
Thucydides, by C. Bigg . . , 
by G. ATSimcox • 

Vbcqubray (J. W. J.), First Ger- 
man Acddence 

Vergil's Aeneid, by F. Storr , 

Way op Lifb , 

Whitelaw (Robert), Corwlamis . 
Willert (F.), Reign of Lewis XI. 
Wilson (R. K.), Modem Enslish 
Woods (H. G.), Herodonis 
Wordsworth (Bp.), Greek 
Wormell (R.), Djrnamics • 

Xenophon's MemorabiliiL. Book u 

— " Anabasis ^Cyms 

: AgesOans . , ^ 



Law 



37 



«5 
«S 
«5 

16 

15 
x6 

«5 

x6 
x6 

7 
93 

33 

35 
38 
x6 

45 
10 

19 
37 
40 

8,9 
33 

4f 



25*40 

23 
6 

30 
30 

4 

4 

25f 40 

38,40 
38,40 



43 

23 

42 

6 

xc 

xo 

36,40 

39 
x6 



35 

30 
.4 



latuington'jBf a^atlbematical Series 

Small Svo, 
By J. HAMBLIN SMITH, M.A.. 

OF GOMTILLB AKD CAIUS COLLBGB, AND LATE LBCTURBR AT ST. PBTBR'S COLLBG&, 

CAMBRIDGE. 

Algebra. Partl. 3^. without Answers, 2j. 6/. A Key, 91. 

Exercises on Algebra. Part i. 2s, 6d. 

[Copies may be had without the Answers.] 

Elementary Trigonometry. 4?. 6i. a key, 7^. &/. 
Elements of Geometry. 

Containing Books i to 6, and portions of Books 1 1 and I2 of 
Euclid, with Exercises and Notes. 5^. 6^. 
Part I., containing Books I and 2 of Euclid, may be had sepa- 
rately. Limp cloth^ is, 6d, 

Elementary Hydrostatics, y, ) 

^ -^ . [aKey,6j. 

Elementary Statics, zs. ) 

Arithmetic, 3^. 6d. a key, gs. 
Book 0/ Enunciations 

FOR Hamblin Smith's Geometry, Algebra, Trigono* 
MSTRY, Statics, and Hydrostatics, is. 

Elementary Heat. 

By E. J. GROSS, M.A, 

FBLLOW OP GONVILLB AND CAIUS COLLEGE, CAMBRIDGE, AND SECRETARY TO 
THE OXFORD AND CAMBRIDGE SCHOOLS EXAMINATION BOARD. 

Crown Zvo. 

Algebra. Part 11. 8^. 6</. 
Kinematics and Kinetics, is, ed. 

By G. BIOHABDSON, M.A., 

ASSISTANT-MASTBR AT WINCHESTER COLLEGE, AND LATE FBLLOW OP ST. JOHN'ft 

COLLEGE, CAMBRIDGE. 

Crown ^0. 

Geometrical Conic Sections. ^, 6d. 

S^tbtnfitons: EotUum, ^xfbrti, anH ^Tamtbrilise* 

2 



9 



;y 



(ZEUucational SjQorfes 



Scenes from Greek Plays. 

Rugby Edidon. By Arthur Sidg- 
wiCK, M.A., Assistant-Master at 
Rugby SchooL 

Small Zv0, IS, td. each, 

ARISTOPHANES. 
Thb Cu>ud& The Frogs. The 
Kniqiitb. Plutus. 

EURIPIDES. 
Iphigbnia IN Tauris. The Cyclops. 
Ion. Elbctra. Alcbstis. BACCUiS. 
Hecuba. 

-—■— — — I —-* * ii— ii*i--^r~i r" i ~M'^r^r~i~i~ i ~ ii '' i j-Lru^nj-u"u'\ru~irir*-~~ — ——— — — —— — — — 

Homer's Iliad, Edited, with 

Notes, at the end, for the use of Junior 
Students, by Arthur Siogwick, 
M.A. 

Small Sv0. 

Books I. and II. as. 6d. 

Cicero de Amicitid, Edited, 

with Notes and an Introduction, by 
Arthur Sidgwick, M.A. 

Small 8otf. or. 

An Introduction to Greek 

Prost Composition. By Arthur 
Sidgwick, M.A. 

Second Edition. Crown Svtf. 5*. 

A Kby, for the use of Tutors only, 5s. 

^ o i L iii>» i r > rinr i rM'^r~>r^rnf~ i i''rv~ i r~ i ry'>f'>f'w''>rw~> » ~ i r'looo<' > r' > rM"W^^w" > r»r > nrMtJ i 

Selections from Lucian, 

With Enzlish Notes. By Evblyn 
Abbott. M.A.. LL.D., FeUow and 
Tutor of Ballioi College, Oxford. 

Second Edition. Small Zvo, 3f.6dl 

T/ie Elements of Greek 

Accidence. With Philological Notes. 
By Evblyn Abbott, M.A., LL.I>. 

Crown Zoo, is, 6d. 



A Primer of Greek Acci- 
dence. For the Use of Schoob. By 
Evblyn Abbott, M.A., LL.D. ; 
and E. D. Manspibld, MJL, Assist- 
ant-Master at Clifton College. 
With a Preface by John Pbrcival, 
M.A., LL.D., President of Trinity 
College, Oxford. 

Crown Svo. as. 6d, 



Stories from Ovid if* 

Elenac Verse. By R. W. Taylor, 
M.A.. Head-Master of Kelly Col- 
lege, Tavistock. 
New Edition, Crown Zxfo. y, 6d, 

The Anabasis of Xeno- 

pkon. Edited, with Notes and Voca- 
bularies by R. W. Taylor, M.A. 
Crown 8cv. 

Books I. and II. 31. bd. 

Books III. and IV. 3X. td. 

First Latin Writer, Com- 
prising Accidence, the Easier Rules 
of Syntax illustrated by copious Ex- 
amples, and Progressive Exercises in 
Elementary Latm Prose, with Voca- 
bularies. By G. L. Bbnnbtt, M. A., 
Head-Master of the High School, 
Plymouth; formerly Assistant-Mas- 
ter at Ruby SchooL 

Crown 8tv. of. td, 

A Key, for the use of Tutors only, sx. 



Easy Latin Stories for 

BegatMors. With Notes and Voca- 
bularie& by 6. L. Bennett, M.A. 
Second Edition. Crown Bzfo. as. 6d. 
A Key, for the use of Tutors only. 5 j. 

Arnold's Henrys First 

Latin Book. A New and Revised 
Edition, xamo. y, ByCG.GEPP, 
M.A., Head-Master of Kinji^ Ed- 
ward VI. School, Stratford-upon- 
Avon. 

A Key, for die use of Tutors only, 5^. 

[The original Edition of tUs woric is 
still kept on sale.] 

Progressive Exercises in 

Latin Elegiac Verso. ByCG.GBPP, 
M.A. 
Fourth Edition, Revised, Croton Bev. 
3*. 6d. Tutor's KEY, 5*. 



^^^*^»^t^^^^»^^^^»^^^^*^»^^^^>^*^^*^^^^^*^*^0*^*^t^ 



M^t^«^N^k^^^#« 



The ^neid of Vergil. 

Edited, with Notes at the end, by 
Francis Storr, M.A., Chief Master 
of Modem Subjects at Merchant 
Tajlors' School, late Scholar of 
Trinity CoU^e, Cambridge. 
Crown Zvo, 
Books I. and II. as. 6d, 
Books XL and XIL zs.Sd.- 
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